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ASYMPTOTIC HOMOLOGY IN SUB-RIEMANNIAN GEOMETRY

Andrei Agrachev
SISSA, Trieste, Italy & MIAN, Moscow, Russia

agrachev@sissa.it

Sub-Riemannian manifold is a connected Riemannian manifold equipped with a
nonholonomic vector distribution A C T'M. Admissible curves are integral curves of
the distribution: «: [0,1] — M is admissible if ¥ € A, ), 0 <t < 1. Any two points
of M are connected by an admissible curve.

Moreover, given qg,q1 € M, the embedding of the space of admissible curves
Qa(qo,q1) connecting go with ¢ in the space of all curves Q(qo,q1) connecting the
same points is a homotopy equivalence (both spaces are endowed with the topology
of WP where 1 < p < o).

In other words, any continuous family of curves connecting gy with ¢; is homotopic
to a family of admissible curves, where the boundary points qq, g1 are kept fixed during
the homotopy.

This picture changes drastically if we restrict the length of the curves. The
homotopy types of the spaces Q" (qo,q1) = {v € Q(qo,q1): length(vy) < r} and
DA (g0,q1) = {7 € Qal(go,q1): length(y) < r} are very different for arbitrarily large
finite r, where the difference is detected in large dimensions. Actually, any continuous
map ¢: S™ — Q(qo, ¢1) is homotopic to a map ¢ : Qg" (go,q1) for some R,,, where
R, — oo asn — oo.

This is a homotopic analogue of a well-known fact: any curve can be uniformly
approximated by an admissible curve but the lengths of the approximating admissible
curves go to infinity as they tend to the non-admissible one.

If M =R", then Q"(qo,¢q1) is contractible for large enough r, while Q7 has a rich
interesting topology. In this talk, I am going to demonstrate this phenomenon by
an explicit computation of the asymptotics of the homology groups of Q74 (go, ¢1) as
r — oo for a class of step 2 distributions A.

OIITUMAJIBHOCTDB SMJIEPOBBIX DJIACTUK
B HUJIBIIOTEHTHBIX CYBPUMAHOBBIX 3AJTAYAX*

A. A. ApnenTos

UIIC um. A.K. Atiramasana PAH, Ilepecrasav-3anccekuii, Poccus

aaa@pereslavl.ru

PaccmarpuBaroTces ciemyronue YeTbIpe HUJIBIOTEHTHBIE CyOPUMaHOBBI 33/a4U: TPU
JIEBOMHBAapUAHTHBIE 3a/aun Ha Tpymmnax leitsenbepra, Juress, Kaprana, a Takxke
HEJIEBOMHBAapUAHTHAs 3a/ada B IUIOCKoM ciaydae Maprunae. Bee paccmarpuBaembie

*Pabora BbInOSIHEHA IPU (DUHAHCOBOI Io/iepKKe rpanTa 22-11-00140.



331291 UMEIOT T€OMETPUYIECKYI0 MHTEPIIPETAINIO B BUe 0000menns 3aa4u JIu10HbI.
Pertenust 3a/1a10Tcst ¢ TOMOIIBIO JIyT 3JACTUK Ditiepa.

O6001TeHHAsT CYOPUMAHOBA 381298 JIJIsl 9TUX CIyIaeB (POPMYITUPYETCsT CIIEJTYIONTUM
obpazom:

G =u1 X1+ u2Xo, qge M=R",

q<0) = qo, q<T) =41,
T
I(g(") = / u? + u dt — min.
0

B ciyuae TeitsenGepra perieHnsi CyTh OPSIMbIE U OKPYZKHOCTH (IIPOCTEHIIIE 3J1a-
CTI/IKI/I). PeHIeHI/IHI\/II/I JJIA IIJIOCKOT'O CJiyYdasd MapTI/IHe ABJIAIOTCA IPAMbIC 1 I/IHCI).HGKCI/I—
oHHbIe vj1acTuku. [y rpynn Duress u Kaprana Bce ceMeficTBO 3iJIepOBBIX 3JIACTUK
JaeT pertenus (IpsMble U OKPYYKHOCTH, UHGMJIEKCUOHHbIE, HeMH(IIEKCUOHHBIE U KPU-
THYECKHE HJIACTUKN).

Bpewmst paspesa uzBecTHO J1s1 KaxK10it 3 3a1a4. Konewynoe Bpemst pa3pe3a y100HO
OIMCAaTh B TEPMUHAX Iepuoja 3JjacTuku. [IpejicraBiieHo onucanne BpeMeHN pa3pe3a
JUIST KaKJI0i U3 PacCMOTPEHHBIX 33/1a4 B BUJle DYHKIUH OT (DOPMBI JIACTUKH.

Uccnenosanue onupaercst Ha psiy pador [1-3].

Crucok Jureparypbl

1. Agrachev A., Bonnard B., Chyba M., Kupka I. Sub-Riemannian sphere in Martinet at
case // ESAIM: COCV. 1997. V. 2. P. 377-448.

2. Ardentov A.A., Sachkov Yu.L. Cut time in sub-Riemannian problem on Engel group
// ESAIM: COCV. 2015. V. 21, No. 4. P. 958-988.

3. Ardentov A., Hakavuori E. Cut time in the sub-Riemannian problem on the Cartan
group // ESAIM: COCV. 2022. V. 28, No. 12.

O HEJIOKAJIbHBIX TEOPEMAX OB OBPATHOMH OYHKINU
1 UX NIPUJIOXKEHUAX"

A. B. Apytionos, C. E. 2KykoBckuii

Hremumym npobaem ynpasaenus um. B.A. Tpaneswuxosa PAH, Mocksa, Poccus

arutyunov@cs.msu.ru, s-e-zhuk@yandex.ru

IIycts X,Y — Gamaxossl mpoctpanctBa, F: X — Y — 3amannoe oTobpakeHue.
Pacemorpum ypashenue

F(r) =y (1)

OTHOCUTEILHO Hem3BecTHOrO = € X u napamerpa y € Y. Berony manee 6yjeM mpero-
JaraTh, 9To oTobpaxkenne F' muddepennmpyemo mo Ppemre B Kaxkaoit Touke r € X.
Ipouseomayto orobparkenust F' B Trouke x € X Gynem obosHauats yepes F'(x).

*UcciteioBanne IEPBOro aBTOPa BBIIOJIHEHO DU MOJJAePKKe rpanTa Poccuiickoro nay4soro ¢dhoH-
na (mpoekt Ne22-11-00042). MccsenoBanue BToOporo aBTopa BBIIOJIHEHO NPH HOAJEPIKKE MPAHTA
IIpesunenra Poccniickoit @enepanuu (mpoexr MJI-2658.2021.1.1).
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O6partHoii (npasoit obpaTHoii) dyHKuuneil mis ypasaernus (1) HasbiBaeTcst 0TOOpa-
xenue G: Y — X, KOTOpoe KazKJI0OMy 3HaYeHHIO IlapaMeTpa ¥y € Y CTaBUT B COOTBET-
creue pemenne G(y) ypasHenus (1), T.e.

F(G(y)) =0, yey.

Knaccudeckue Teopembl 06 006paTHO (DYHKIINN HOCAT JOKAJLHBIN XapakTep, T.e.
rapanTupyiorT cyinecrBoBanue pemenus G(y) Jyid 3HadeHUil mapaMerpa Y U3 HEKO-
TOPO#l OKPECTHOCTH 3aJIaHHOI TOYKHU Yy € Y. Hamu mosydeHbl J0CTaTOYHBIE YCJIO-
BHS CyIIIECTBOBAHUs HEIIPEPHIBHON HessBHOM (hyHKInu (G, OIIpeIe/IeHHON HA 38JaHHOM
IIOJIMHOXKeCTBE B IPOCTPaHCTBE Y OTMeTI/IM7 Y9TO aHaJIOTMYHbIC M3BECTHBIE DaHee
pesyuabTarhl (cM., HapuMmep, [1, 2]) cupaBeIMBbL B IPEIIOIOKEHAN, ITO JMHEHHBIIH
oneparop F'(z) aBisierca o6paTUMbIM UJIM UMEET HElPEPBIBHBIA JIMHEHHbINA 1IPaBbIii
obparHbIit oneparop npu Jooom x € X. IlpuBognmast HUXKe Teopema 006 0OpaTHOMN
GYHKIMY HE COMEPKUT TAKUX AIPUOPHBIX MPEIIOJIOKEHUIA.

O6osnaunm vepe3 L(X,Y) mpocTpaHCTBO JIMHEHHBIX HENPEPBIBHBIX ONEPATOPOB
A: X — Y. Yepes cov A obozHauuM KoHCTaHTy BaHaxa JimHeiiHOro oneparopa A €
€ L(X,Y), Te.

cov A :=sup{a > 0: By(a) C AB(1)}.

3nech By () — 3aMKHYTBIH Iap B IPOCTPAHCTBE Y € IEHTPOM B HyJe pajauyca «. 13
TeopeMbl BaHaxa 06 OTKPBITOM 0TOOParKEHUH CJeyeT, 4To cov A > 0 Torma u TOJIbLKO
Torna, kKorga AX =Y.
Iomoxxnm
a(t) := inf{cov F'(z): = € Bx(t)}, t>0.

OCHOBHOI DE3YILTAT WCCIEOBAHASA COCTOUT B CJIEIYIOMEM. 1lycTh 3aaHbl qucsiaa
R € (0,400) U {400} u € > 0 u orobpaxenue F gBisiercs JIOCTATOYHO I[JIAJUM,
F(0) = 0. Ecau

(1+¢)R< /+°0 a(t) dt,
0

mo cywecmeyem nenpepusroe omobpascenue G: By (R) — X maxoe, wmo F(G(y)) =
=y, y € By(R), u umeem mecmo Hepasencmeso

[xezenl|
/ at)dt < (1+e)y| Vyey.
0

IIpuBeieHHbIE JJOCTATOYHBIE YCIOBHS CYIECTBOBAHUS HESIBHOW (DYHKIMH IIPUMEHe-
HBI K UCCJIEIOBAHUIO pAfa 3a1ad. [loryaensl yca0BUA CymecTBOBAHNAS TOYKH COBIIAIE-
HUO4 IJIaJIKOTO HAKPBIBAIOIIET0 OTOOpaKeHNsI U BIIOJIHE HEIIPEPBIBHOIO O0TOOparKeHUs
GaHAXOBBIX IPOCTPAHCTB. JaCTUIHO 9TH PE3YJIbTATHI OIYOJMKOBAHBL B [3].

Croucok JuTepaTypbl
1. Hapvkos H.I. O rmobambHOM cymecTBoBaHuu HesBHON dbyukmum // Mar. ¢6. 1993.
T. 184, Ne7. C. 79-116.

2. Rheinboldt W. Local mapping relations and global implicit function theorems // Trans.
Amer. Math. Soc. 1969. V. 138. P. 183-198.
3. Apymionos A.B. XKyxoscxuii C.E. T'yobanbpHast U MOJIyJIOKAJIbHAS TEOPEMBI O HESBHOI

n 06 obparHoil dpyHKIHE B 6GaHAXOBBIX mnpocTpancTBax // Mar. ¢6. 2022. T. 213, Nel.
C. 3-45.
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OB OJITHOM 3AJIAYE OIITUMAJIBHOT'O YIIPABJIEHUSA
C ACUMIITOTUYECKUM KOHIIEBBIM OI'PAHUYEHUEM*

C. M. Acees

Mamemamuueckuts unemumym um. B.A. Cmexaosa PAH, Mocxea, Poccus
Mockosckuil 2ocydapcmsernnuis yrusepcumem um. M.B. Jlomornocosa,
Mocxsa, Poccus

aseev@mi-ras.ru
PaccmoTpuM ciieyIongyio 3ajady OITHMAILHOrO yipasienus (P):
Halhut) = [ e glat) u(v)di - max, )
a(t) = fz(t),u®),  x(0) = o, (2)

u(t) € U, (3)
Tlim sup h(z(t)) > 0. (4)
—00 ¢>T

3nech z(t) € R™, u(t) € R™, U — HemycToii BBINYKJbIH KOMIakT u3 R™, p > 0 —
napaMeTp JAMCKOHTHpOoBaHUsA. IIpeamonaraercd, 9o rg € G, rae G — 3aJaHHOE OT-
KpbIToe MHOKecTBo B R™. Oymkmun f: G x U - R, h: G - R'ug: G xU — R!
[IPEJIIOIATaI0TCsT HEIIPEPBIBHBIMU BMECTE ¢ TIPOU3BOAHBIMU [4 (), hy(-) 1 g, (-, ) Ha
MHOKECTBAX CBOErO OIpeJesieHnst. KpoMe TOro, MpeoiaraeTcs, 9ro s Joboro
r € G dynkmus g(z,-): U — R! porayTa.

B kauectBe donycmumvir ynpasaenuli B 3amaue (P) paccMaTpUBAIOTCS BCe M3MEPHU-
mble 110 JleGery dyukmmu u: [0, 00) — R™, ynosaersopsiomue orpanunyaenuto (3). st
IPOU3BOJILHOTO JIOMYCTUMOTO YIPABJIEHHs U(+) COOTBETCTBYIOMAST €MY MPAEKMOPUSL
z(+) ecTb JIOKAJIbHO abCOJIIOTHO HelpepbiBHOE pertenue 3aiadu Komm (2), omnpeme-
seanoe B G HA HEKOTOPOM KOHEYHOM WM OeckomewnoMm wmaTepsase [0,7), 7 > 0.
Bynem cumraTh, 9TO JIst JIEOGOTO JOMYCTUMOTO YIIPABJIEHUs U (+) COOTBETCTBYIONIAS
TpaekTopus x(-) onpezenena B G Ha Bcem unTepBade [0, 00). Tpaekropuo z(-) Gymem
HA3BIBATH donycmumoli B 3amade (P), ecyu i Hee BBITOJHSIETCS ACHMIITOTHIECKOE
orpanudenue (4). B arom cayuae mapa (z(-), u(-)) momycrumas. OnTHMaabHOCTD Ha-
pol (T4 (+), us(-)) HOHNMAETCST B CHIIBHOM CMBICTE, T.€. (Z4(), u«(+)) — onmumarvras
JorycruMast napa, ecin GyHKIHOHAT J (24 (), ux(+)) CXOIUTCS U ero BeJUINHA MaK-
CUMaJIbHad Ha MHO2KECTBE BCEX JIOIyCTUMbBIX IIap.

By,ILeM CYUTATh BBIIOJIHEHHBIMU CJIE€IyIOIHe YyCJIOBUA.

(A1) ITpasas wacmo ynpasasemoti cucmemv, (2) adpurna no ynpasaeruto, m.e.
dynruua f(-, ) umeem eud

J(z,u) = fo(z) + Zfi(x)ui, re€G, uel,
=1

2de sce pynxyuu f;: G — R™ nenpepusno duddepenyupyemot.

*Pabora BeinosiHena npu dunancoBoi noguepxkke PH® (mpoexkr Ne19-11-00223).
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(A2) Cywecmeyem makas dynxyus w: [0,00) — R, wmo w(t) — +0 npu t — oo
u das w060 donyemumots napv, (x(-),u(:)) umeem

/Tl e~rtg(w(t), u() dt| <w(T), 0<T<T'.
T

ITycrs u(-) — momyctumoe yrupasienue, a 2(-) — COOTBETCTBYIOIASI €My TPaeK-
topus. Obosmauum 4uepes Y, ,)(-) 1 Z(yy)(-) HOpMHpOBAHHBIC B HYJIEBO MOMEHT
dyHIaMeHTaIbHbIE MATPUYHBIE PENICHHs] JUHEHHBIX CUCTEM

g(t) = fola(®),u()yt)  m i) = = [folz(t), u(t)]" 2(t)

COOTBETCTBEHHO.
B cuny cremaHHBIX IPEIIIONOXKEHUI CYIIeCTBYeT TaKas HelpepbIBHAs (DYHKIUA
M: [0,00) = (0,00), 9TO 151 JIFOGOTO JOIYCTUMOTO YIPABJIEHUsl %(-) U COOTBETCTBY-

foreit emy Tpaexropun x(-) umeeM || Y, ) ()| < M(t), t > 0. Tlomoxnm
1 w(t)

m(t) = min T M) pu(t) =

t>0.
s>0: ].4’]\4(5)7

m(t) ) -_

Creqytomue yCaoBust XapaKTepusyIoT JOMAHUPOBAHNE JTUCKOHTUPYIOIIETO MHOKHUTE-
jg B Gyaknuonase (1), peryspHOCTb aCUMITOTUYIECKOrO orpannyenus (4) u ynpas-
JITEMOCTH CUCTEMBI (2) OTHOCUTEIHHO OrpaHudeHust (4).

(A3) (i) Cnpasedauso pasercmeo limy o p(t) = 0;
(ii) cywecmeyrom maxaa Pynwyus v: [0,00) — R, v(t) — +0 npu t — oo, wmo
das w060t donyemumot napor (z(+), u(+)) cnpasedausa ouyerka

.
/ € P Z 0 (5)] g (2(5), u(s)) ds

T

<vy(T), 0<T<T.

(A4) Cywecmsyrom makue nocmosmnmwve €9 > 0, v0 > 0 u 1 > 0, wmo das 106020
x € G, ydosaemsoparwezo nepasencmey |h(z)| < g, umeem yo < ||he ()| < 7.

(A5) Cywecmsyem makas nocmosnmas €1 > 0, wmo ecau das coomsememeyrowed
donycmumomy ynpasaenuio u(-) mpaekmopuu z(-) 6 momenm T > 0 6vinoansemcs
nepasencmeo h(x(r)) > —e1, mo, nepeonpedeaus 6 cayuae HeobLodUMOCU YNpPas-
saenue u() na unmepsane [T,00), 6cezda modcho cuumams, wmo napa (x(-),u(-))
asasemces donycmumoti 6 3adaue (P).

qu (P) ompesiesnM CTaHIAPTHBIM 06pa30oM:
H(t,z,u,v",0) = (, f(w,u)) + e g(z,u),
H<t’ :I;’ /lpo’ /lp) = Sup H(t7 x? u’ /lp07 ’(/1)7

uclU
rmet>0,ze€G uelU, v’ R, ¢ € R™.

JloKa3aTeIbCTBO CIIEYIOMETo pesysbTaTa 1aHo B pabore [1].

Teopema. [Tycmo ewnoanstomes yeaosua (A1)—(A5) u (z.(-),u«(-)) — onmu-
maavhas donyemumas napa 6 3adave (P). Tozda cywecmeyrom marue ne 06pauaio-
wuecs odnospemerto 6 nyav wucao YO > 0 u eexmop & € R™, wmo evinoanaomes
caedyrouue Yeroeua.
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(i) Qynryua : [0,00) = R™, onpedesernnasn pasencmeom

V0 = 2060200 [ LN galr o)) ds, 20
t
ABAAEMCA NOKANDHO a6COJL?OmHO HenpeprGHbLM peweHue,M Cucmemdsl
BUt) = —Ha (b, 2 (8), wa (6), 40, 6(0))
u Cnpa@edﬂ,USO yC./LOS'U,C MCL'ECUMyMa
Bt 2 (t), ), 00, 9(0)) ™ H (1, (0), 00, 0(0).

(il) Bovinoansemcs ycaosue cmayuonaphocmu 2aMuibmonuaia

H(t,z.(t), 4%, 9 (t) = wop/ e g(wa(s), u(s)) ds, =0
¢
(iii) Bwumoansemcs exaroverue

¢e Ls {[Z.(t)] ' Nu(t)}.

t—o0

3dect Z. () — HOPMUPOBAHHOE 8 HYAEBOT MOMEHM, BPEMEHU HYHOGMEHNAALHOE MATI-
PUUHOE PEULEHUE CUCTEMDL

(1) = = fo (b, (), ua(8) 2 (1),

MH0203HaHOEe omobpasicerue N (-) onpedeasemces pasercmeom

N = [ D @)}, t20,

A>0

a mrootcecm6o Lsioo{[Z:(t)] I NL(t)} — sepznudi mononoeuneckuti npedea mrozo-
anaunozo omobpasicenus t — [Z,(t)] " N.(t) npu t — oo:

Ls {[Z.()] 'N.(t)} = {g ER™: {te}iy, lim =00, I}y, M 20,

¢ = Jim A[Z(t0)] " hales () }-

Crucok Jureparypbl

1. Acees C.M. IlpuHnun MakCUMyMa [Tl 33/1a9¥ ONTHMAJIBHOIO YIIPABJIEHUS C ACUMIITO-
THYECKUM KOHIEBbIM orpanndenuem // Tp. UMM YpO PAH. 2021. T. 27, Ne2. C. 35-48.
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HEOBXO/IUMBIE YCJIOBUA MMEPBOTO U BTOPOTO IMOPSAJIKOB
LJIAd TPAEKTOPUN JIOKAJIBHOI'O MTHOHMMYMA
B OIITUMAJIbBHOM VYIIPABJIEHNN

E. P. ABakos, I'. I Marapuia-Uinbses

Hremumym npobaem ynpasaenus um. B.A. Tpanesnuxosa PAH, Mockea, Poccus
Mocxosckuitl 2ocydapcmsennuis yrusepcumem um. M.B. Jlomornocosa,
Mocxsa, Poccus

eramag@mail.ru, georgii.magaril@math.msu.ru

PaccMaTpuBaeTcs cTangapTHAA 381898 ONTAMAILHOTO YITPABJICHUS
fo(z(to), z(t1)) — inf,
T = p(t, z,ut)), u(t) e U poa ws. t € [to, 1],
f(@(to), x(t1)) <0, g(x(to), (t1)) =0, (3)

e U — nogmuoxkectBo R”, orobpaxkenne ¢: R x R” x R™ — R”, dynkmusa fo: R™ x
X R™ — R u orobpaxkenus: f: R” x R" — R™ u g: R" x R" — R™?2 y10BJIeTBOPSIOT
CTaHIaPTHBIM IIPEIIOJIO?KEHUAM I'JIaJIKOCTH.

Jlutst 3TOM 33,1891 BBOJUTCS IOHSITHE MPAEKMOPUL A0KAAOHO20 UHPuMYyma (OTIpe-
JlejieHHOe paHee B pabore aBropos [1]), KoTopoe 0606IAET MOHATHE ONTUMAJBLHOMN
rTpaekTopun. HanoMHuM 9T0 onpeesieHue.

Dynkuust z(-) € AC([to, t1], R™) — donycmuman mpaexkmopus it yupaBsieMoi
cucrembl (2), (3), ecsm Haiinercs takoe u(-) € Loo([to,t1],R"), uro mapa (z(-),u(-))
yZAoBIeTBOpsIET yeaosusiM (2) u (3).

PaccMOTprM MHOXKECTBO BCEX JOILyCTUMBIX TPAEKTODUIA JIJIs yIIPABJIAEMOli Cucre-
MBI (2), (3) xkak mogmHOKecTBO mpoctpancrsa C([to, t1], R™) ¢ unaynupoBaHHON U3
9TOr0 IPOCTPAHCTBA METPUKOIL.

Homycrumasi TpaekTopusi Z(-) HA3BIBAETCS ONMUMAALHOU mpaexmopuel B 3a7a-
qe (1)—(3), ecam oHA TOCTABIISIET JOKAJIBHBIN MUHUMYM (DYHKIHOHAILY fo HA MHOMKE-
CTBe BCeX JIONYCTUMBIX TPAEKTODUil JJIst yrpaBJsieMoii cucremsl (2), (3).

CranapTHOe ompejiesienne Toro, 4ro napa (Z(+),u(+)) mocTaBisieT CHITbHBIN MAHA-
MyM (MJIM SIBJISIETCS ONTHMAJIbHBI IpoIeccoM) B 3a1ade (1)—(3), paBHOCHIBHO TOMY,
4uT0 T(+) — ONTHMAaJIbHAS TPAEKTOPHUsI B 3TOH 3a/ade.

Ciremyroliee ompejiesieHne gaer 00OOIIeHNe IOHITHS ONTUMAJIBHON TPAEKTOPUN.

Onpenenenne. Oyuxuua Z(-) € C([to,t1],R™) nasbBaercs mpaexmopuets A0-
Kaavrozo unpumyma B 3amade (1)—(3), ecsm oHA JAOCTABIISIET JIOKAJIBHBIH MUHIMYM
dyukmonany fo na sambikanun B C([tg, 1], R™) MHOXKeCTBa JOIYCTUMBIX TPAEKTO-
puii.

Ecan MuHAMYM T100a/IBHBIA, TO TOBOPUM O TPAEKTOPUH TJIOOATBHOTO MH(MUMYMA.

[TousiTHO, uTO 3HAvYeHUE f) HA TPAEKTOPUHU TVIODAIBLHOIO MHMUMYMAa COBIAIAET C
TOYHON HUKHE I'PaHbIO fy M0 BCEM JOMYCTHMBIM TPAECKTOPUSIM.

Jlerko BuzeTh, 9TO ecsm Z(-) — onTuMasnbHasi Tpaekropus B 3amade (1)—(3), To
Z(-) — TpaekTopus JOKaJbHOTO nHGUMyMa B 9T0M 3ajgade. C Ipyroi CTOPOHBI, ecimn
dyukius T(-) — Tpaekropus JoKagbHoro undumyma B 3agade (1)—(3) u gomycruma,
TO Z(-) — ONTHMAJbHAS TPAEKTOPHS B JAHHOI 3a/ade.
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Kak BuiHO, TPAaeKTOPHsI JOKAIHHOTO HH(PUMYMa HE SIBJISIETCsI, BOOOIIE TOBOPSI, J10-
[IyCTUMOI TPAeKTOPHed, a sIBJISIeTCs JIUITh PABHOMEPHBIM IIPEJIEJIOM TaKOBbIX. OnTu-
MaJjibHasl TPAEKTOPHS MOXKET He CYIIECTBOBATH, HO CYIIECTBOBAHUS TPACKTOPUU JIO-
KaJIbHOTO WHMUMYMa, O9E€BUJIHO, BIIOJIHE JOCTATOYHO Jjis Tpuioxkenuii. Kpome Toro,
YCJIOBUsI CyIECTBOBAHUSI TPAEKTOPUH JIOKAJIHHOIO MHMUMYMa CYIIeCTBEHHO cjabee
CTaHIaPTHBIX yCJ’[OBI/HU/I7 rapaHTUPYIONINX CyIIeCTBOBaHUE ONTUMAJILHOI TpaeKTOpUn.
Takum 06pa3oM, KIace 3aJa4, Ijie CyIeCTBYET TPAeKTOPUsI JIOKATHHOIO HHMUMYMA,
3HAYUTEIHLHO MUPe KJIACCa 33J1a4, TJe CYIECTBYeT ONTUMAJIbHAS TPAEKTOPHS.

st TpaeKTOpuu JJOKAJILHOTO HHMUMYMAa, BBIBOJISITCSA HEOOXOUMBIE YCJIOBUSI TIEPBO-
I'0 ¥ BTOPOr'o HOPsiAKOB (YCJIOBUSI IEPBOTO IOPSJIKA IIOJYUYeHbI B [1], ycaoBust BToporo
nopsiaka 6y, yT ony6aukoBaHsl B [2]). Ecsn TpaekTopust I0KaapHOro HHOUMYMA SIBJIsI-
€TCsl, B 9aCTHOCTH, ONITUMAJILHON TpaeKTopuel, TO MOJIyIeHHbIe HeOOXOUMbIE yCJI0-
BUsI COZIEpKAT KyaccuuecKuii npuaimn makcnmyma [loarpsirnsaa (em. [3]) u usBecTHbIE
HEOOXOIUMbIE YCJIOBHs OINTHMAJILHOCTA BTOPOrO HOpsjaka (cM., Hampumep, [4]), Ho
TaKXKe U JIpYyrue COOTHOIIEeHUs, KOTOpble (Kak OyjIer IMOKA3aHO Ha [PUMEPAx) MOIYT
JABATDh JIOTIOJHUTEIbHYIO NHMOPMAINIO 006 ONTUMAJIBLHOM IMIporecce. B aTom cMmbicie
JO0Ka3aHHbIC PE3YyJ/IbTaThl YCUJINBAIOT IIPUHIIUII MaKCUMyMa HOHTpﬂFI/IHa 1 N3BECTHBIE
YCJIOBUSI ONITUMAJILHOCTU BTOPOTO TIOPSIIKA.

Eciu TpaekTopust JIOKaIbHONO HHMOUMYMa, HE SBJSETCS ONTUMAJBHON TpaeKTopu-
€il, TO TIOJTy YeHHbIE HEOOXOMMBIE YCIOBUSI TIPEJICTABIIAIOT COOON MHCTPYMEHT JIJIsl Ha-
XOXKJIEHUSI TPACKTOPUH, “TIOJ03PUTEbHBIX Ha TPACKTOPUIO JIOKAJTHBHOTO WHMUMYMA,
KOTOprfI OpuUMeHdeTcd BO MHOTOM TaK 2Ke, KaK IIPUHITUII MaKCUMYyMa HOHTpHFI/IHa n
YCJIOBUsI BTOPOTO MOPSIJIKA, JIJIs HAXOXKJIEHUs [IPOIECCOB, TOI03PUTEIBHBIX HA ONTH-
MaJIbHOCTb.

OrMeruM Tak»Ke, 9TO TOJYyUYEeHHBIE PE3yJIbTaThl YCUJINBAIOT, B YACTHOCTH, U KJIAC-
cUYecKue HeoOXOUMbIE YCJIOBUsI CUJIBHOTO MUHUMYMAa B BapUAIMOHHOM UCUUCICHUN
(ypasuenue Dilepa n yciosue Beitepmrpacca).

Crucok Jureparypbl
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MEAN FIELD TYPE CONTROL SYSTEMS
Yurii Averboukh
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A mean field type control system is a mathematical model of a system of many
interacting similar agents trying to achieve a common goal. The mean field approach
implies the study in the limit case when the number of agents tends to infinity while
the agents interact via some external media. This leads to the study of evolution of
the probability measure describing the distribution of agents. It can be regarded as
a phase variable for the mean field type control system. In the talk we will restrict
our attention to the case when the dynamics of each agent is given by an ordinary
differential equation

d
Z(t) = F(t,x(t), m(t), u(®)). (1)

Here t stands for the time, x(t) describes the state of the agent at time ¢, u(¢) is the
control of the agent, while m(t) is a current distribution of agents.

Notice that the mean field type control theory finds applications in the control of
systems of autonomous vehicles and drones. Recently, the mean field type control
theory was used for the analysis of machine learning.

The talk will deal with the survey of modern approaches to the mean field type
control theory. Primarily, we will consider only mathematical aspects of this field of
science.

The first point we will discuss in the talk is the formal definition of open-loop strate-
gies and the corresponding evolution of distribution of agents. It can be performed
in three ways.

First, one can choose a probability space (Q, F, P) with non-atomic measure P and
label the agents within the elements of 2. Assuming that the motion of each agent
obeys

d
(tw) = F(tx(tw),m(t), u(t,w)),

we claim that, for each ¢ and every measurable Y C R<,
m(t,Y) = P{w € Q: z(t,w) e Y}

This definition refers to the so called Lagrangian approach. In many cases it is
convenient to choose €2 equal to the product of the space of initial agents’ states and
the space of controls.

Finally, let us mention the Eulerian approach, which implies that the decision
maker chooses a strategy u(t,x), while m(t) satisfies in the sense of distribution the
continuity equation

%m(t) + div(f(t, z, m(t), u(t, z(t)))m(t)) = 0.

Based on [5] and [7], we will discuss the equivalence between the aforementioned
definitions.
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The second point is the feedback formalization. In this case, we assume that
the decision maker has information on the current distribution of agents and uses
it to form a control. Additionally, we will adopt the Krasovskii-Subbotin approach
which assumes stepwise constant controls. The results of [3] show that this feedback
formalization is equivalent to the open-loop one.

One of the key questions within control theory is the optimal control problems
and characterization of their solutions via dynamic programming. For simplicity, we
will consider the case when all agents try to minimize the terminal payoff given by
o(m(T)), where T is a final time and m(T') stands for the final distribution of agents.
Certainly the dynamics is given by (1). We describe the dynamic programming for this
mean field type optimal control problem. Additionally, we will discuss a link between
the mean field type optimal control problem and the Hamilton-Jacobi equation in
the space of probability measures that takes a form

9¢

5 + H(t,m, V) =0, o(T,m) = o(m).
Here ¢ is a value function, i.e., it assigns to an initial time and a probability corre-
sponding to the initial distribution of agents the optimal outcome. Further, V,,¢
stands for the derivative w.r.t. the measure variable. Recall [8] that one should
understand the solution of the Hamilton—Jacobi equation in the minimax/viscosity
sense and define it via tools of nonsmooth analysis such as directional derivatives or
sub/superdifferentials. We will use the approaches of [2, 4, 6, 7] to introduce the
nonsmooth analysis in the space of probability measures, define a minimax/viscosity
solution to the Hamilton—Jacobi equation in the space of probabilities and provide
the link between this concept and the solution of the mean field type optimal control
problems.

The last part of the talk will deal with the approaches to the numerical scheme
for the mean field type optimal control problem. The most promising way relies on
the lattice approximations, which reduces the original control problem in the space of
probability measures to the finite-dimensional control problem. We will give a short
introduction to this technique and discuss the corresponding approximation rate.
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We consider the equation
ou
ot
in the region A = (0,00) x D, where D C R? has Lyapunov boundary 0D and

A is a uniformly elliptic differential operator of order 2N in the variable z (see [1]).
System (1) is studied with the conditions

= Au+v(t, ) (1)

u(0, z) = p(x), Mu(t,s) =0, [v(t, z)| < vy, (2)

where (-) € La([0,T] x D) and M is a differential operator of order less than 2N.
It is known that the solution of problem (1), (2) exists in the Sobolev space Wy 1(A)
(see [1]). A function v(:,-)|fo,r) is called an admissible control if u(T,z) = 0. An
admissible control 9(-,-)[j 7 is called optimal if T < T for any admissible control
v(+,-)|jo,77- It is known that the optimal control exists [2]. But a problem of finding
it remains open, in contrast to optimization problems for fixed time intervals. Using
the Fourier method, F.L. Chernous’ko reduced the time-optimal problem (1), (2) to
an infinite system of the form

uk(t) = —ApUr + vk (3)

such that the control parameters satisfy the inequality

> veer()

k

sup < vp, (4)

where ¢ (-) is the system of eigenfunctions of the operator A(z) (k=1,2,...).

Problem (3), (4) still remains difficult. In this talk we discuss the finite-dimensional
approximations of problem (3), (4) (k=1,2,...,n) for the case of the heat equation
on arod, z € R, A= 09%/0z% (see [3, 4]).
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PaceMoTpuM JMHEHYO yIIPABIISEMYH0 AaBTOHOMHYIO CHCTEMY
¥ €Az + U, z(0) =0, (1)

rae x € R", A € R"*"™ U C R™ — BBIIYKJIbIIT KOMIIAKT.
MATPUBAETCS MHOYKECTE TH>KUMOCTH CHCTEMBI B MOMEHT BPEMEHH
Paccema aeTC 0KECTBO JIOC OCTH CHCTE 1 omMe eMe
t > 0, T.e. MHOXKECTBO

R(t) = {z(t): 2'(s) € Azx(s) + U pus e s € [0,t]} = /Ot e ds. (2)

Wurerpast o1 MHOrO3HAYHOM (DyHKIMU B IPABOi YacTu (2) MOKET HOHUMATHCS B CMbIC-
se Aymana wian Pumana [1, r. IV].

IIycte M C R™ — BhimykJiblit KOMIAKT. Peraercs: oHa U3 CJIELyOMIX TEOPETHKO-
MHO>KECTBEHHBIX 33/1a4.

Bamaua 1. Ilycte T > 0 u R(T) N M # @. Jnst momenrta Bpemenn t € [0,7T]
BBISICHUTB, BEPHO Jin, 9o R(t) N M # &7

Bapmaua 2. Iycrs T > 0 u R(T) ¢ M. Has momenta Bpemenu t € [0, T| Bbisic-
HWUTb, BEpHO Ju, uT0 R(t) C M?

Bapmaua 3. Ilycrs T > 0 u R(T) D M. Has momenta Bpemenu t € [0, T| Bbisic-
HUTb, BEPHO Ju, uT0 R(t) D M?

OcHoBoit 7151 paboThl ¢ MHOJKECTBOM JIOCTHKMMOCTH TPAJMIIMOHHO SIBJISIETCS all-
IPOKCHMAIHAA MHOYKECTBA JOCTHKHMOCTH, TJABHBIM 00Pa30M € MOMOIIBIO OIIOPHOI
dyukuuu [2]. Aunpokcumuposas R(t) u M Ha ceTKe eJUHUYHBIX BEKTOPOB C LHOMO-
b0 BHENIHUX MHOTOIPAHHBIX ANIIPOKCHMAIUi, MOXKHO CBECTH PeIleHue yKa3aHHBIX
zajiay 1-3 K pemeHuio 3aja4 JjuHefiHoro nporpammuposanus. OJHAKO yKa3aHHBIH
HOJIX0JI, IPUMEHUM B IIPOCTPAHCTBE HeGOJIbINOl pasMepHocTH. Tak, Ha COBPEMEHHbIX
HEepCOHAIBLHBIX KOMIBIOTEPAX AIIPOKCUMHAPOBATH C YIOBIETBOPUTEILHON TOYHOCTHIO
YKa3aHHbIC MHOYKECTBA, MOJIydaeTcs I pasMepHocTeil n < 5.

B nokiazie niaHupyercsa o6CyIuTh Pl CTEPEOTHIHBIX YCJIOBHUil, KOTOPbIe obece-
YUBAIOT pellenue 3a7ad 1-3 B IPOCTPAHCTBAaX JOCTATOYHO GOJIBIION pPa3sMEpHOCTH
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(n > 5), Tae yZ0BJIETBOPUTEIBbHASI ANIIPOKCUMAIIAS € TOMOIIBIO OMOPHBIX (DYHKITHI
WU KaK-JIN0O elne HeBO3MOYKHA.

ITpuseneM pesyabTar mjs 3agaqm 1.

IMoTpebyem, aTo6b1 R (¢) GBLIO CHIBHO BBITYKJIBIM MHOXKECTBOM C PaaycoM Ry (T.e.
nepeceveHreM 3aMKHYTBIX mapoB pagmyca Ryi). Iycrs M = My + B, (0), toue My —
CHJIBHO BBIIYKJIO€ MHOYKECTBO € pajuycoM Ry.

Paccmorpum mist dukcuposannoro ¢ € [0, 7] muoxecrsBo Z(t) = R(t) + (—Mp).
MuoxkecrBo Z(t) cuinbHO BbIIyKJIO ¢ paguycom R = R; + Ry, Kak CyMMa CHJIbHO
BBINMYKJIBIX MHOXKeCTB [3, rir. 3]. OueBmano, uro paseHctBo R(t) N M = @& MOXKHO
nepedOpMyIMpOBaTh TaK: paccrosuue or Hyis 10 Z(t) 6onee r > 0. Ecau s1o Bep-
HO, 10 0 ¢ R(t) + (—M). Hamomunm, aro onoproii dyHKununeit MHOXKecTBa Z C R™
B Touke p € R™ naswiBaerca f(p) = s(p,Z) = sup,c,(p,z). Ha s3pike omopHbIx
GbyHKIMI TOC/IeTHIH BOITPOC CBOJINTCS K PEIIEHUIO CJIEIYIONIeH 3aa4u: /it (DY HKITAH
f(p) =s(p, Z(t)) = s(p,R(t)) + s(p, —Mo) naiiTn

||rzf|1|i£1 f(p)=J. (3)

Ecim J < —r, To paccrognue or uyuas jgo Z(t) 6onee r. Ecom J > —r, 10 pac-
crostane ot Hynst 10 Z(t) He Gomee r > 0 u, sHauut, 0 € M(t) + (—M). Bamernm,
wto f/(p) = RE)P) + (~Mo)(p) = [ (e U)(p)ds + (—Mo)(p), re s soimy-
JIOTO KOMIIAKTHOTO MHOKECTBA X W BEKTOpa p OIOPHBINH 3JIEMEHT O0O3HAYEH vepe3
X(p) ={z€ X: (p,2) = s(p, X)}.

IMonoxkum S;1 ={p e R™: |p|| =1} uS={pe Si: f(p) <0}, rue f — dbynxuusa
u3 (3).

Teopema 1. [Tycmo s 3adaue (3) swnoaneno nepasencmseo —2r < J < 0 u 6wvi-
bpana mowka p1 € S. Ilonrosicum L = max,cyz () Iz]l, v nyemo wucao X ewbparo u3
yeaosus 0 < 2A < min{l/R,1/L}. Paccmompum umepayuontoili npouecc

Dher = pr — A (pr)
T e = A (o)l

Tozda nocaedosamenvrocms {pp} crodumes x eduncmeenromy pewenuto ps 3ada-
wu (3) ¢ aunetinot ckopocmuvio (Co cKOPOCMvBIO 260MEMPUHECKOT NPOZDECCUL,):

Frr1) — f(pe) < q- (f(px) — f(pa)),

Ipes1 — prll < V2A(F(p1) — Fps)) - "2,

AlJ|
—1- 2 ).
q a2 <O

IIpumep 1. Paccmorpum mjisi HADJISIIHOCTH TPEXMEPHBIN YHCJIEHHBIN IIpUMeEp.
Iycrs B cucreme (1) marpuna A uMeeT BUJL JKOPJAHOBOH KIIETKI

—-1.3 1 0
A= 0 —-1.3 1
0 0 -1.3

Iycrs U — orpesok ¢ kormamu B Toukax (0,0,+1), M = By((0.8,0.5,1)), My =
= By.2((0.8,0.5,1)) r.e. r = 0.4. Paccmarpusaercst Bopoc, BepHo Jjiu, aro R(t) M =
= & B MOMEHT BpeMeHH t = 2.
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Overview image Convergence rate (log(f - f*))

« Reachability set for time t = 2 —— Logarithm of difference
—=—=45et:M * Manual linearization points

Ha pucynke cieBa n3zobpazkeno muoxkectso R(2) u mapsl M u My. 3uagenue J
dyuxmonana us (3) pasuo J = —0.451648 ... < —r, 1.e. nepeceuenne mycro. Cupasa
NOKA3aHa JINHEHHAsT CKOPOCTh yObIBaHusl (10 QYHKIN) IPAMEHTHOIO METO/IA U3 TEO-
pembl 1 st mara A = 0.5. Ilo ropu3oHTaNIBHON OCH OTJIOXKEHO KOJIMIECTBO UTEPAITHil
I'PaIMEHTHOTIO MeTOo/1a. HI/IHeﬁHaH CXOIMMOCTDb (IIpaBaH qaCTh pI/ICyHKa) IpaKTUIECKN
HE 3aBUCHT OT BBIOOpA HAYAIHHON TOYKHU wTepanuit p; € S.
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O SAJAYAX OIITUMAJIBHOI'O T'PAHNYHOT'O YIIPABJIEHNA
KOJIEBAHUAMUW CTPYHBI C YCJIOBUAMU HA OYHKINN COCTOSHNA
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WccnemoBanusM 3aja4 yIpaBJIeHUs U ONTUMAJBHOTO yIIPABIeHUS KOJIebATETbHbBI-
MU IporieccaMu (Kak PaCIpe/ieJeHHbIME, TaK U IPAHMIHBIMEA BO3/EHCTBUAMMY) TIOCBSI-
IIeHbl MHOMOYHCJIeHHBIE paborhl, B YacTHOCTH [1-4]. BecbMa BayKHbI KpaeBble 3a/a-
9 yIpaBJIEHUSA, B KOTOPBIX HaPSJIY C KJIACCUYECKUMH KPAEBBIMU yCJIOBUAMHU 3a/IaHbI
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TAaKz?Ke MHOI'OTOYE€YHbIE IIpOMG)KyTOLIHbIe yCﬂOBI/IH, KOTOpre MOFyT 6bITb KaK JIOKaJIb-
HBIMH, TaK 1 HEJIOKaJIbHBIMU. HCCJIe;[‘OBaHI/IHM TaKHX 3a/ia4v ITIOCBAIIECHbI, B YaCTHOCTH,
paboTs! [3-5].

B macrosmeit pabore it ypaBHEHUs KOJIEOAHMS CTPYHBI C 33 IaHHBIMA HAYAJIb-
HBIMHU 11 KOHEYHBbIMU yCJIOBI/ISﬂVH/I paCCManI/IBaIOTCH mecTb 3a/iav OIITUMaJIbHOI'O Fpa—
HUYHOI'O yIIpaB.HeHI/IS{ C 3a/laHHBIMU pa3JII/I‘{HbIMI/I IIpOMe)KyTO‘{HbIMI/I yCJ‘[OBI/ISﬂ\/H/I Ha
3Havenus: pyHKIMH Oporuba U cKopocTeil To9ek cTpyHbl. Jljid Beex 3a7ad 1O eJIuHOM
cXeMe IPEJIOYKeH KOHCTPYKTHBHBIN IIOIXO0J] MOCTPOCHHUS OITHMAJIBHOTO TPAHIYHO-
o yIIpaB.HeHI/IH KOJIe6a.HI/I5{1VII/I CprHI)I. HpOBe)leHbI BBIYUCJINTEIbHBII 3KCIIepI/IMeHT n
aHaJInu3 IIOJ‘IyLIeHHbIX peSy.HbTaTOB.

ITycTs cocTognme pacipeieseHHol KoaebaTeIbHOl CHCTeMBI (MaJible MOTEepeTHBIE
KOJIEOaHUST HATAHYTON CTPYHBI), T.€. OTKJIOHEHWsI OT COCTOSTHUSI PABHOBECHsl, OTIUCHI-
Batorcs byakmumeit Q(x,t), 0 <z < 1,0 <t < T, xoropas nogaunsercs upu 0 < x < |
u t > () BOJTHOBOMY YpaBHEHUIO

PQ _ ,0%Q
o2 = e @)
C Ha4YaJIbHBIMU 1 KOHEYHbIMU yCJ'IOBI/IHMI/I
Q.0 =po(@), 22— yy) )
t=0
oQ
Q. T)=pr() = pmn(), | =¢r(@) = Pmi(2) (3)
t=T
U 'paHUIHBIMHA YCJIOBUAMU
Q0,1) = pu(t),  Q,t)=0, (4)
Q.0 = ult),  QU.1) =), (5)

rie bynxuun 4(t) u v(t) — rpannunbie ynpasaenus. B ypasuennn (1) a® = Ty/p, e
Ty — HATSXKEHWE CTPYHBI, p — ILIOTHOCTH CTPYHBI.
ITycrb B HEKOTOpBIE MOMEHTHI BpeMenu ti, (k=1,...,m),

O=to<t1 <...<tm <tmg1 =T,

3a/IaHbI TPOMEXKYTOYHbIE 3HAUEHUsT (DYHKIUU TPOrnda M 3HAYEHUsT CKOPOCTEH TOUeK
CTPYHBI

Q(z,t;) = pi(x), 0<z<l, i=1,...,m, (6)
9 :
a_? =v¢i(x), 0<z<l, j=1,...,m, (7)
t=t;
Qz.t:i) = pi(x), 0<w<l, i=2a-1, a:l,...,%, (8)
oQ m
- | =¥, 0<z<l, j=2a a=1,..., . (9)
ot |y, 7 2

B ycnoBusx (8) u (9) npemosaraercst, 9To m — YeTHOE YHCIIO.
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IIycre 3amanb! ciaeayromue QyHKIMOHAIIBL:
1/2

T
/O pA(tydt| (10)

1/2

T
| wra e (11)

[pemnonaraercs, uaro Q(x,t) € C?(Qr), rae Qr = {(z,t): = € [0,1],t € [0,T]},
u p;(x) € C?[0,1], ¥;(x) € C[0,]. Ipennonaraercst, 9To Bee PyHKIUI TAKOBBI, 4TO
BBIMOJTHSIOTCST COOTBETCTBYIOIINE YCJIOBHUs COTacopannd |3, 4.

B pabore juist ypasaenust (1) ¢ HauaabHbIMEA (2) U KOHEYHBIME (3) yCIOBUSIME HA
npomexkyTKe Bpemern [0, 7] paccMaTPUBAIOTCS CIIETYIONIIE 3a/aH.

I. 3ajiata rpaHUIHOrO ONTUMAJIBHOTO yIPABJIEHUST KOJIEOAHUSIMUA CTPYHBI CMeIre-
HHUEM JICBOI'O KOHIIA IIPU 3aKPEIJICHHOM IIPaBOM KOHIIE C 33 JaHHBIMU 3HAYCHUAMMN:

e dyukiumu nporuba B MpoMexKyToIHbIe MOMeHTHI Bpemeru ((1)—(4), (6), (10));

® CKOpOCTell TOYEK CTPYHBI B IIPOMEXKyTOuHble MoMeHTHI Bpemenu ((1)—(4), (7),
(10));

e dyHkuuu nporuba M CKOPOCTEH TOYEK CTPYHBI B PA3HBIE IPOMEXKYTOIHBIE MO-

MmeHTHl Bpemenn ((1)—(4), (8)—(10)).

I1. Bajava rpaHUYHOrO ONTUMAJILHOTO YIIPABJICHUsT KOJIEOAHUSIMEI CTPYHBI CMeIle-
HHUEM JBYX KOHIIOB C 3aJaHHBIMIA 3HAYCHUAMMA:

e dyHkmu nporuba B mpoMexxyTouHble MoMeHTHI Bpemenn ((1)—(3), (5), (6), (11));

® CKODOCTel TOUEK CTPYHBI B IIPOMEXKyTouHbIe MOoMeHTHI Bpemenn ((1)—(3), (5), (7),
(11));

e byHkIME Mpornba M CKOPOCTEH TOYEK CTPYHBI B PA3HBIE TIPOMEKYTOTHBIE MO-

MmeHTHl Bpemenn ((1)—(3), (5), (8), (9), (11)).

st Becex mrecTm 3a/ad MO €IMHOU cXeMe MPeJJIOXKEeH KOHCTPYKTHBHBIN IMOJIXOJ K
ITIOCTPOEHUIO ONTUMAJILHOTO I'PAHUIHOIO YIIpaBJIeHUsT KojeOanusiMu cTpyHbl. Cxema
IIOCTPOEHUS] I'PAHUYHBIX YIIPABJIEHUN 3aKJ/II0YAeTCs B CJIEAYIONIEM: UCXOIHbIE 3a/la4un
C HEO/IHOPO/IHBIMU I'PAHUYHBIMU YCJIOBUSIMU CBOJSTCS K 33/I1a9aM yIIPABJIEHUS PacIIpe-
JIeJIEHHBIMU BO3/IECTBUSMU C HYJIEBBIMU IPAHUYIHBIME ycjIoBusaMu. /laiee ¢ ToMomnibio
MeTO/Ia pa3/iesIeHus IIePEMEHHBIX U METOJI0B TeOPUH ONTUMAJIbHOI'O YIIPaBJIEHUA KO-
HEYHOMEPHBIMU CUCTEMAMU C MHOTOTOYEYHBIMU [IPOMEXKYTOYHBIMU yeaoBuamMu [5, 6]
JJ15l TPOM3BOJILHOT'O YHCJIa N IIEPBBIX TAPMOHUK IOCTPOEHBI ONITUMAJIbHbIE TDAHUYHbIE
yIIPaBJIEHUsI, KOTOPBIE IIPEJICTABIIAIOTCH B SBHOM aHAJUTH4YeCKOM Buje. Ilomydennbie
Pe3y/IbTaThl UJIJIIOCTPUPYIOTCS Ha KOHKPETHBIX ITPUMepPax.
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HEOJHOPO/IHOM KOJIEBATEJIbHON CUCTEMOI C 3AJAHHOI1
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Sajaun yrpaBaeHus ¥ ONTUMAJIBHOTO yIPABJICHUS KOJEOATEbHBIMU IIPOTIECCAMH,
OTIMCHIBAEMbIE BOJHOBBIMU yPABHEHUSIMU, UMEIOT 3HAUUTE/IHHBIA TEOPETUICCKUN MH-
Tepec U BO3pacTallee pakTuieckoe suaderne [1-5]. Monennposanne quHAMIIECKIX
CUCTEeM C IIPOME2KYTOIHBIMU yCJIOBUAMU U YIIPpABJICHNUE UMU ABJIAIOTCA aKTUBHO Pa3BU-
BaeMbIM HAIIPABJIEHHEM B COBDEMEHHO} Teopun ynpasienus [3—6]. 3agagam ympasie-
HUSI ¥ ONTUMAJIBHOTO YIIPABJIEHUST PA3HOPOIHBIX PACIIPEIEIEHHBIX CUCTEM [TOCBAIIEHA,
B yacTHOCTH, paboTa [2]. B a10it pabore (1 npyrux paborax TOro ke aBTopa U ero yde-
HUKOB) BBeJIeHbI U u3y4deHsl ¢popmyssl Tuna Janambepa. Dro HayuHOE HAIpaBJIEHUE
[TOK& eIle HEJIOCTATOYHO UCCIIEI0BAHO.

B pmannoit pabore mccieayercss 3aja4da ONTUMAJIBHOIO IPDAHUYHOIO YIIPABJIEHUS
JIJIsT OJTHOMEPHOT'O BOJTHOBOT'O yPaBHEHUSI, COCTOSAIIErO U3 JBYX PA3HOPOIHBIX yIaCT-
koB. [Ipu sTOM mpejmosaraeTcsi, 9T0 BpeMsl MPOXOXKJIEHUsI BOJHBI M0 KAXKIOMY W3
YYACTKOB OJMHAKOBO. YTIPABJIEHUE OCYIIECTBIISIETCS CMEIIEHUEM OJIHONO KOHIA MPU
3aKPEIJIEHHOM JIPYTOM KOHIIE C 33JIAHHBIMU HAYAJbHBIMU, KOHEIHBIMU YCJIOBUSIMU U
3a/laHHbIM 3Ha4YCHUEM CKOpOCTeI‘/JI TOYEK CUCTEMBbI B HpOMe}KyTOLIHbII‘/JI MOMEHT BpeMe-
Hu. Kpurepuii kauecTsa 3a/1aH HA BCEM IIPOMeKyTKe BpeMmenu. lIpejoxken momxo/r
AHAJIUTUIECKOI'O ITIOCTPOEHUA OIITUMAJILHOT'O 'PaAaHUYIHOI'O YIIDaBJICHU.

Paccmorpena 3aada onTrMAaIbHOIO IPAHIYHOTO YIIPABJIEHNS KYCOYHO OJTHOPO/HOM
KosiebaresbHON cucTeMoii (cocrosmeit u3 ayx ydactkoB —lp <z <0un0 <z <l)c
3aJIAHHOM CKOPOCTHIO TOYEK B MIPOMEKYTOUHBIAH MOMEHT BPEMEHHU.

*UccienoBanne C.B. Cosiomyiy BBIIOJIHEHO B paMKax IOCYJZapCTBEHHOro 3afaHus MwuHucrep-
CTBa HayKH U BBICIIEro obpasoBanusi Poccuiickoit @enepanun (npoekr FWEU-2021-0006, Tema
AAAA-A21-121012090034-3).
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HyCTb COCTOdHUE (IIpO,J:LOJIbeIe KOJ‘IGG&HI/IH) CTepP2KHA (I/IJII/I IorepevYHbie KOHe6aHI/I5{
cTpyHBbI) onmcekiBaercst hyukmmed Q(x,t), —l1 <z <1, 0 <t < T, a OTKIOHEHHE OT
COCTOSIHWST PABHOBECHSI TIOTINHSIETCS CJICIIYTONEMY BOJHOBOMY YPABHEHUIO:

>Q(z, )
22 2 << <t<
PQt) | g 0 Thsrs00sisT W
or ] ,0%Q(t)
agw, 0<2<I,0<t<T,
C TPaHUYIHBIMHA YCJIOBUAMM
Q(—l,t) = u(t), Q,t) =0, 0<t<T, (2)

1 C YCJIOBUAMMU COIIPAZKEHUA B TOYKE T = 0 COoeIMHECHUA YIaCTKOB

B 5 0Q(z,t) oy 0Q(x,t)
Q(O - Ovt) - Q(O + Ovt)v alplT S = ayp2 O w:O+07 (3)

rue a; = /k;/pi — CKOPOCTb IIPOXOXKJEHUs BOJIHBI [I0 yYaCTKaM, p; = const — mior-
HOCTD, k; = const — momyns FOura, ¢ = 1,2. IIpemgnonaraercs, aro mjusb | u |
y9aCTKOB BBIOPAHBI TaK, 9TO BpeMsl IMPOXOXKICHUA BOJHBI MO yaacTKy —l1 < x < 0
COBIIQIAET C BPEMEHEM ITPOX0K IeHus BOJHBI 110 yaacTKy 0 < z < [, T.e. asly = aql.
ITycrs 3ananbl HavaabHble (ipu t = to = 0) u koneunsle (npu t = T') ycaoBust

Q) =g D @, —hzest W
Q(,’B,T) = @T(x)v % . = wT(CL'), 1 <z<l (5)

ITycTb Tak:Ke B HEKOTODBIN MPOMEXKYTOUHBIA MOMEHT BpeMeHn t1 (0 = to < 1 <
< to = T') 33J1aHO IPOMEXKYTOTHOE 3HAUEHUE CKOPOCTEH TOYEK B BUJIE

9Q

8t = 1/11($), —11 S X S l. (6)

t=ty

B dopmyie (2) dynkmust u(t) — ynpasisiomniee Bo3eficTere (PaHIIHOE YIIPABIIe-
une). [Ipeanonaraercs, uro Q(z,t) € C%(Qr), rae Qr = {(x,t): x € [, 1], t € [0,T]},
1 @o(z), or(z) € C*[—I11,1), Yo(x),v1(x), Y1 (z) € C[~11,1]. IIpeanonaraercs Taxxe,
9TO BCe PYHKIMA TAKOBBI, UTO BHIMOJHSIOTCS YCJIOBHS COTJIACOBAHUA |3, 4].

Tpebyercsa naiitn Taxoe onTumaaboe ynpasienne u’(t), 0 < t < T, oy Bo3eii-
CTBHEM KOTOPOTO KOJIe6aTebHOe JBUKEHne cucTeMbl (1) M3 3aJaHHOT0 HAYMAILHOTO
cocrosinus (4) nepexosuT B KoHEeUHOe cocTogHue (5) U KOTOpoe 06eceInBaET BhINOJI-
HeHne ycsoBus (6) n MUHUMEU3HPYeT byHKIIMOHAI

/O 20t (7

i1 perienns 3a1a4u IePEXouM K HOBOM IIEPEMEHHOM &, 9TO IPUBOJIAT K CXKATUIO
mwim pactsikennio orpeska —l; < x < 0 ornocurensao Toukn © = 0. Ilpu sTom orpe-
30Kk —l1 < 2z < 0 nepexomur B orpe3ok —! < & < 0. Ina dbyuxiuu Q(&, ) nosydanm ua
OTpEe3KaX PABHOI JJIMHBI OIIMHAKOBBIE YPABHEHUS C COOTBETCTBYIOIMIMME YCIOBUSIMUI
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11st (3)—(6) oTHOCHTEIBHO HOBOH NepeMeHHO. PelieHne MCXOHON 3a/1a4n CBEJIEHO K
3a/1a49€ ONTUMAJILHOTO YIIPABJICHUS KOJIEOATEIbHBIM JBUKEHIEM,, OITICBIBAEMBIM HEO/T-
HOPOJIHBIM YPABHEHUEM C HYJIEBHIMH T'DAHUIHBIMU yCJIOBASIMA ¥ MUHAMU3APYEMBIM
dyukiponaaom (7).

Vcnonn3yst MeTo 1 pas3/iesieHus IePeMeHHbBIX U yIUThIBasd [IPOMEKYTOUHbIC 1 KOHEY-
HbIE YCJIOBUS, IPUMEHsis [OJXO0/Ibl, IPUBEJeHHbIe B paborax [3, 4, 6], noaydaem, 4ro
nckoMasi (PYHKIIUS yIIPABJICHUS uo(t), 0 <t <T, and KaxKAa0i TAPMOHUKH JIOJIZKHA
YJOBJIETBOPSATH HEKOTOPBIM MHTEIPAJIBHBIM COOTHOIIEHUSIM W JOCTABIATH MAHUMYM
dyukmonasy (7). Hasee Ha ocHOBE MeTOa TIPOBIEM MOMEHTOB [6, 7| 115t IPOU3BOIIH-
HOI'O 9MCJIa IEPBBIX FTADMOHUK MOCTPOCHO AHAJUTUIECKOE BLIPAYKEHUE JJIsi HCKOMOTO
ONTHMAJILHOTO TPAHUTHOTO YIPABJIEHUS U COOTBETCTBYIOMEH (DYHKIMNA COCTOSTHMS.
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OB MHTEI'PAJIBHOM TOXXKAECTBE
JIJIA BUTAPMOHUYECKOWN 3AIAYN C ITPEIIATCTBUEM

K. O. Becos

Mamemamuveckuts uncmumym um. B.A. Cmexaosa PAH, Mocxsa, Poccus

kbesov@mi-ras.ru

B pa6ore [1] paccmorpena 3ajada MuHuMu3anuu QyHKIMOHATA

J@):/Q(%mm?—fv)dx

Ha 3aMKHYTOM BBIIIYKJIOM MHOXKECTBE

KZ{’UEH&(Q): v>¢ ms. B Q}, Hg—{U€H2(Q): v|ag:?
v

= 0},
o0

27



rae Q) — orpannmdennas obsacTs B R? ¢ smmmmieoit rpaHumei 0S) U eMHIYHOIMN
BHETITHel HOpMaJIbio v, f 1 ¢ — 3ajiannbIe byHKIMHI Takue, 9to f € La(Q), ¢ € C2(Q)
u ¢(x) < const - (dist(x,90Q))? misg z € Q (mocseHee ycjaoBHe rapaHTUPYeT, UTO
muOKecTBO K Herycro).

Baezenm eme npocrpancrso H (€, div Div) = {y € Lay(; MZ%4): divDivy € Ly(Q)}
yHKIWMI CO 3HAUEHNSIMU B TIPOCTPAHCTBE CUMMETPUIHBIX (d X d)-Marpwuir.

Has (enquaCcTBeHHOTO) pemennst u € K cdopmysmposanHoil Beime 3aga9u B [1]

IIOJIYYIE€HO CJeayIoniee nHTerpajJbHOe TOXKIECTBO.

Teopema 1 [1]. Jas awbot gynxyuu y* € H(Q,div Div) maxod, wmo

divDivy* > f, (1)
u 10601 pynrkyuu v € K cnpasediuso moocdecmaso
p(0)+ ") = IV =y I, + [ @vDivy = He-)dn, ()

20e
1
H(w) = SIVV (- ), + o)
— MEPa OMKAOHENUA PYHKUUL U 0T TOYHO20 PEWEHUS U,
te(v) = / (divDivVVu — f)(v — u) dx — / [DivVVu - vr,|(v — u)ds,
{u=¢} T,

[[] — crauox coomeememeyrowel sesununbs Ha epanuye Ly, meoncdy obaacmamu
{u=0¢} u {u> ¢},
* [ % 1 *112
Wy = gl\p* =y Iz, +up(y")
— Mepa OMKEAOHEHUA GYHKUUY Y™ 0m mouHo20 pewenus p* conpascennotl 3adawu,

Wiy = /{ DI = )0y

Hanee ¢ momonipio oneHKH paccrosuust B La(Q) oT npoussosbHoil byHKIMN y* €
€ H(Q,divDiv) no muoxecrsa dynkuuit nuz H(Q, div Div), ynosaersopsiromux ycio-
Buio (1), B paGore [1] BBIBOINTCS ClIeyIoIast OleHKA.

Teopema 2 [1]. Jaa awbwx dynkyud y* € H(Q,divDiv) v v € K u npous-
soavroz0 wucaa B € (0,1] umeem

]- - B * * *
—5— (IVV =)L, + I = lI2,) + 1o(v) + 15 (") < M, 4™, B),
2de
3
26
+ / (divDivy* — f)(v — @) da,
Q

Cr — xoncmanma u3 Hepasencmea Ppudpuxca dan obaacmu €, (-)4 = max{0,-}.

1
m(vay*aﬂ) = _<1 +6)va1} _y*”%g +

5 CRII(f — divDivy*)[|* +

MpbI oKa3bIBaeM, ITO Ha CAMOM JleJie Teopema 1 CrpaBeyiuBa s JTOOBIX (DyHK-
mait y* € H(Q,divDiv) (r.e. orpannuenune (1) MOXKHO CHATB) U JHOOBIX DYHKITHI
v € H?(Q) (a ne Tobko ais v € K). Takum 06pa3oM, MbI TIOJIydaeM yCHIeHHe 06enx
TeopeM 1 u 2.
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OITUMAJIBHOE VIIPABJIEHUE
I'MBPUIHON MOJIEJILEO MAPKOBA—/[VBUHCA

A. C. BoprakoBckuii

MAH, Mocxksa, Poccus

asbortakov@mail.ru

PaccmarpuBaercs: 3aada ObICTpOAEHCTBUS [IJIsi YIIPABIISIEMON TUHAMIIECKON CH-
CTEMBbI, OIIICHIBAIOIIEH IIJIOCKOE JIBU2KEHNE C OTPAHNYEHHBIM yCKOopeHueM. TpaekTopun
JIBIZKEHMsI TIpejIaraeMoil Mojiesn otymuarTes ot mmyteil Mapkosa—/ly6unca [1, 2],
rpaekropuit mammi Ailizekca, Punca—Ilemna [3] u apyrux [4, 5] meorpanudenuoii
KPUBH3HOH, T.€. JIOIIYCKAIOTCsI OBOPOTHI Ha MecTe. Takast MOJe/b TOUHEEe OIUCHIBa-
€T BO3MOXKHOCTH HEKOTOPBIX BHJIOB JIOPOXKHBIX MAIIUH W JIETATEJbHBIX AIIapaToB.
Jpyrast 0cCOBeHHOCTb MO/JIEJIN COCTOUT B TOM, YTO M3MEHEHUE YIJIOBOI CKOPOCTH IIPO-
HUCXOJIUT IPU IOCTOAHHON JIMHEHHOW CKOPOCTH, & U3MEHEeHUe JIMHeHHOI CKOPOCTH —
pu HyJeBoil yruiosoii. [losTomy B mporiecce ypaBieHHsI TPOUCXOIAT ITEPEKITIOIEHUS
MOJIEJIH JIBM2KEHUS, & PA3MEPHOCTh CUCTeMbl MeHsieTcst. [ljist pertenust 3a,1a4u ObICTPO-
JIefCTBUS IPUMEHSAIOTCST HEOOXO/IMMBbIE YCJIOBUSI ONTHUMAIbHOCTH T'MOPUJIHBIX CHCTEM
nepeMeHHOl pasmepHocTH [6].

ITocranoBka 3amaun. Ilycrs za npomexkyrke spemenu [0,7] upsmosuneiinoe
JBH2KEHUE CHUCTEMbI YIIPpaBJIEHUA OIMNCBIBACTCA YPaBHECHUAMU

#(t) =v(t)sin(y),  y(t) =v(t)cos(y),  ot) = wu(t), (1)

a IIOBOPOTHI — yPaBHEHUSIMU

#(t) =Vsin(y(1)),  g(t) =Veos(y(®),  F() =w(®),  wt)=e(). (2)
B 9TUX YPpaBHEHUAX T, Yy — IIJIOCKHE KOOPJINHATDHI IIOJIOZKEHU A 06'])eKTa YIIpaBJICHU ]
7 — YroJI HAIpPABJICHHs [BUXKEHUs (BIEPE/), OTCIUTBHIBACMBLl OT IIOJIOKUTEIHHOTO
HAILPaBJICHUs] 0CU abCIUCC; v, U — JHMHEHHbIe CKOPOCTb U YCKOPEHHE, & w, € — YLJIO-
BBIE CKOPOCTb U YCKOPEHHE COOTBETCTBEHHO. YIPaBJICHUE OCYIIECTBIISETCS BHIOOPOM
YCKOpeHHil u U &, yaosiersopsiionux orpanudenusM |u(t)] < U, |e(t)] < &, tue U
u & — 3ajJaHHBbIE MAKCHMAJIbHBIE 3HAYEHUs] YCKOPEHUil. B MOMEHTBI mepeKJIioueHnit
KOODJIMHATHI X, ¥, 7Y, U HEPEPBIBHBI, a w = 0.

HavanbHoe COCTOSIHIE CHCTEMBI 33aHO:

.’L'(O) = To, y<0) = Yo, 7(0) = Y0, U<0) = Yo, W(O) = Wwo-
Koneunoe cocrogume MoxkeT 3aaBaTbCd IIO-PAa3HOMY, B 3aBUCUMOCTH OT ITOCTaHOBKH

zamaun. s 33790 TIONANAHAS B TOYEIHYTO TETh (PUKCHPOBAHO TOJHKO KOHETHOE
nosioxkenue (T, yr) 0ObeKTa yIPaBJIeHUs

o(T)=2r,  y(T)=yr; (3)
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JJId 3a/1a91 II0IIa/JaHnd B 1IeJIb C 3a/[aHHBIM KOHEIHBIM HallpaBJIEHUEM JIBU2KEHH K Pa-
BeHcTBaM (3) mobasisiercs yeaosue ¥(T) = v u, 66Th MOXKerT, ere yeaosue w(T') = 0;
JUTsT 3371491 OCTAHOBKH OOBEKTA B 3aIaHHOM TIOJIOKEHHMH K paBeHCTBaM (3) mobasiist-
erca tpebosanue v(T) = 0. Bo3MOXKHBI U Apyrne KOMOMHAIINN KOHEIHBIX yCJIOBHI; B
YACTHOCTH, MOXKeT ObITh 3aaH0 Koneunoe cocrosiaue (2(T),y(T),v(T),y(T),w(T)).

Tpebyercst HaiiTn HauMeHbIee BpeMs 1’ 1 ONTUMAJIBHBIN [IPOIECC, HA KOTOPOM 3TO
BpeMsI JJOCTUTAETCS, T.€. PEIMUTh 331a9y ObICTPO/ICHCTBUSI.

B mocraHOBKe 33/1a9M BO3MOZKHBI JIOTIOJTHUTEIHHBIE YCJIOBHS, OTPAZKAIONIHAE OCO-
GEHHOCTH TIPUKJIAJHBIX 3a/Ia9. DTO €CTECTBEHHOE OIPDAHMYEHUE JIMHEHHOI CKOPOCTH:
v(t) € [0,V] mpu t € [0,T], e V — 3ajaHHasi BeJIMINHA MAKCHUMAJBHOMN JIMHEHHON
ckopoctu. MeHee ecrecTBeHHO BBINIAAUT orpannuenne Vo < v(t) < V4, rme Vo < 0,
Vi > 0, jonyckarolee OTpUIATeIbHbIE 3HAYCHUS JIMHEHOl ckopocTh. Takue 3Ha4e-
HUsI CKOPOCTH GOPMAJIBHO CJIeJyeT OHNMATh KAk JBUKeHne Ha3al (3a1auil xom).

Meton, pentenus. KoamdecTBO U MOMEHTBI HNEPEKJIIOYEHUH JIOIMYCTUMBIX JIBU-
xkennii (1) n (2) 3apaHee He 3aJ@HBI, & ONPEIEIAIOTCS B MPOIECCE MUHUMU3AIWN.
3amMeTuM, 9TO YHCJIO KOODJMHAT BEKTOPOB cocrosuust B (1) u (2) pasmoe, mosro-
My HOCTABJIEHHASA 3a/a9a OTHOCUTCH K 3a7a9aM ObICTPOJEHCTBIS THOPUIHBIX CHCTEM
NIEPEMEHHON pasMmepHocTH. JIjIs ee pemennst IpUMEHSIIOTCA COOTBETCTBYIOUE HEob-
XOJIUMbBIE YCJIOBHS ONTUMAJIBHOCTH [6], KOTOpPBIE MO3BOJISOT YCTAHOBUTH THUIIMIHbIE
onruMaJbHbIe yipasieHusd. OuTuMasbHble TPACKTOPUU COCTABJISIOTCS U3 TUIMIHBIX
y4acTKoB. [1o3ToMy 3a/1a49a CBOIUTCA K KOHEYHOMEPHONH MUHUMU3AIUA — HAXOXKIE-
HUIO ONTUMAJIBHBIX MOMEHTOB NepekJodeHnii qprmkennii (1), (2). 3arem npu nomorm
HEOOXOIMMBIX YCJIOBUI TIPOBEPSETCS ONTUMAIBHOCTD Oy IeHHONH TPAeKTOPUH.
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JIN®OEPEHIMAJIBHBIE YPABHEHUSA C.I1. HOBUKOBA
1 TOJIMHOMUAJIBHBIE TAMUJIBTOHOBBI JUHAMUNYECKUE CUCTEMBI

B. M. Byxmrrabep
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Kinaccuaeckoe ypasuenne Kopresera—ie @pusa okazaasoch B IIEHTPE BHUMAHUS CO-
BPEMEHHBIX UCCJIeOBaHMIA Oarogapst ero GpyHIaMeHTaIbHOM POJIA B M3y YeHUN HEJIH-
HEeMHBIX BOJIHOBBIX IIPOLIECCOB B CpeJlax ¢ MaJIOl Juclepcuei.

B nepuoiaeckux 3aa9ax TeOPUN HeJIMHEHHBIX BOJIH 1 conmTonoB Hoeukos (1974)
BBeJ nuddepeHImaibHble ypaBHEHNsI, acCOMUPOBannble ¢ nepapxueit Ka®, n moka-
3aJ1, 9TO OHU MPUBOIAT K MEPAPXUSIM KOHETHOMEDHBIX JTUHAMUIECKUX CHCTEM, UHTE-
rpUPYEMbBIX B abesIeBbIX (DYyHKIMIX HA STKOOHAHAX 2UNEPIAAUNMUNECKUT Kpusvix. 11o-
cste nybamkauy ero paboThl [1] ecTrecTBeHHO BOZHUKIIA 3371844 O SIBHOM ITOCTPOEHHUN
ckobok Ilyaccona, 0THOCHTEIEHO KOTOPBIX 3TU CUCTEMBI SBJISIIOTCST TAMUJIBTOHOBBIMU.

N3Bectna cBasp quravmideckux cucreM HoBukosa ¢ cuctemamu I Tekkesns n3 Kiaac-
CHYeCKOI raMUIIBTOHOBO# MexaHuKy. B Hammx paborax ¢ MuxaitiosbiM (eM. 0630p [2])
9Ta CBsA3b ObLIA pa3BUTA.

B nokmajie 6yseT 1aHO HOCTPOEHUE HEPAPXUHE NOAUHOMUGADHHIL TAMUIBTOHOBBIX
nuHaMmdeckux cucreM B C2N ¢ kaHOHNYIECKOi CKOBKOI IIyaccona jjist KarXKI0T0 T1€J10-
ro uuciaa N u .aobozo noaunoma F(z,y), 0,F(x,y) # 0. Byzer onmcano moauHoMu-
aspHOE Hpeobpazosanue npocrpancTsa C2V, KoTopoe IPUBOIUT MOJIyUEHHBIE IUHA-
MHNYECKUe CHUCTEMbl K CUCTEMaM HOBI/IKOBa, UHTErpupyeMbIM B I'MIICPIJIIUIITUICCKUX
GbYHKIUAX, aCCOIMUPOBAHHBIX C MHOI'OMEDHBIMU cHIMa-OYHKIUAME, U OyJeT J1aHa
saHas dopmyiia ckobku [lyaccona, nHIyIIMPOBAHHON STUM TPEOOPa30BAHIEM.
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GENERALIZED SOLUTIONS OF BOUNDARY VALUE PROBLEMS
FOR GENERAL QUASI-LINEAR PDES

Vladimir Burskii

Moscow Institute of Physics and Technology, Dolgoprudny, Russia
bvp30@mail.ru

Let Q C R"™ be an arbitrary bounded domain with a smooth boundary 092, £ =
Z|a\§m aq(x)D™ be some differential operation with smooth complex j x k matrix

coefficients a,(z), L+ be the formally adjoint differential operation. Let Lo and L
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be the minimal operators. M. Vishik introduced the following conditions:
The operator Lo: D(Lg) — L}(€) has a continuous left inverse. (1)
The operator Lg : D(L{) — L}(Q) has a continuous left inverse. (2)

He proved that these conditions are necessary and sufficient for the existence of a solv-
able expansion Lp: D(Lp) — L}(Q2) (i.e., D(Lo) C D(Lg), 3L5": LL(Q) — D(Lp)).
L. Hérmander proved these conditions for any scalar operator with constant coeffi-
cients in a bounded domain; for the case of scalar operators

L(z,D)=P'(D)+ > Ci(x)P' (D), CieC>®(%Q), P eC[], (3)

of the real principal type with order P* < m — 1, |[VPY(£)| # 0 if £ # 0, and also for
the case of operators of constant strength of the form (3) with P* < P° and analytical
C*, conditions (1), (2) follow from the results of G. Gudmundsdottir.

We shall consider the equation

LYALu=f (4)

with some continuous (linear or nonlinear) operator A: L3 (€) — L}(Q).

The function u € D(Lg) satisfying the integral identity (ALou, Lv) = (f,v) for
every function v € (C°(Q2))* will be called a generalized solution of the Dirichlet
problem in the domain § for equation (4) with f € D’(Lg). This is equivalent to
the equation L{iALogu = f. The Dirichlet problem will be called well-posed if there
exists a continuous inverse operator M : D’(Lg) — D(Lg) to the operator LyALg. Let
P: L}(2) — Im Lo be the orthoprojector.

Statement. The generalized Dirichlet problem for equation (4) is well-posed if and
only if condition (1) is fulfilled and the operator PA: Im Ly — Im Lg is a homeo-
morphism.

Example. Let £ = 0 = 9?/9z10z2 and A be the Nemytsky operator given by
means of a function (Au)(z) = ¢(z,|u|) u, where the function ¢ is bounded, satisfies
the Carathéodory condition and p(z,t)t — p(z, s)s > m(t —s) for t > s, m > 0. Then
condition (1) is fulfilled in every bounded domain and the Dirichlet problem for the
equation (JACOu = f is well-posed in such a domain. If the smooth boundary does
not contain segments of characteristics, then the inclusion v € D(Lg) means that
ulan = ulan = 0 almost everywhere on 9. Instead of [0 one could consider any
other scalar operator with property (1) and obtain the same conclusion.

The statements of other boundary value problems are analogous. For references
see [1].
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Paccmarpusaercs HenmmHeitHast tuddepenimanbaast urpa (V) Ha KOHEIHOM TIPO-
MexKyTKe BPEMEHHU C 3aJIaHHbIMHE 11ej1eBbIM MHOKecTBOM (IIM) 1 MHOXKeCTBOM, OLpeie-
ssomuM (asosble orpanndenus (PO) urpoka I, 3anHTEpECOBAHHOIO B COIMKEHUN C
IIM. B ciayuae, korja 06a yIOMSHYTHIX MHOXKECTBA 3aMKHYTHI B OOBITHON TOIIOJIOMUHI
MIPOCTPAHCTBA MO3UIHiA, & (DYHKITUS B IPABOH YaCTH YIIPABIAIEMOTo JuddepeHInab-
HOT'O ypaBHEHUs JIOKAJbHO JUIIIHIIEeBa 110 ¢dazosoit nepemennoit, H.H. Kpacosckum
n AM. Cy66orunbim 6blia sokasana [1] dyHmameHrTasbHast TeopeMa 00 ajbTepHa-
TUBE, IO3BOJIUBINA [2] YCTAHOBUTH CYLIECTBOBAHUE CEJJIOBOM TOYKU B IO3UIMOHHBIX
cTpaTerusx Jjid TUINIHBIX (DyHKIMOHAJIOB KadecTBa. B pabore [3] A.B. Kpskumckuii
pacmpocTpanu anbrepaaruBy KpacoBckoro—Cy060oTrHA Ha CTydail CHCTEMBI, HE Y0~
BJIETBOpsIOMIEeH yeosuio Jlumimuia o ¢ha30Boit mepemenHoit. B nacrosiiem nccieo-
BAHWU TIPH HEKOTOPOI KOPPEKIMA KJIACCOB CTpaTeruil ycranosseHa [4] aspreprarusa
B cJlydae, KorJia MHOXKECTBO, orpeJestsioriee PO, mmeer 3aMKHYThle BDEMEHHEIE Cete-
HUsL (CAMO 9TO MHOXKECTBO MOXKET He ObITh 3aMKHYTBIM), & CHCTeMa COOTBETCTBYeT [3].
Camo noJstydarolreecs: ajgbTepHATUBHOE pa30MeHne IPOCTPAHCTBA ITO3UIINN OIPeIest-
€Tcsi KOHCTPYKTUBHO C HCIIOJIb30BaHUEM MeToja IporpaMMmubix ureparmit (MIIN) B
peasmzanuu [5].

Wccitetyercst Bonpoc o pesiakcaryy UrpoBoil 3a1aun cosmkennsd. [Ipu sTom moryc-
kaercs 3amena [IM u mHOX)KecTBa, onpesensonero PO, 3aMKHY THIMIA OKPECTHOCTSIMA
B JBYX PA3JIMYHBIX TOIIOJIOIHX IIPOCTPAHCTBA O3UIMIL (BO BTOPOM CJIyYae UCIIOJIb3Y-
eTcsl IPON3BEJIEHNE INCKPETHOI TOIOJIOTNU BPEMEHHOI0 IIPOMEXKYTKa 1 HOPMUDYEMOii
Tornosiorun $hazoBoOro MPOCTPAHCTBA), TIPHYEM PAa3MePbl OKPECTHOCTEH MOTYT OBITh
pasHbIME (MCXOIHAsT TOCTAHOBKA ITIOIPY’KAETCsI B CEMEHCTBO DPEJIAKCHPOBAHHBIX 3a-
naq). Kazkioii mo3unum comnocras/igercs HauMeHbIlee 3HaYeHUe IIapaMeTpa, NUMeoIe-
ro cMbIci pa3mepa okpectHoctr 1M, /st KOTOPOro 1pu NpPONOPIHOHAIBHOM 0CJIa0-
sgernn PO wurpok I, 3amHTepecoBaHHbIl B COMMMKEHNU, MOXKET €Ille IapaHTUPOBATH
ero ocytnectByieHre. Ha 31oif ocHOBe peasm3yercst (DYHKINS MO3UIUAN, JJIS IIOCTPOE-
HUs KOTOPOIl yKa3aH HoOBbIH BapuanT MIIU, neiicTByromuii B mpocTpaHcTBe DYHKITHIT
no3unuu. Ilpu sToMm mckomasi oCHOBHas (DYHKINS SBJISI€TCS HEIOJBUXKHON TOYKOM
OIIEPATOPa, PEAU3YIOIIEro UTEPAIMOHHYIO MPOINELYDPY, SKCTPEMAJIBHON B ITOPSIIKO-
BOM cMbIcie. Kpome Toro, mokasano, 4To JyIsi KayKJI0i HO3UIUN 3HAYEHNE OCHOBHOM
byuknun aBisgercs reHoi IV Ha MUHUMAaKC-MaKCUMUH CIEIUAIBHOrO (DYHKIOHAJIA,
YYIUTBIBaIOIIETO KaK SCI)(beKTI)I7 CB4A3aHHBIE C IIpI/I6HI/I)I(eHHbIl\/II/I ocynieCTBJI€HUEM Ha-
Besienust Ha 1M, Tak u 3¢bdeKTsl, cBsi3aHHbIE ¢ PUOJIMKEHHBIM cobJroeHneM PO.
VKazaHo CBOWCTBO, rapaHTHPYIOIIee CTAOMIN3AINIO0 UTEPAIMOHHON IPOLEYPhl KaK
JIIsl KOHKPETHOII II03UIINU UI'PhI, TaK U B I[EJIOM, T.€. KaK djieMeHTa (OYHKIMOHAJILHOI'O

*Pabora BbInOSIHEHA IPpU (DUHAHCOBOH TomepxKkke rpanta PODU 20-08-00873
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[IPOCTPAHCTBA. YCTAHOBJIEHO CBOMCTBO HENPEPLIBHON 3aBUCHMOCTH OCHOBHON (byHK-
MY TIPU U3MEHEHUU IapaMeTpa IIPHOPUTETHOCTH B Bolpocax HaseneHus Ha LIM u
coomonenuss O.

B paccmarpuBaemom obtmem ciryaae LU cyiecTBeHHO HCIIOTB30BaHIE 0DODITEHHBIX
YIPaBJIEHUT, OTIPE/IEISIEMbIX B BUIe OOPEIEBCKUX Mep Ha ITPOU3BEIEHNN KOHETHOMED-
HBIX KOMIIAKTOB, OJHUM N3 KOTOPLIX fABJIFAETCA IIPOMEKYTOK BPEMEHU, U MMEIOIUX
J1e0ErOBCKYIO IIPOEKIHIo (MapriuHAJbHOE Paciipe/ieJieHue B BUJIe CyKeHus Mepbl Jlebe-
ra) Ha o-aarebpy 6OPEIeBCKUX MOJAMHOXKECTB YIOMSIHYTOrO IIPOMEXKYTKa. B KadecTse
YIPABJILAIOIIAX [IPOLEYD MIPOKA, 3aUHTEPECOBAHHOrO B cOjmKenun (urpok I), umc-
[I0JIb30BAJINCh MHOIO3HAYHBbIE KBasucrpareruu (Heynpexjaiomue crpareruu) [4, 5],
KOTOpBIE MOT'YT OBbITh Dean30BaHbl [6] B cXeMe ynpaBJieHus] C TOBOIBIPEM. YIPaB-
JISTFOTIHE TIPOTIELy Pl UTpOKa-yKaoHucTa (urpok II) onpenesnssmcs [7] B Buzge Tpurure-
TOB, KOMIIOHEHTaMU Ka2KJI0I'O N3 KOTOPbBIX ABJAJINCH YUCTasd IIO3UIIMOHHAA CTpaTerud,
cTpaTerusi KOppeKIi, OTBEYAIONIAsl 38 YIIPABICHIEe MOMEHTAMU KOPPeKIuu (hopMu-
DYEMBIX yOpPaBJIECHUIl, 1 HATYDPAJIbHOE IHCIIO, OMPEIEISIONee OrpAaHnIeHNe Ha THCIIO
BO3MOKHBIX Koppeknnii. B /Il cOmKeHnsi—yKIIOHEHNST KBa3UCTPATEI U, Pa3pelaio-
mast 3a1a9y COMMKEHNUsT, ONPEJIENISIeTCsI KOHCTPYKTHUBHO (eM. [5, pasm. 10]) B TepmuHax
npesienia nporeaypbl Ha ociose MIIN [5, pasm. 6]. Ctpykrypa crparerun-Tpoiiku,
paspelnaionieil 3ajady yKJIOHeHus, yKa3ana B |7, 8] (cm. [8, §7]).
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Mopnenn tuna ypasuenus Kosmmoroposa-IIuckynosa—Ilerposckoro—@uiepa mo-
SABWJIMCH B IIEPBOil IIOJIOBUHE IIPOIIJIONO BEKA B CBS3U C BOZHUKIIMMU II0TPEOHOCTIMU
aHaJIM3a SBOJIIONNU PACIPEJEJIEHHBIX IIOIYIIAINN I JI000T0 PACIPEJIEIEHHOTO BO3-
OBHOBJISIEMOI'0 PECYPCa, B JIMHAMUKE KOTOPBIX CJEJyeT yuuThiBaTh auddysuio [6, 7].
Sajiavn aHaJM3a BIMAHUS Ha ITY JIMHAMUKY SKCILIyaTallll PeCypca B KOHTEKCTe HJIN
n3BJIEYEHNsT MAKCUMAJIbHOIO JIOXO0/1a, NN COXPAHEHUsI OMOPa3HOOOpa3usl B CJIydae I10-
IMyJIAINANR TOJIBKO YCHJIMJIA MHTEPEC K ITOIl TeMaTHKe.

Mpsr paccMarpuBaeM 3TO ypaBHEHHE B JINBEPreHTHOH dhopme

pr = (a(@)ps)e + a(z)p — b(z)p?, (1)

riue p = p(x,t) — IWIOTHOCTH pecypca B TOYKE T OOJIACTU €ro PacupeieeHus B MO-
MEHT BpeMeHu t, a QyHKIUH o, a 1 b xapakrepudyior auddys3nio pecypca, mokasa-
TeJIN ero BO30OHOBJICHWS M HACBHIIIEHUS] UM CPEJbl COOTBETCTBEHHO. DTH MMOKA3ATEIIH
HEIPEPBIBHO 3aBUCAT OT TOYKM ITON 00JacTH, HO He 3aBHUCAT OT Bpemenu. OOIacTb
pacmpeeieHusi pecypca OyJeM CINTATh 1-MEPHBIM TOPOM, MOKA3aTe b HACHIIIEHUS b
[TOJIOYKUTEJIbHBIM U OTJIEJIEHHBIM OT HyJisi HEKOTOPOil KoHCcTaHTOi by > 0, a marpu-
Iy (¢ TIOJIOYKUTEJILHO OIIPEICJIEHHON ¢ 9JIEMEHTAMU, MMEIOIIIMY [TPOU3BO/IHBIE, YIOBJIE-
TBOPSIIOIINE YCJIOBUIO ['6Jb/iepa ¢ HEKOTOPBIM TIOJIOXKHUTEILHBIM MTOKa3aTeieM. Takue
YCJIOBUST HAJIOZKEHBI Ha TIOKa3aTe I Hachienus u quddysun B pabote [4], HekKoTOpBIE
YTBEPKICHUS U3 KOTOPOIl UCIOJIB3YIOTCS IIPHU TOKA3ATEIHCTBE PE3YIbTATOB.

DKCIITyaTaIsl pecypca COCTOUT B HOCTOSTHHOM U MMITYJIbCHOM OTOODE ero IJI0THO-
ctu. ITepBeiit 13 HUX 106ABISET B IPaByIO YacTh ypasHenus (1) ciaraemoe —u(z)p ¢
U3MEPUMBIM YIIPABJICHUEM U, yaoBjerBopsiomum orpanundernio 0 < Uy (z) < u(z) <
< Us(x) ¢ HEKOTOPBIME U3MEPUMBIMU OrpanndenabivMu pyariuuamu Uy u Uy, Uy # Us,
— o2panuMeHuUAMY HA yIpaBieHre. VIMITyJIbCHBI OTOOD MPOMCXOANT MEPUOMIECKH,
[IpU HEM B apeaJie pacipejiesisieTcst nMerorieecs yeuine E st orbopa pecypca nim ero
YaCTh € M3MEPUMOIl MIIOTHOCTBIO 1 = 7(x) (= naomuocmy ycuaus), KOTOPast BCIOLY
Ha Tope ynosiierBopsieT yciosuio Ry(x) < r(z) < Ra(r) ¢ HEKOTOPBIMU HEOTPHIla-
TeJIbHBIMU OTPAHUICHHBIMU U3MepUMbIME byHKImsaMu Ry, Ro, Ry # Rs. Takue mior-
HOCTH ycuusl (MU ylIpaB/eHus BBIIIE) HA3BIBAIOTC donycmumbimu. OTMETHM, 9TO
Jpn 7(x) dz < E. Tocre BbIGOPa J0IyCTHMOIl IIIOTHOCTH ycuimmst T ¢ mepuogom T > 0
orbupaercst moas pecypea q(x) =1 — e~ 1@ (@) e meoTpunATEIbHAS HEIIPEPBIBHAST
(niu u3amepumas) HYHKIMSA Y OTBEYALT 38 BO3MOXKHYIO CJIOKHOCTD OOHADY 2KEHUS MJIT
U3BJIEYEHUsT PECYPCa B TOUKE.

[Tocste ovepeIHOrO UMITYIIBCHOTO OTOOPA IBOJIIOIHS IIFIOTHOCTH PECYPCa JI0 CJIE/LYT0-
niero orbopa JocraBisercs pemenueM 3agadu Komu mis uydaemoro ypasuenus (1)
[IpY TIOCTOSTHHOM OTOOPE C HAYAJIbHBIMA JAHHBIMIA — OCTABIIEHCS YaCTHIO IJIOTHOCTH

*Pabora BbinosiHena npu dunancosoi noguepxkke PH® (mpoekr Ne19-11-00223)
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pecypca 1ocJie UMITYJILCHOTO 0TOOpAa. Y IUThIBas, ITO 9TH HAYAJIbHbBIE JJAHHBIE, BOOOIIE
TOBODS, JINIITh U3MEPUMbI, KaK 1 KO3 DUIMEHTHI a, b 1 yIpaB/IeHue U, BOSHUKAET eCTe-
CTBEHHBII BOIIPOC OIIPEJIEJICHIS STOTO PEIEHNS U €r0 CBA3U C HAYAJIBHBIMU yCJIOBUS-
mu. [Tog Takum perenreM 6yeM TOHUMATH QyHKIMIO, JIEYKAIILYIO B W21 ’O(T" x (0,7))
pu JTIO60M KOHEIHOM 7 > () ¥ YIOBJIETBOPSIOINLYIO PABEHCTBY

/ (=Pt + i, jPo, ;) dz dt — / pnli=o da = / [(a —u)p —bp*ndedt, (2)
rae Qr = T™ x (0, 00), qist m060it quddepernupyemoit byHKIUY 1) ¢ OrpAHUIEHHBIM
HocuTeseM (cM. [3, ru. I, dopmyna (3.23)]).

HeﬂbIO HENIPEePbIBHOI'O U MMITYJIBCHOT'O OT60pOB ABJIAETCA TOJIydeHrne MaKCHUMaJlb-
HOTO CPEJIHEr0 BPEMEHHOTO JI0XO/Ia B HATYPAJIBHOM BHJE, T.€. €CJIM K MOMEHTY T 9TH
0TGODBI JIAJIN TAaKoii J0X0/1 00beMOB cooTBeTCTBeHHO Py, (T) 1 P (T), TO HY»KHO peruTh
3a/1a1y OIITUMU3aAIIUN

— 1
lim —(P,(7) + P-(7)) — max, (3)

T—00 T

BBEIOHpast JonycmuMyto cmpamezuio ombopa — Tapy W3 JOIMYyCTAMBIX YIPABICHUS W
IIJIOTHOCTHU YCHUJINA. PeHIeHI/Ie TaKOM 3a/1a9U JJOCTaBJIAET ONITUMAJIbHYIO IKCILIYaTallUiO
pecypca B JOJIIOCPOYHON IIEePCIIEKTUBE.

MBI moKa3bpIBaeM, 4TO CYIIECTBYET JIOIYCTUMAasl cTpaTerus orbopa, JTOCTaABIIAIONIAS
pemienue 3aza4du (3) OpHU NOAXOMMAINEH HAYAJBHON ILIOTHOCTH HOIyJsiuu. Taxyio
cTpaTeruio OyeM HA3BIBATD ONMUMAALHOU. DTOT Pe3yabTAT AHAJOTHIEH IOJIyTeH-
HBIM B [1, 2, 5], HO oTyIMUaeTCst OT HUX cMemTaHHON (hopMoit 0T6OPa U, KaK CIIEJICTBHE
3TOr'0, IIOCTAHOBKOI 3a/1a4U.

B ycioBusix, HaJI0KEeHHBIX Ha KoaddurmenTs! ypasaenus (1), mo6oe perenue 3To-
ro ypaBHEHHUS C HEHYJEBBIMU HEOTPUIATEIHHBIMA HAYAIHLHBIMA JIAHHBIMA OIPDAHIIE-
HO W TIpU ¢ — 0O PABHOMEPHO IO TOPY CTPEMHTCHA K TPEAETLHOMY CTAIIMOHAPHOMY
PACIIPEJICIICHUIO Poo = Poo (), ambO HyseBOMY, Jiub0 nosiokuTeabHOMY [4]. TlosiBie-
HUE TIOCTOSTHHOTO JIOIYCTUMOIO 0TGOPa COXPAHSIET ITO CBOWCTBO perteHuii [5], Toapko
[IpeJieIbHOEe CTAIMOHAPHOE PAacIpeiesieHne OyIeT 3aBUCEeTh OT BBIOOPA JIOIYCTHMOTO
YIPABIIEHUS U, T.€. Poo = Poo,u(T). YUUTHIBAS, UTO B CHIIy HEOTPHUIATEIBHOCTH PAC-
CMATPUBAEMBIX PENICHUI W HEOTPHUIATEJHLHOCTH JTOMYyCTHMOTO YIIPABJICHAS PENICHIS
JUIsS ypaBHEHMs! 6e3 TIOCTOSTHHOTO 0TO0pa ABJIAIOTCS CyNepPEeIeHusIME JIJIsT yPABHEHUST
¢ TaKUM 0TGOPOM, BCIOLY Ha TOPE UMEEM Poo 4 (%) < Poo ().

Ilpenmoxenne 1. Jlaa 410000 donycmumoti cmpamezuu ombopa u 4100020 He-
OMPUUAMEADBHOZ0 HAUANLHOZO PACTHPEOEAEHURA PECYPCA 3HAMEHUE PYHKUUOHAAG & (3)
KOPPERMHO onpedenero u He npesocrodum |[r., poo(z)[u(z) + q(x)/T] dx.

3ameuanme 1. B nociemneit onenke (QyHKIUIO Poo MOXKHO 3aMEHUTH HA KOH-
cranry M = max;err Poo(X), KOTOPYIO HECJIOKHO OLEHUTD. [eficTBUTEe/IbHO, pacpe-
JIEJICHNE Poo MOYUTH BCIOJY JIOJZKHO UMETh BTOPYIO MPOU3BOJHYIO U YOBJIETBODSTH
ypasrernio (a(x)py). = —a(z)p + b(z)p?, mpaBast 4aCTh KOTOPOTO MOJOKHUTETHHA
JTst JIOCTATOYIHO H0sIbImX 3HadeHnit p. CrieoBaTesIbHO, MAKCHMYMbI PACIIPEIeJIEHUST
Poo HE MOTYT IIPUHUMATEH TAKUX 3HAYEHUN B CHITY TIOJIOKUTEIHHON OIPE/IeJIEHHOCTH (.
Takum 06pazom, JJist OleHKH 3HadeHns M J0CTaTOIHO MOTPe6OBaTh MOJIOKUTETHHO-
CTH TIPaBOii YaCTU ITOTO ypaBHeHUs pu p = M, 94T0 Jaer cieyroriee moaxosiiee M:

(z) — Ur(2)|

a
M := max |7
zeT™ bo
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B cury npeqgioxkenust 1 u 3amedannst 1 MHOXKeCTBO 3HaueHnit dbyHknunonama s (3)
10 BCEM JIOIYCTUM cTparerusim orbopa orpanudeno. CiieoBaTebHO, €CTh TOYHAS
BEPXHHAS IPaHb Fiax ITUX 3HAYEHUIA.

Teopema. Cywecmsyem donycmumasn cmpamezus 0moopa, JoCMaBAAOULAA 3HA-
wenue Fax Pynkyuonara 6 (3), ecau nauaavroe pacnpedeserue pECYpea He MEHBULE
€20 NPedenavHo20 PacnpedeseHus Pos 6€3 NOCMOAHHO20 U UMNYALCHOZ0 OMOOPOS.
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Bagaun ¢ GazoBbIMU OrpAHMYEHUSAME [IPUBJICKAM BHUMAHUE CICIUAJMCTOB C Ca-
MOTO HavaJja Pa3BUTHsI TEOPUH ONTUMAJBLHOTO yIpasieHus (cM., Hanpumep, [1]). Tlpu
3TOM, KaK XOPOIIO U3BECTHO, 0000INEeHNe TIPUHIATA MaKCUMyMa [[OHTpsiTHHA Ha 3TH
3a71a9u ObLIO COLPSXKEHO CO 3HAYUTENHHBIMU TPYJHOCTIMU, IIOCKOJIBKY 371€Ch MbI
uMeeM J1eJ10 ¢ GeCKOHEIHBIM (KOHTMHYAJbHBIM) YUCIOM OTPAHUYEHU HEpaBEHCTBA,
a HeoOXOIMMbIE YCJIOBHSI 9KCTPEMyMa B HUX COJiep:KaT Mepy. VI3BecTHBIE C1IOCOGHI J10-
KazaTesbcTBa npuHIMIa MakcumyMa (ITM) TexHIUeCKN TOBOJBHO CJIOXKHBI U BDSI/T JIA
JIOCTYIIHBI IMPOKOMY Kpyry durareseii. [loaromy Bompoc o 6ojiee HpoCTOM U SCHOM
JIOKA3aTEJbCTBE OCTACTCS AKTYAJIbHBIM.
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Crangaprablii crioco6 mnostydenusi [IM cocTouT BO BBEJIEHHH TaK Ha3bIBAEMbBIX
ULOABHAMBLE 6aPUAYUY YIIPABIEHUS, IPEJIOKEHHBIX . MakIneffHOM U IpHUMeHsIB-
mmxest B.I. Bonrsaekum n JI.C. TlonTpsirunbiv [1] quis qokasarenscrsa [IM B Tak Ha-
3bIBAEMOI nowmpazurckotll 3ajade, He coleprkaBileil ¢ha30BbIx orpanndenuit. Ogaa-
KO B CJ/Iy49ae HaJIn9ud TaKnX OFpaHI/I“IeHI/Iﬁ allrrapaT O6bI‘{HbIX UroJib4aTbhbIX BapI/IaHI/Iﬁ
BPSIJL JIM BO3MOKHO UCIIOJIb30BATh, N0O y2K€e IPOU3BOLHAS COOTBETCTBYIONIEH TPAEKTO-
pun z(t) 10 mupuHe UroJIKu OyJeT pa3pbiBHOi dyHKIHMel. Bosee ynobubM (1 TexHU-
YeCKH HPOCTHIM, HO HETPHBHAIBHBIM ) AHAJIOTOM UIOJIbIATHIX BAPUAINIT ABIAIOTCS TakK
Ha3bIBAEMBIE 8apUAyUY V-3amens, epemenu. Onn 6bum npegmoxkenst A 4. JIy6osumn-
kuM 1 A A. Mwnornasiv eme B 1965 1. [2] # cucTeMaTH4ecKy MCIOJIB30BAICH UMA
Jns nokasarenbcrsa [IM B 061ieit 3a1ate oNTUMAILHOTO YIIPABJICHUS, BKIIOTAIONIEH
KaK (baSOBI)Ie, TaK U CMellaHHble OI'DaHUYICHUNA.

Wnes v-3aMeHBI COCTOUT B II€PEXOJie OT UCXOMHOIO BpEMEHU ¢ K HOBOMY BPEMEHHU T,
[IPU KOTOPOM HCXOJIHOE BpeMst ¢ = t(7) craHoBuTCs eme ofHOH (dha30Boil epeMeHHOlH,
noguuHeHHol ypasaenuio dt/dr = v(7), rae v(7) > 0 ecTb IPOU3BOJILHAS U3MEPUMASL
orpaHmyeHHas QPyHKINs, KOTOPas TPAKTYeTCs KaK elle oJHO yipasienue. IIpunnunn-
AJIbHBI MOMEHT COCTOMT 3JI€Ch B TOM, UTO 9Ta 3aMEHA HE 83AUMHO 00H03HawHa (TaM,
rige v(7) = 0), u mo TOil UpUYMHE MaJible BAPUAIUK YIIPaBJeHUsA U(T) MOPOXKIAIOT
HeMaJible (TaK Ha3bIBAEMbBIE NOHMPALUHCKUE) BADHAIINK UCXOJHOTO yIpaBeHust u(t).
Peanmsarus sroro npuema B 001eM ciydae TpeOyeT, OTHAKO, IPUBJIEIEHNUS [VIyDOKIX
daxToB Teopun HYHKINN JeHCTBUTEIHHOTO IEPEMEHHOTO.

B konme 1990-x romos A.A. MuIOTHH IpeJIOXKUI UCIOJIb30BaTh YIIPOIIEHHbIH
BapUaHT U-3aMEHBI, ¢ KYcouHo nocmosannoli dbyaxuueit v(7). DruM crrocoboM OH J0-
Ka3aJl IIPpUHIUII MaKCUMyMa JIJIsd O6IILeI>i 3a/1a91 C KOHIEBBIMU OI'DaHUYCHUAMU, HO
6e3 dazoBbix. B ciyyae KycouHO TmOCTOsSIHHON (DyHKIMHU v(T) ee Baphaluy MOPOXK-
JAIOT 110 CyTH Jejia Te YK€ MIOJbYaThle BAPUAIUU HMCXOMHOIO yipasjienus u(t), HO
C HEKOTODPBIM OTJINYUEeM OT rocjegHux. OHO COCTOUT B TOM, YTO MBI HE 3AMEHAEM
ONTUMAJIbHOE yIIPABJIEHIE HA MAJIOM OTPe3Ke OKOJIO DA30BBIX TOUEK HAKeTa, & PacUU-
8aeM ITU TOYKH, BCTABJISAS B 9TH MeCTa MaJIble OTPE3KH C IIPOU3BOJIBHBIMU HAIIEPE/T
3a/[aHHbIMU 3HAYCHUSAMU yIIpABJICHUA. HOCKOHbe ITUX TOYEK HECKOJIbKO, B UTOre I10-
JlydaeM IaKeT UIoJIbYaThIX Bapuanuil. Takue “BCcTaBHBIE” UTI'OJIKU UMEIOT CJIE/LYIONINE
JIBa IIPEUMYINECTBA 10 CPABHEHHIO C OOBIMHBIMU:

(a) onruManbHOE YIpaBJIEHUE MOXKET ObITh [IPOM3BOJIHLHON M3MEPUMON OrpaHu-
4qeHHO# (yHKIMeEil, Torga Kak B CIydae UroJIbYaThIX Bapualuil Hasi0 Tpebo-
BATH €T0 KYCOYHO} HENPEPBIBHOCTH (MHAME He TIOJIY IMM [JIAIKON 3aBUCHMOCTH
TPAEKTOPUU OT HIMPUHBI UTOJIKN);

(6) v-3aMeHa JlaeT IVIAJKYIO yIPaBISIEMYIO CHCTEMY, OIIPEIEJICHHYIO 10 KpaiiHeil
Mepe B IIeJION OKPECTHOCTH OITHMAJIBHOIO IPOIECCa, TOrJA KaK HIOJIbIaThie
BapHAaIN IPUBOJAT K 3aja4e, GyHKINE KOTOPOii ONpe/ie/IeHbl JIUIIb Ha HEOT-
PHIATEIHHOM OPTAHTE KOHETHOMEPHOTO TIPOCTPAHCTBA (TOUHee, Ha €ro Iepe-
CcedeHnn C OKPECTHOCTBIO Hyﬂﬂ), COOTBETCTBYIOIEM IMIMpUHaM HUI'OJIOK B JlaH-
oM nakere (cM. [4]).

Tlocegaee 06CTOATEIHCTBO MIPEICTABIISIETCS HAM BECHbMa CYIIECTBEHHBIM.
IIpumenenre KycOYHO IOCTOSTHHON v-3aMeHBI K 33J1a4e ¢ (Da30BBIMU OI'DAHUYEHU-

SIMH TI03BOJISIET CBECTH 3Ty 33JIa9y K BCIIOMOraTeJbHON (Tak Ha3bIBAEMOIl npucoedu-

HeHHOT) 3a7ade 6 KOHEUHOMEPHOM NPOCTPAHCMEE, apIyMEHTaMU KOTOPOii CJryzKaT
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[IPOU3BOJILHO BhIOpAHHBIE 3HAYEHUs YIIPABJIEHUS HA YIACTKAX IIOCTOSHCTBA DYHKITIH
v(T), a TakKe HAUAIBHOE 3HavYeHNe (a30Boii epemenHoit x. Hamraune dazosbix orpa-
HUYEHUI TPUBOIUT K TOMY, 9TO B 9TOIl KOHEYHOMEPHON 3aJa1de MMeeTCst OeCKOHETHOe
9HUCJI0 OTpaHUIEeHN HEPpaBEHCTBA, T.€. 9TO He eCTh OOBITHAs IMTadKas KOHETHOMEPHAST
zajada. OJIHAKO yCJIOBUS ONITUMAJIBHOCTH (JIOKaJIbHOFO MUHUMYMa) JIJIsI TAKOH 3a1a91
u3BecTHBI (CM., Hampumep, [5]); ux cnemudnka JUMB B TOM, 9TO OHU COIEPXKAT Me-
Py, COCPEIOTOUEHHYIO Ha MHOYKECTBE MHIEKCOB AKTUBHDBIX OMPAHUYIEHNI HEPABEHCTBA
(31ech — MOMEHTOB BbIxoJa Ha (Ha30ByI0 Irpanuity ). IIpuMensis 9TU yCJI0BUS K IIPUCO-
€JINHEHHOM v-3aJ]a9e U NEePeuCchiBasd UX B TEPMUHAX UCXO/IHOM 3329, MbI TTOJIy YaeM
MHOKECTBO COOTBETCTBYIOMNX HAOOPOB MHOXKHUTEJEH Jlarpamxka, KOTOpOe sIBISIETCsT
HEIIYCTBhIM KOMIIaAKTOM B HeKOTOpOﬁ TOIIOJIOTUN (O6I)ILIHOI7I TOIIOJIOTUN II0 KOHEYHO-
MEPHBIM MHO2KUTEJISM U Cﬂa60ﬁ-* OTHOCUTEJIBHO 1VI€pr). Ka)K,JIbII.;I JIEMEHT 3TOI'0
KOMIIaKTa (T.e. Ha60p MHOXKHUTeJIei ﬂanaH)Ka.) O6eCIquI/IBaeT BBIIIOJIHEHUE IIPpUHIIAIIAQ
MaKCHMyMa Ha KOHEIYHOM MHOXKECTBE BLIOPAHHBLIX 3HAYEHUN YIIPABJICHUST W BPEMEHH,
COOTBETCTBYIOIIEM JAHHON v-3aMeHe.

B zapmatuax, rie ectb u (pa30Bble, U CMEINIAHHBIE OTPAHUYECHUS, yKe HEIOCTATOTHO
OoHUX 0DOOIEHHBIX UTOJBLIATHIX BAPHUAIi, HAJIO JI00ABUTH €I11e U MaAble SaPUAUUL
ynpasaenus (Ui Oy YeHHsl YCIOBHUs CTAIMOHAPHOCTHU 10 YUPABJIEHUIO), HOITOMY
MIPUCOEINHEHHAA 3aa19a CTABUTCS YK€ B OECKOHETHOMEPHOM IIPOCTPAHCTBE.

Wrak, 1jist KaxK 10 KyCOUHO IOCTOSAHHOM (DyHKIUY V(T ) MbI HMEEM CBOIO IIPUCOEIH-
HEHHYIO 33/Ia9y U CBOIl KOMIIAKT, COCTOAIINN 13 HAOOpOB MHOXKHUTEel Jlarpamxa. fc-
HO, uTO 4YeM “Goraue” v-3aMeHa (T.e. ueM GOJIbIIIe MOMEHTOB BDEMEHH ¢, KOTOPBIE PAc-
IUBAIOTCs, U 60JIbIIe BHIOPAHHBIX 3HAUEHUI yIIpaBJieHust), TeM 6oJiee y3KUil KOMIIAKT
MBI TIoJTydaeM. TakuM 00pa3oM, KOMIIAKTHI, TIOPOXKIEHHBIE BCEBO3MOXKHBIMU KYCOTHO
IIOCTOSHHBIMU VU-3aMEHAMU, YACTUYHO YIIOPAI0YEHBI 110 BK/IIOYEHUIO, U II09TOMY B CH-
JIy UX HEIyCTOTHI 00Pa3yIoT IEHTPUPOBAHHYIO CHCTeMY. B3sB Ji000ii 3/IEMEHT U3 UX
nepecedennd, Mbl II0JIyJaeM €IMHO€ YCJIOBHUE OIITUMaJIbHOCTH — Ha6op MHOXKHUTeJIeH
Jlarpamxka, /y1s1 Koroporo IIM BeITIOTHEH IPU BCeX 3HAYEHUAX YIIPABJIEHUS U BDEMEHH.

IMospo6HOoe n3II0KeHNe ONMCAHHOM cxeMbl 1aHo B [6-8]. Iist 38189 ¢ IpUCY TCTBHEM
CMEIITaHHBIX OMPAHUYEHNI OHA MMEET TO IPENMYIIECTBO 10 CPABHEHUIO C NCIOJIb30Ba-
HUEM CKOJIb3SIIUX PEKUMOB [3], 4T0 B HOCJIEIHEM IIPUXOJUTCH JOKA3BIBATD JOBOJIHHO
CJIOZKHYIO TeOpeMy O KOPPEKTHOCTH DPACIIUPEHUsl (OBBIILYKJIEHWs) yIPaBJgeMOii cu-
CTEeMBbI IIpU BBEJCHUU CKOJIB3AIUX PEKNMOB, TOI'/Ia KaK METO/] U-BapI/IaHHﬁ 9TOI'0 HE
TpeOyerT.
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O6menssecTHO, 9TO DyHIAMEHTAIBHBIH TpuHIWIT MakcumyMa [loarpsruna [1] sB-
JIeTCA HaI/I60ﬂee CUJIbHBIM " YHHUBEPCaJIbHbIM HeO6XO):LI/IMI)H\/I ycioBueM oOlTUMaJIb-
HOCTHN (B IIepBOM IIOpH)IKe) B HEIIPpEPBLIBHBIX 3a/[a9aX OITUMAJBHOI'O YIpaBJIEHUA C
TVIAJIKOM 3aBUCUMOCTBIO IO (Da30BbIM mepeMeHHbIM. Jla u B Gojiee 0OIMUX HEIJIAIKAX
zagadax npuanun mMakcumyma [Tourpsruna (IIMII) ocraercsa cBoeoGpasHbIM OpUeH-
TUPOM (STaHOHOl\l) JJId OIIEHKU KavdeCTBa II0OJIyIaeMbIX Pe3yJ/IbTaTOB.

C 310l TOUKHM 3peHus IPeICTABIAIOT nHTepec Jobbie ycunerus: [IMII, obiamaro-
Ie KOHCTPYKTUBHOCTBIO, CDABHUMON ¢ noHTpsArnHcKoi. Kak ormeuas P.B. I'amkpe-
mugze [2], va Tor moment (1998) “TIMII, cchopmynuposanusiii B 1955 1., He Tperepresn
C TeX TOp HUKAKUX yCOBEPIIEHCTBOBaHU mian 0000mennit”. Hecmorpst Ha HEKOTOPYIO
KATEropruIHOCTD 9TOI0 CyKJeHHs (HAIIOMHUM XOTsI ObI 33J[a4K CO CMEIIAHHBIMU OT'Da~
HUYEHUSIMU), €10 BO MHOIOM MOYKHO OTHECTH M K IIPOLIEIIIEMY IIEPUO/LY.

Ho nekoTopbie moCcTHKEHNS BCE 2Ke MMEIOTCSI, U B [IOKJIAJIe Pedb MOHIeT O HeoOX0oIu-
MBIX YCJIOBUAX OIITUMaJIbHOCTHU C IIO3UITMOHHBIMU YIIDAaBJIECHUAMU CITyCKa IIO IIeJIEBOMY
dyHKIMOHATY, 06bEeIMHEHHBIX TEPMUHOM “IIO3UIMOHHBIHA MPUHIMI MUHUMYMA [3—6].
DT ycaoBus 1yI00aJbHON ONTUMAIBHOCTH (DOPMYIUPYIOTCS B paMKaX KOHCTPYKIIAN
IIMII, HO TeM He MeHee CYIIECTBEHHO YCUJIMUBAIOT €r0 W HEKOTOPBIE aHAJIOTH s
HErIAJIKKUX 3a/a4 HpuHiunoB Makcumyma tuna Knapka u Kamkou—Jloscuesuya |7, 8].

[IpumedaresibHO, YTO ITO yCHIIEHUE JTOCTUTAETCS MCIIOJIB30BAHUEM CIa00 yOBIBAIO-
IUX PeIleHuil TPOKCHMAJIBHOIO HepaBeHCTBa ['aMuibrona—dKkobn, KOHCTPYUPYEeMbBIX
B TecCHeuIIei cBsI3U C JAOIIYCTUMBIM YIIPpaBJIA€MbIM IIPDOIIECCOM, HCCJIEAYEMBbIM Ha OII-
TUMAJIBHOCTh. DTy CBsI3b 00ECIIEYNBAET YCJIOBUE CyIeCTBOBaHUS B CcybauddepeHiy-
aJie KOHCTPYHUPYEMOrO TOJIyPeIeHnsi KOTPAEKTOPUN IIPOIECCA, T.€. PEIeHUs COIpPsi-
JKEHHOT'O BKJIIOYEHUsI WIA CHCTEMBI. BoJjiee TOTO, 9TU MOJIypeIieHnsi, TeHePUPYIOIue
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yIPaBJIEHUSI CIIyCKa, KOHCTPYHUPYIOTCS sIBHO JJOCTATOYHO IIPOCTBIM CIIOCOOOM, 4TO 00y-
CJIABJINBAET KOHCTPYKTHBHOCTDH YCJIOBUI THIIA ITO3UIOHHOTO IIPUHIIUIIA MUHAMYMa
(xparko — F-TIM).

Taxum 06pa30M, METOIBI JJOKA3ATEIbCTBA YCAOBHIA ONTHUMAIBLHOCTU C TO3UIUOHHBI-
MU yIPaBJIEHUSIMH CIIyCKa CBSI3BIBAIOT PAa3BUTYIO TEOPHIO HEpaBEHCTB [aMmIbTOHa—
Axobu [9-11] ¢ Hem3meHHBIM aTPUOYTOM HEOOXOIMMBIX YCIOBUI ONTUMAJIBHOCTH —
KOTPAeKTOPHUsIMH IIporiecca. lIMeHHo n3-3a 0TCyTCTBUSI IOJ0OHOI CBSI3U Pa3BUTAs T€O-
pust JI0JITOe BpeMsl He HOJKPEIlISIach KOHCTPYKTUBHBIMUA HEOOXOMMBIMU yCJIOBUSIMA
ONTUMAJILHOCTH.

OmnurireM KpaTko HEKOTOPbIE PE3YJILTATHI 0K Jiid caepytoneil 3agaqau (P):

= f(t,x,u), x(tg) = o,
u(t)EU, tGT:[to,tl],
J(o) =l(z(t1)) — inf.

3aech yepes3 o obosznavarorcs napbl Gyaknuit (z,u) € AC(T,R"™) x Loo(T,U), U —
KOMIIAKTHOe MHOX)KecTBO B R™. Bekrop-dyukuusa f (¢, x,u) upeanosaraercs Hempe-
PBIBHO, JIMIIIUIEBON TIO & U YJOBJETBOPSIOIIEH YCJIOBUIO CyOIMHERHOIO pOCTa TIpu
(t,z,u) € T x R™ x U; dynkuuio [(z) nonaraem sunmurnesoii va R™.

ITycts ¥ — MHOXKECTBO BCEX JOIYCTUMBIX nap GyHKIWA o u & = (T, 4) — jgomy-
cTUMas Tapa, UCcaeayeMas Ha OMTUMAJIBHOCTD.

1. Jna ronagkoii o x 3agaqu (Py) u nsaxkapl riaakoil (Pe) onpenesnsaorcs ciemy-
IOIIIe OIIOPHBIE MaKOPaHTHI MYHKIMOHATA ¢ 1 P cooTBEeTCTBEHHO:

p(t,x) =1(z) = 1(z(t) + (V1) — L (2(1))) - (z — 2(t)) + (1),
1 _ _ _
®(t,z) = p(t,x) + 5(95 —2(1) [O(t) = Low (2(2))] - (z — 2(2)).
3nech (t) — KoTpaeKkTOpuUs Tporecca & ¢ rpaHuIHbIM ycsaosueM Y(t1) = 1, (Z(t1))
(3TO cooTBeTcTBYeT yenosuio MuanMyMa (yHKmn onrpsiruaa H B TIMII), a ¥ (¢) —
MarpudHas GyHkmus ['abacosa

U= —HyyV—UHy, — Hyp, U(t) = loa(2(t))

¢ koabdunmenTaMu, MOJACIATAHHBIMA BJOJb 7, 1(t) — “nonpaska’, obecrednBaronmas
CBOIICTBO MOHOTOHHOCTH .

Yepes U?, U® 0603Ha9MM MHOKECTBA, TOUEK MUHIMYMa IO U € U TOJHBIX IPOU3-
BOJIHBIX 110 BPEMEHU (), P, a uepes V¥, V® — MHOKECTBA CEICKTOPOB OTOOpPAZKEHMI
U%?, U® — ynpapiieHnii HOTEHINAIBLHOTO CITyCKa. PeIleHns yIpaB/aseMoil CHCTEMBI ¢
TTO3UITMOHHBIMU YIIDpaBJICHUAMU {’U} IIOHUMAaIOTCA B CMbIC/IE KOHCTPYKTHUBHBIX JIBH2KE-
uuit Kpacosckoro-Cy66oruna [9, 10] nin kpussix itnepa [7]. Ilycrs X' (v) — MHOKe-
CTBO TAKWX JBU2KEHUII, COOTBETCTBYIOIINX YIIPABJIECHUIO V.

Teopema 1 (F-IIM). Ecau napa (T,u) onmumasvha 6 3adase (Pr), mo mpaex-
mopus T oNMUMaALHG 6 caedyrowel p-npucoedunernoli sadave:

I(z(t1)) — min, x e X)), veV¥.

Teopema 2 (F-IIM Broporo nopsizuka). Ecau napa (T,a) onmumaavra 6 3ada-
we (Py), mo
[(z(t)) < l(z(t1)) VzeX(), veV?
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Ecau orce ynpasaernue u ocoboe, mo mpaekmopus T onmumanrora 6 ®-npucoeduren-
Hot 3adave (Popmysupyemots no obpasyy meopemuvs 1).

2. O6o6mmast Teopemy 1, obozHaunm uepe3 W(Z) MHOXKECTBO BCEX M3MEPUMO JIHII-
IIUIEBbIX [TO3UIIMOHHDBIX YIIPaBJICHUN w(t, gc), IeHepUPYIOIMX TPACKTOPUIO T, & Yepe3
K.w(Z) MHOMXKECTBO perneHnii COnpsi?KeHHOTO BKJIFOUeHns: Kiapka npu (huKCHpoBaH-
HoM w (¢ yuerom zaBucumoctu H or u = w(t,x)). Torma musa xaxnoii ¥ € K (Z)
OIIpeJIesIeHa ONOpHast MaskopaHTa ¢ = (1) (cm. 1. 1).

Teopema 3 (F-IIM ¢ MHOXKeCTBOM Te€HepUpYIOIUX yrupasieHuil). Fcau napa
(Z,u) onmumasvhna 6 sadave (Pr), mo npu awobom w € W(T) u moboti ¢ € Ky (T)

[(z(t1)) < min< I(z(t1)) | = € U X(v)

vepe @)

Boaee mozo, cywecmsyem maxas 1 € Ky (T), wmo na mpaexmopuu T peaiudyemcs
MUHUMYM.

Ora TeopeMa ycuaubaer He ToJbKO [IMII; 6e3 Kakux-/1mbo u3MeHeHU OHa PACIIPO-
CTPaHsIeTCsl Ha Heraakyro 3ajaady (P), ycunupasi IPMHIUIBL MakcuMyMa Kiapka u
Kamxkou—Jlosicuesuya.

3. PesynpraTe: nm. 1, 2 0OTHOCHIIACH K CJIy9ai0 SBHO 33JAHHBIX OIIOPHBIX MAXKOPAHT
dyukmonasa. Cieyomas TeopeMa yCTAHABIMBAET, IPU KAKHX YCJIOBUSX ITPOU3-
BOJIBHOE TIOJTypelienne ypaBHenus ['aMmuibrona— Koo sIBIsieTCs OTIOPHON MaYKOpaH-
Toii B 3azmaue (P).

Paccemorpum npokcnmasnibroe HepaBeHCTBO ['amuibrona—Akobu st ciabo yobiBa-
forux (u-crabuibHbix [9, 10]) dyuxmumit (HJI):

n
st Beex  (t,x) € (to,t1] x R™,  (0,p) € dpp(t, x)
0+ h(t,z,p) <0,
o(tr, ) = U(z).
Baece h(t,z,p) =min{p- f(t,z,u) |u € U} u l — rmagkas QyHKus.

Teopema 4. Ilycmv ¢ — nenpepwienoe pewenue nepasencmea (HJII), umerowee
npokcumarvioill cybepaduenm (0,p) ¢ Komnonenmot p, pasHoli KOMPaexkmopuyu 6
emoicae Kawrkou-Jloacuesuyua das mpaexmopuu T. Tozda ¢ noposcdaem sapuayuor-
HOE HEOOTOOUMOE YCAOBUE ONMUMAALHOCTIU MUNG 00We20 NO3UYUOHHO20 NPUHUUNG
munumyma [3].

AwnoncupoBanuble HEOOXOUMbBIE YCIOBUS UJLIIOCTPUPYIOTCS TPUMEPAME M CXEMOMN

JoKazareabcTBa npudsmkennoro F-1IM mjis rmakux 3a/1a9 ¢ TEpMUHAJIBHBIMI OI'Pa-
HUYEHUSIMH.
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MULTISTABILITY AND LIMIT CYCLES
IN POLYNOMIAL DYNAMICAL SYSTEMS

Valery A. Gaiko

National Academy of Sciences of Belarus, UIIP, Minsk, Belarus
valery.gaiko@gmail.com

Introduction. We consider global bifurcations of limit cycles and study multi-
stability in polynomial dynamical systems [1-17]. To control limit cycle bifurcations,
especially bifurcations of multiple limit cycles, it is necessary to know properties and
combine effects of all field rotation parameters of such systems [1, 2]. It can be done by
means of development of new bifurcation geometric methods based on the Wintner—
Perko termination principle for planar polynomial dynamical systems [2, 15]. If we
do not know the cyclicity of the termination points, then, applying canonical systems
with field rotation parameters, we use geometric properties of the spirals filling the
interior and exterior domains of limit cycles [3-13].

Applying this approach, we have solved, e.g., Hilbert’s Sixteenth Problem on the
maximum number and distribution of limit cycles for the general Liénard polynomial
system with an arbitrary number of singular points [3-6, 8], the Kukles cubic-linear
system [9], the Euler-Lagrange-Liénard polynomial mechanical system [13], Leslie—
Gower systems which model the population dynamics in real ecological or biomedical
systems [9], and a reduced planar quartic Topp system which models the dynamics
of diabetes [11-13]. Finally, applying a similar approach, we have considered various
applications of three-dimensional polynomial dynamical systems and, in particular,
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completed the strange attractor bifurcation scenario in Lorenz type systems globally
connecting the homoclinic, period-doubling, Andronov—Shilnikov, and period-halving
bifurcations of their limit cycles [7, 11]. Here we consider the Euler-Lagrange—Liénard
polynomial dynamical system in Section 2 and the Topp rational dynamical system
in Section 3.

The Euler—Lagrange—Liénard polynomial dynamical system. Consider
the Euler-Lagrange-Liénard polynomial equation [13]

F+h(z)i*+ f(z) 2 +g(x) =0 (1)
and the corresponding dynamical system
=y, §=—g(z) - fl@)y - h(z)y*. (2)

We suppose that system (2), where g(z), h(z) and f(z) are arbitrary polynomials,
has an anti-saddle (a node, or a focus, or a center) at the origin and write it in
the form

=y,
y':—:E(l—i—alx—i—...+a21x21)+y(a0+a1x+...+a2kx2k) (3)
+y?(co+ iz + ...+ con 2®).

In [13], we constructed canonical systems containing field rotation parameters [1, 2]
and proved the following theorem for studying global limit cycle bifurcations and
multistability of (3).

Theorem 1. The Fuler-Lagrange—Liénard polynomial dynamical system (3) with
limit cycles can be reduced to one of the canonical forms

T =y,

—z(l+ax+...+ agl.’lim)

Y
2 2k—1 2% (4)
+ylag = B1 — ... = Pog—1 + fro + agx” + ... + Pop—1x + agrpz™)
+y2(co+clx+...+02n:€2")

or
r=Yy,

y':x(z*1)(1+b1$+...+b2[,1I2l71) ( )
)

+y(ao—Br— ... — Pak—1 + Brx + az® + ... + P12 + agga?h)
+y%(co+erx+ ...+ cop®™),
where 14 a1z + ... + ayx® # 0, ag, ag, ..., a9 are field rotation parameters and
81,083, ..., P2k_1 are semi-rotation parameters.

By means of systems (4) and (5), we proved the following theorem [13].

Theorem 2. The Fuler-Lagrange—Liénard polynomial dynamical system (3) can
have at most k + [ 4+ 1 limit cycles, k + 1 surrounding the origin and | surrounding
one by one the other singularities of (3).
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The Topp rational dynamical system. Consider the Topp three-dimensional
rational dynamical system which models the dynamics of diabetes

G=a—-(b+cl)G,

. 2
I= 1B+GG2 —ol, (6)
B=(—1+mG—nG?p

with parameters as in [17].
After reducing system (6) and bringing it to a polynomial form, we obtained a pla-
nar quartic dynamical system [11-13]

t=04+2*)(a— (b+cyz)=P,
§=p2" —ay(l+2%) =Q.
Together with (7), we also considered an auxiliary system (see [1, 2, 15])
E=P-9Q, §=Q+P (8)

applying to these systems new bifurcation methods and geometric approaches devel-
oped in [2-13] and carrying out the qualitative analysis of (7).

Using system (8) and applying Perko’s results [15], we proved the following theo-
rem [11-13].

Theorem 3. The reduced Topp system (7) can have at most two limit cycles.

(7)
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CHUCTEMBI CBA3AHHBIX CUHI'VJISAPHO BOBMVYIIEHHBIX
VYPABHEHUI C 3AIIA3BIBAHUEM*

C. A. I'meisun, A. FO. KoJsecos

Hpocaaseruti 2ocydapemeennoitli yrusepcumem um. I1.I. Jlemudosa,
Hpocaasav, Poccus

glyzin@uniyar.ac.ru, kolesov@uniyar.ac.ru

OcHoBHasT 9aCTh MATEMaTHIECKUX MOJIeJIell HeHPOHHBIX CUCTeM 6a3upyeTcs Ha Tak
Ha3bIBAEMOIl runoTe3e 00 SKBUBAJIEHTHOCTH. B pamMKax 9T0il rurore3sl 61noorndeckuii
HEIPOH 3aMeHAECTCA HCKOTOPBIM I'€HEPATOPOM C COCPEIOTOYCHHBIMHA 3JI€KTPAYCCKIMUI
napamerpaMu. B cBOIO ouepejb, TOT I'€HEPATOP MO/JIEJIUPYETCs HEJTMHENHONH crucTre-
MOil OOBIKHOBEHHBIX JIuddEPEHITNAIBHBIX YPABHEHUI UM AHAJOTUYHON CHCTEMOI C
3anaspiBanneM. [JockosbKy KojiebaHMs MEMOPaHHOI'O HOTEHIINAJIA HOCAT 3aBEJOMO
penakcaloHHbIA XapaKTep, COOTBETCTBYIONAsl CUCTEMA, KaK IIPABUJIO, ABJIACTCS CUH-
IYJISIPHO BO3MYyIIeHHON. B pamMkax runore3nl 00 SKBUBAJIEHTHOCTH B KAYECTBE MO/IE/IH
OTJICJILHOIO HelpOHa MbI WCIOJIb3yeM Ipejyjiozkennoe B [1] ckajsiproe HejmHeitHoe
nuddepenIaibHOe YpaBHEHNE C 3ala3/IbIBaHIeM BU/JIA

i = Af(ult - D)u (1)

s MeMbpannoro norenmuana u = u(t) > 0. 3gech mapamerp A > 0, xapakrepu-
3YIOMUI CKOPOCTh MTPOTEKAHUsI JEKTPUIECKUX TPOIECCOB B HEHPOHE, Mpejnoara-
ercst GosbImM, TouKa — juddepennuposanue no t, a bynakmus f(u) € C2(Ry),
R; = {u € R: u > 0}, obsaznaer cBoiicramu

fO =1, flw+a=0@w™), uf(u)=0w™), uf'(u)y=0w") (2)

npu u — +00, rie a = const > 0.

Cuiestyer Tak:kKe OTMETHTDb, 9TO OE€30THOCHUTENBHO K HEHPOIMHAMIYIECKHM ITPUJIO-
KenusMm ypasaenue (1) paccmarpupasioch B pabore [1] kak Hekoropoe 06obIineHue
M3BECTHOTO yPaBHEHHUS XaTIMHCOHA. B yKa3aHHOI paboTe yCTaHOBJIEHO, U9TO IIPU BCEX

*Pabora BeinosHena npu dunancosoit noguepkke PH® (rpant Ne21-71-30011)
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A > 1 OHO JIOIYCKAET KCIOHEHINAIBLHO OPOUTAIBHO yeTORunBBIi 1K u(t, A) > 0,
u(0,\) = 1, nepuoga T (), yIOBIETBOPSIOMUIL IPEIETBHBIM COOTHOIIEHUSAM
lim T(\) = Ty, max |z(t,\) —zo(t) = OA71), A — +oo, (3)
A—rFoo 0<t<T(N)
rue Tp = (1 4 a)tg, to = 1+ 1/a, a Ty-nepuopuveckas byuxius o(t) saBiasgercs
peIenneM HEKOTOPOTO PEeJIefiHOTO ypasHeHus, Toydatomerocss u3 (1) B pesymbraTe
samensl z(t, A) = (1/A) In(u(¢, A)) 1 upegensHOro nepexoma mpu A — +0oo.
IIpemoIo:KuM Terepb, 9TO UMeeTcs CeTh U3 1M > 2 HeiffpoHOB, B3auMOJIeiCTBYIO-
MIEX TIOCPEJCTBOM XMMUYECKUX CHHAICOB M CBA3AHHBIX MEXKILy COOOM 1O IMPHHIAILY
“kaxkplit co Bcemn” (TaKylo CeTh IIPUHATO HA3BIBATDH 10JHOCBsA3HOM). Torma, onupa-
SICh Ha TPEJJIOXKEHHYIO B CTaThe [2| MEeTOMNKY, B Ka9eCTBe MATEMATHIECKON MOJIEn
JIAHHOM CEeTH MOXKHO B3ATh CUCTEMY ypaBHEHHIT ¢ 3amas/piBanueM suja |3

m

= (Mt -0)+o[ > glus(t - A)) m% w,  j=12....m (4

s=1, s#j J

3aecs b = const > 0, u, = exp(Ac), ¢ = const € R, A — 3ana3plBanue B LEIN CBA3H,
a byuxmusa g(u) € C?(R4), g(u) > 0 Vu > 0, Takosa, 4T0

9(0)=0, g(u)=1+0@™), wug'(u)=0™), w¢"(u)=0@"") (5)

upua u — +00.

W3 mosryyeHHBIX HAMU PE3yJIBTATOB CJIEyET, UTO MPU IOIAXOMILANIEM BBhIOOpE Ia-
pPaMeTpoOB U TIPU YBEJIUIECHUU M KOJUIECTBO COCYIIECTBYIONUX YCTONIUBBIX ITUKJIOB
CIIENUAJILHOTO BUJa B cucreMe (4) HEOrPAHWYIEHHO PACTET; B YaCTHOCTH, MOKA3aHO,
910 ux 4ucjao paBHO 2™ — 1. OcoGEHHOCTHIO PACCMOTPEHHBIX HAMU yCTOWYMBBIX pe-
NIEHUH #ABJISETCS TO, YTO YaCTh OCHUJIIATOPOB HAXOAUTCS B HepaboTaromeM (acuMi-
TOTHYECKH OJIM3KOM K HysieBoMy) cocrosauu. OTMETUM, KPOME TOrO, YTO KAXKIOMY
[IEPUOINIECKOMY PEXKUMY MOXKET OBITH IIOCTABJIEH B COOTBETCTBUE OMHAPHBII BEKTOD
(a1, q2,...,Qm), 0oe oj = 1, ecam j-it Hefipon akTuseH, U ; = 0 B IPOTUBHOM CJLIy-
qae. [IpuHuMasi BO BHUMaHUE 3TO 0OCTOSITE/IbCTBO, IIPUXO/IUM K BBIBOJLY, YTO JAaHHBIE
PEXKUMBI MOTYT OBITh HCIIOJIb30BAHBI JJIsi MOCTPOEHUs] YCTPONCTB C aCCONMUATUBHON
MaMsThIO Ha OCHOBE MCKYCCTBEHHBIX HEHPOHHBIX CETEl.
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SA,B;ALII/I OIITUMAJIBHOTI'O VIIPABJIEHNA CUCTEMAMMU
C APOBHBIMU ITPOM3BOAHBIMU: ITPUHIUII JNHAMWYECKOI'O
[IPOIT'PAMMUPOBAHNSA U YPABHEHUA '"AMUJIBTOHA—-AKOBU*

M. . T'omoroHos

UMM YpO PAH, Examepunbype, Poccus

m.i.gomoyunov@gmail.com

IIyctrb @ € (0,1), T > 0un € N. Ina ¢t € [0,7] paccMOTpUM MHOXKECTBO
ACY|[0,t] Bcex pynkmmit w: [0,t] — R™, kaxkas U3 KOTOPBIX NPEJCTABAMA B BUJIE
w(r) = w(0) + (I§ h) (1), T € [0,1], n1g HEKOTOPOIH CBOEH U3MEPUMOIl OrpAHIYEHHOM
dbynxuun h: [0,t] — R™, rae I, — oneparop unrerpuposanus Pumana—/lunysuiisa
nopsika o (cM., HanpuMep, [1]). O6o3naunm depes G MHOXKecTBO Beex nap (£, w(:))
rakux, aro t € [0,T] u w(-) € AC[0,t]. Ha maOx)ecTBe G BBEJIEM METPUKY

dist((t,w()). (' ()) = |t = ¥+ max (€ A1) = ()]

rue (t,w(-)), (', w'(-)) € G, ||-|| — eBkimmoBa HOpMma B R™, a Ab = min{a, b} ayst Beex
a,b € R. Tonoxum G° = {(t,w(:)) € G: t < T}.

PacecMOTpUM 3a/1aMy ONTHMAIBHOTO YIPABJIEHNS, B KOTOPOil JIBUZKEHHE JMHAMAYE-
CKOH CHCTeMBI ONUCHIBACTCS T dEPEHIMATLHBIM YPABHEHHEM

(CD6¥+.’L')(T) = f(r,z(7),u(r)) npu .B. T € [t,T] (1)
¢ HAYAJIBHBIM yCIOBHEM
x(r) = w(r), T €1[0,¢], (2)

a MI/IHI/IMH3I/IpY€1\IbIﬁ IIOKa3aTeJIb KadeCTBa UMEET BUJL

J(tw(-),u(-)) =0(w(T))+/t X(7, (1), u(r)) dr- (3)

31ech CD8‘+ — oneparop guddepennuposanus Kamnyro mopsiaka « (cMm., Hampu-
Mmep, [2]), (1) € R™ — cocrosinue cucremsl, u(t) € P — yupasnenne, P C R" —
kommakT, r € N, (¢,w(-)) € G — HaYaNbHBIE AHHBIE.

OrmeTnM, 9T0 HEOOXOMMOCTD 33/1aBaTh B yCaoBuu (2) 3HadeHus: x(T) OpU BCEX
7 € [0,t] BbI3BaHA HACJIEACTBEHHBIM XapakTepoM omeparopa “DE, .

Ipeaonoxum, aro dyukuuu f: [0, T|xR"x P — R™, o: R® — Ru y: [0, T]xR"x
x P — R HeNpepsIBHBL;, [ yIOBJIETBOPSIET YCJOBHIO MOIJTUHENHOTO POCTa TI0 BTOPOMY
apryMentTy; f W Y JIOKQJbHO JIMIIIHUIEBBI 110 BTOPOMY apryMeHTy. MHOXKeCTBO 0-
[yCTUMBIX yrpasyeHnuit U(t) cocrour us Beex mamepumbix byukunmit u: [t,T] — P.
Kaxmomy yupasnennto u(-) € U(t) oTBedaeT eIMHCTBEHHOE IBUXKEHHE CHCTEMbI
z(+) — byuxuus uz ACY[0, T, ynosieTBopsionias HA9aIbHOMY yCJaoBuUio (2) u ypas-
uenuio (1).

Omupenermmm dyHKIOHAT TIeHB! ((DYHKIMOHA ONTUMAJBHOTO Pe3YJIbTATA)

p(t,w(-)) = u(_)ing;{(t) J(tvw(')’u('))’ (tvw(')> €q.

*HccienoBanne BBIIOJIHEHO 3a c4eT rpanTa Poccuiickoro Hay4uHoro ¢gponga (npoekr Ne21-71-10070,
https://rscf.ru/project/21-71-10070/).
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Coruacho [3] dyrkmmonan p: G — R xapakTepusyercst KpaeBbIM yCIOBHEM
p(T,w(-)) = o(w(T)),  w(-) € ACH[0,T],

U CJICYIOMUM CBOMCTBOM (IIPHHIUIT JMHAMAYECKOTO MTPOrPAMMHUPOBAHHES): KAKOBBI
6er mu 6outn (t,w(-)) € G u T € [t,T], IMeeT MeCTO PABEHCTBO

T

pltewt) = inf (o(ren () + [ x(Ea(©,u() de ), (@
u(-)EU(t) t
rue z(-) — aBuzkenue cucrembl, orBedaomiee (¢, w(-)) u u(+), a yepes x, () 0603HATEHO
cyxenne Gynkuun x(-) Ha npoMexkyToK [0, 7].
Hamee paccmorpum ypasaerue lamuabrona—AKo6u, KOTOPOe SIBJISIETCS BHIPaYKEHHU-
eMm cpoiictBa (4) B nHbUHUTEIMMATIBHON dopMe:

6?‘:0@7“}(')) + H(t’w<t)’ vas‘j(t’w('))) =0, (t’w<)) € G°. (5)

31ech UCKOMBIM siBJisieTcst MyHKImoHaa ¢ : G — R; ramunbronnan H ompenesisiercs
PaBEHCTBOM

H(t7x7 S) :Llleig(<s7f(t7x7u)>+X(t7x7u))7 t E [07T]7 x75 E Rn?
rye (-, ) — ckagsipHoe nponssesienne B R™; sesmannst 05 p(t, w(+)) € R, Vep(t, w(-)) €
€ R™ npejcraBisior coboit KoMHBapuaHTHBIE (Ci-) IPOM3BOHBIE HOPSIKA o DYHKIH-
oHasa ¢ B ToUKe (t,w(+)). JlaHHbIE IPOU3BOHBIE OMPEIEISIFOTCS COOTHOIIEHUEM (CM.
Hanpumep, [4, 5], a Takxke [3])

p(127() — ot w(-)) = 0 p(t, w()) (T — 1) +

+ /tT<VO‘g0(t,w(')), (CDax)(§)> dé +o(r — t), Te(tT), (6)

KOTOpOE JIOJZKHO BBINOJHSThCA Juist Beex dyukmun z(-) € AC?[0, T, yaosaersopsi-
fomux yesosuio (2). B coorromenun (6) sBesmunna o+) Moxker 3aBucerh or Z(-) u
o(t—t)/(t—t) - 0upu 7 — t+ 0.

B [3] mokazano, uro ecau dbyuximonasa nensl p: G — R aBisierca ci-riagkum
nopsnka « (T.e. p HENPEPHIBEH BMECTE C €T0 Ci-TPOU3BOJHBIMU TIOPSIKA (r), TO OH
yAoBaerBopsier ypasHernto [amunbrona—Axko6u (5). C n1pyroit CTOPOHBI, €CJid HEKO-
TOpBI Ci-ryaakuil nopsiaka o GyHKImoHaa ¢: G — R ynossersopsier ypasaeruto (5)
U KPaeBOMY YCJIOBHIO

p(T,w()) = o(w(T)),  w() € AC[0,T], (7)

TO OH COBIAJAET ¢ (DYHKIMOHAJIOM IIEHBI p.

OnHako, Kak npaBuiio, GYHKIMOHAI TIeHbI p B 3ajade (1)—(3) He siBasiercs ci-rma-
KM TIOPSiZIKA (r U HE MOYKET PacCMaTpUBaThCs Kak pemterne 3amaqan Kommu (5), (7)
B KJIACCUYIECKOM CMBIC/IE, UTO NPUBOIUT K HEOOXOIMMOCTHU UIYUIEHUsT ODOOIEHHBIX
pertiennit aToit 3aga4u Koru.

B pamrax maHHOrO HAIpaBJIEHHUsS UCCIEIOBAHUI MOJIYYIEHBI CJIEIYIONNEe OCHOBHBIE
pe3y/ibTaThI. BBe,JIeHO IIOHATHNE MHUHHUMAaKCHOI'O (B CMBICJIE [6]) penienus 3a/1a9n KO—
mu (5), (7). Jokazansl [7] TeopemMbl 0 CyIIECTBOBAHUA U €JMHCTBEHHOCTH MUHAMAKC-
HOTI'O pelreHud, O COriaCOBaHHOCTH MUHUMAKCHOI'O U KJIaACCUIECKOI'O peIHeHHﬁ. yCTa.—
HoBJieHa [8] cBa3b Mexkiy BYHKIIMOHAJIOM HEHBbI p B 3aja49e OUTUMAJILHOIO YIIPaBJIe-
Hus (1)—(3) 1 MEHEMAKCHBIM pelieHneM cooTBercTByomeil 3aaaan Kommu (5), (7), npn
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9TOM yKa3aH CII0COO IIOCTPOEHHSI ONTHMAJIbHBIX CTPATEruil yIpaBIeHHUs 110 IPUHIU-

Iy 0OpaTHO! CBA3M C HAMATHIO UCTOPHUH JBMKeHH:A. KpoMme TOro, j1aHo ompesesieHne
Bsi3kocTHOTO (B cMbicte [9]) pemenus 3anaqun Kommn (5), (7). Jokasana [10] Teopema
0 €/IMHCTBEHHOCTH BSI3KOCTHOT'O DEIICHNUS, KOTOPasi, B YACTHOCTH, [TO3BOJISIET YCTAHO-
BUTDH COBIIQJIcHHE MUHUMAaKCHOI'O U BA3KOCTHOI'O peHIeHI/II‘/JI.

10.
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O PA3JIO’KEHUU HECVYIIIUX ITOBEPXHOCTEN
JJ1s1 A-TNODOEOMOP®U3MOB C HETPUBUAJIBHBIMU
ATTPAKTOPAMU U PEIIEJIJIEPAMU*

B. 3. I'punec, . 1. MuHI1

Havuonarvhoti uccaedosamenvekuti yrusepcumem “Buicuas wroia IKoHOMUKY”,

Huorcnuti Hoszopod, Poccus

vgrines@yandex.ru, dmitriimints@gmail.com

B pabore [1] Beesien kimace G(M?) A-nmuddeomMopdusMoB 3aMKHY TBIX OPHEHTHDYe-

MBIX CBA3HBIX HOBerHOCTefI, He6JIy}K,ZLaIOHII/Ie MHO2KeCTBa KOTOPBIX COCTOAT U3 OJHO-
MEPHBIX 0a3UCHBIX MHO2KECTB, 1 IIOJIY 9€HbI H606XO,HI/IMI)IG 1 JOCTAaTOYHBIE YCJIOBULA CYy-

*Pesysnbrarsl mosydensl npu nogaepkke rpanta PH® (mpoexkr 21-11-00010), momnepxke Jla-
GopaTopun IUHAMHUYECKHX cucreM ¥ npuioxkenuii HITY BIIID (rpant MunucrepcrBa HayKu
u BpICIIero obpaszosanusa P®, cornmamenue Ne(075-15-2019-1931), a Takke B XOJe NPOBEACHUS
uccnenosanus (Ne21-04-004) B pamkax IIporpammsr “Hayqnsiit dons HamponaasHoro uccieno-
BaTEJILCKOrO yHUBepcuTeTa «Bbicmas mkosa skoHomuku» (HUY BIITD)” B 2021-2022 rr.
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[eCTBOBAHMs FOMEOMOP(MU3Ma BCEll TOBEPXHOCTH, COMPSTAIONIEr0 OTPAHNIEHIS ITHX
muddeomopdusMos Ha ux HeOIyKIaroMue MHOXKecTBa. 13 pesynbraTos paboTs [2]
cJIeJlyer, ITO Ha JBYMEPHOI cdepe U JBYMEPHOM TOpe He CyImecTByeT muddeoMop-
dusmos 3 kmacca G(M?2). B To e Bpems Ha J060f 3aMKHYTOH OPHEHTHUDPYEMOit
CBSI3HOII IOBEPXHOCTH POJ@ ¢ > 2 MOXKHO ITOCTPOUTH npumep nuddeomopdusma u3
kracca G(M?). OcHOBHOIH 1e/IbI0 HACTOSAIIETO JIOKIa 1A ABJIFeTCs yCTAHOBICHHE B3au-
MOCBsI3eif MexK Ly TMHAMIIeCKIMH cBoiicTsamu uddeomopdusmor n3 knacca G(M?)
1 TOTIOJIOTHel Hecy el mopepxHocTH M2, a TaKsKe HCCIe0BAHIe YCTOMIHBOCTH TAKIX
g deoMopdU3MOB.

ITycts M? — 3aMKHyTas I1a/Kas OpHeHTHPYeMas CBA3HAs MOBEPXHOCTD, f: M2 —
— M? — ee A-quddeomopdusm.

WsBecTHO, 9TO TPOM3BOJIBHOE OJHOMEPHOE OA3UCHOE MHOXKECTBO auddeomopdus-
Ma f sBasiercss muOO ATTPAKTOPOM, JIHOO PEIEeJIJIEPOM W WMEET JIOKAJbHYIO CTPYK-
TYpy IPsSIMOTO IPOU3BE/ICHUs] MHTEPBAJIAa U KAHTOPOBAa MHOXKecTBa. llepmonmaeckast
TOUYKA P, NPHHAJJIEKAINAs OJHOMEPHOMY aTTpakTopy (pemesuiepy) A, HasbiBaercs
S-TPAHUYHOMN (U-IPAHMYIHON) NEPUOANIECKOH TOUKOMN, eCiIn OJJHA U3 KOMIIOHEHT CBsI3-
Hoctn MHOXKecTBa W3(p) \ p (W"(p) \ p) He nepecekaercst ¢ A (Mbr Gysiem 0603HAUATE
3Ty KOMIIOHEHTY CBAZHOCTH 9epes fi;, (i) 1 06e KOMIIOHEHTBI CBA3HOCTH MHOKECTBA
Wt(p)\p (W3(p) \ p) uepecekarorcs ¢ A. g ogaomMepHoro arrpakropa (pereiiepa)
MHO>KECTBO S-I'DaHUYIHbIX (U.—Fpa.HI/I“IHbIX) NMepuoJNIECKUX TOYEK HEIIYCTO U KOHEYHO.

HocTmkuMas u3HyTpHU rpaHuiia Mooxecrsa M 2 \ A, rme A — omHOMEpHBIH aT-
TpakTop (peresiep), COCTOUT U3 KOHEYHOIO 4ucia cBa30K. CBA3KOI b 0HOMEPHOIo
arTpakTopa A Ha3bIBaeTCsl 00bEIMHEHNE MAKCHUMAJHHOIO 4ucjia hp HEyCTONIUBBHIX

5 u u
MHOTr000pa3mit Wois ooy thb S-TPAHIYHBIX IEPUOJUICCKAX TOYCK P1, . . . , Pp, MHOKE-
' S S . o
crBa A, ycTOMYMBBIE CeapaTpUCh Hpys -« Hp, KOTODBIX IPHHAJIEKAT OJIHOM 1 TOM

JKe KOMIIOHeHTe cBa3HocTH MHOkecTBa W3 \ A. Hucsio h, Ha3bIBAETCS CTEIEHBIO CBA3-
KH. AHaﬂOFI/I‘{HO MO2KHO OIIpE€JIC/IUTH ITOHATHUE CBA3KHU JIJIgd OJJHOMEPHOI'O pereJsjaepa.

JI1oboe H6asucuoe MuOXKeCTBO A iuddeomopdusma f e TMHCTBEHHBIM 00Pa30M MIPEJI-
CTABJISETCSI B BHUJIE KOHEYHOTO OOBEIMHEHUSI TIONAPHO HEIEPECEKAIONIXCS KOMITAKT-
HBIX nopMmHOXKecTB: A = A; U... UA, (¢ > 1), HA3bIBAEMBIX HEPUOJUICCKUMU KOM-
noHeHTaMu MHOXKecTBa A, takux, uro f1(A;) = A;, f(Aj) = Ajr1, J € {1,...,q¢}
(Ag+1 = A1). dna ka0l TOUKH & HEPUOJUIECKON KOMIIOHEHTHI A, MHOXKECTBO
WiNA; (W2NA;) wiorno B A;.

[ycts f: M? — M? — muddeomopdusm us xmacca G(M?) rakoii, 4To ero
HeOJIy 2K 1atolee MHOYKeCTBO COCTOUT U3 kj MepHOJMYeCKUX KOMIOHEeHT Aj, ..., Ay,
(ks > 2, rak Kak HeOuyxkuaomee MEOXKecTBO auddeomopdusma [ Beerga conepKuT
OJIMH aTTPAKTOP U OAuH penesuiep). OBo3HAUNM Uepe3 mp, UUCIO0 CBSI30K, IPUHAJIe-
skamux A, gepes hp, cymMMy crereHeil 9Tux cBa30K. OG03HAYNM Yepe3 1M § KOJIHYECTBO
BCEX CBS30K, IPUHAJIEXKAIUX EePUOINIECKNM KOMIoOHeHTaM nuddeomopdusma f,
gepe3 hy cymmy creneneil atux cBazok. g umcna g > 0 obosmaumm depes M 92
3aMKHYTYIO OPUEHTUPYEMYIO CBA3HYIO IIOBEPXHOCTH POJIA (.

Teopema 1. ITycmow f € G(M?). Tozda nosepzrocmv M? zomeomopdra ceasot
cymme

Mgl#...#Mgkf#TQ#...#’]I‘Q,
Ly

2de gi=1+hp, /4—mn, /2 G €{1,... ks}), I =my/2 — ks + 1.
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3ameuanme. Ilpu jgokazaresbCTBE TEOPEMBI 1 yCTAHOBJIEHO, UTO JJIsl KaXKJIOH
nosepxuocru M7, i € {1,...,ks}, CymecrByer KOMIAKTHOE OPHEHTHDYEMOE CBSI3HOE
nojmuoroobpasue Ny, C M? popa g; = 1+ ha,/4 — ma,/2 ¢ my, KOMIOHEHTaME
Kpas, KOTOPOe COIEP’KUT MepuoamdecKyio KomnonenTy A;. Ilpm atom Ny, NNy, = @
JUIS § £ .

Caencreue. Ilycmov f € G(M?). Toeda noseprrnocms M? umeem pod g = 1+
+ hy/4.

Teopema 2. Ilycmv f € G(M?). Toeda f asaaemca Q-yemotivusvim, 1o He
ABAAELMCA CMPYKMYPHO YCMOTHUBHIM.

Crmcok Jureparypsbl

1. I'punec B.3., Kaaati X.X. duddeomopdusmMbl IByMEPHBIX MHOTOOOPA3Uii C IPOCTOPHO
PaCIOJIOKEeHHBIMU OasucHbIMu MHOKecTBamu // YMH. 1985. T. 40, Ne1. C. 189-190.

2. ITnwkun P.B. Ucrounuku n croku A-muddeomopdusmos nosepxuocreit // Mar. c6.
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BO3MVYIIIEHUST HETUINIEPBOJIMYECKUX ABTOMOP®U3MOB
JIBYMEPHOI'O TOPA*

B. 3. I'punec, . I. Munn, E. E. Unauna

Havuonarvhoti uccaedosamenvekuti yrusepcumem “Buicuias wroia aKoHOMUKY”,
Huorcnuti Hoszopod, Poccus

vgrines@yandex.ru, dmitriimints@gmail.com, k.chilina@yandex.ru

Herumnepbosmieckue anrebpandeckre aBTOMOPMOU3MBI IBYyMEPHOTO TOPa HE SBJIs-
I0TCSI CTPYKTYPHO YCTONYIMBBIMU OTOOPAXKEHUSIMU, TIO9TOMY MPEJICKA3aTh JUHAMUKY
CKOJIb YI'OJTHO MaJIbIX BOSI\IyHleHHfI TaKUX OTO6pa)KeHHfI HEBO3MO2KHO. B HacCTOodAeM
JIOKJIaJIe TIPUBEJIEHBI OTOOPaKEHUsl, KOTOPBIE SBJIAIOTCA BO3MYIIEHUSIMHU Herunepbo-
JITYeCKUX aBTOMOPGMU3MOB JBYMEPHOTO TOPA IMOCPEICTBOM UX CYIIEPIIO3UINH C [O-
MOTOITHBIMI TOXKIECTBEHHOMY T'PAINEHTHONOI0OHBIME auddeomopdusmamu. [Toka-
3aHO, YTO IIOJIyYeHHbIE OTOOPaXKEHUs ABJISIOTCH CTPYKTYPHO YCTONYUBBIMU U UX JU-
HAMHWYECKHE CBOWCTBA OIPEJIENISAIOTCS CBOMCTBAMY BO3MYIIAEMBIX aBTOMODP(MU3MOB.

ITycrs M™ — rnajikoe 3aMKHYTOe CBSI3HOE OPHEHTUPYEMOe Nn-MHOTrooOpasue (n > 1)
u f — romeomopdusm (auddbeomopdusm) na M™.

ITycrs p — runepbomyeckast nepuoanydeckas Touka naudpdeomopdusma f. ObosHa-
anm vepes Wi m W yeroitansoe n neycroitansoe Moroo6pasus toukn p. depes {1y
0b03HaYMM HEOITY K IaroInee MHOXKeCTBO nuddeomopdusma f.

*Pabora moAroToBieHa B xoae nposejeHnsa uccienopanus (Ne21-04-004) B pamkax IIporpammbr
“Hay4unbrit ¢pong HanmoHaaIbHOrO HCCIIEIOBATEIBCKOTO YHUBEPCUTETa «BhICImias IIKOIa SKOHO-
mukn» (HAY BIIID)” B 2021-2022 rr., a Tak»Ke Ipu HoaepKKe JlabopaTopun TUHAMAYECKHX
cucrem u npuioxkenuit HUY BIIID (rpant Munucrepcrsa Hayku U Bbicuiero obpasoBanus P®,

cornamenue Ne(075-15-2019-1931).
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Huddeomopdusm f uazpiBaercs muddeomopduzmom Mopca—Cwmeira, ecim MHO-
KecTBo {1y KOHEYHO u runepbosnyno u Muoroodbpasus Wy, W' nepecexaiorcs Tpamc-
BEPCATBHO I JIIOOBIX MEePHOIMIeCKIX To4eK p,q € y. JInddeomopdmsm Mopca—
Cweita f nHaszpiBaeTcs rpaJiMeHTHONONOOHBIM, ecyin 13 ycaosus Wy N Wit # @ nna
pasJIMIHbIX TOUEK p, ¢ € {2y caepyer, aro dim W) < dim W,

Ecau p, ¢ — paziuanbie nepuoanaeckue cejioBbie TOUKY auddeomopdusma f, miist
koropeix Wy MW # &, To nepeceuenne Wi N W' HasbiBaeTCsl reT€POKINHUYECKHM.
B cayqae dim W7 NW)! = 0 nepecevenne Wi NW}! aBiisercst C1eTHBIM MHOKECTBOM U
KayKJ[asi TOYKa 9TONO0 MHOYKECTBA HA3BIBAETCS TeTEPOKJIMHUIECKON TOYKOM, a opOuTa
PETEePOKJIMHIYECKON TOUKH HA3BIBAETCS NeTEPOKJINHUIECKON OpOUTOI.

HazoBem rerepoksimanaeckuM MHO)KeCTBOM juddeomopdusma f MHOKECTBO BCEX
€ro reTepPOKJINHUIECKUX TOUEK.

Ilycts n = 2, f: M? — M? — maddeomopdbusm Mopca—Chmeiina u p — ero cemio-
Bast epuo/ueckas Touka. O6oznauum yepes Wy 4 i€ {1,2}, v € {u,s}, kommonenTy
ceaznocTn MuOxectsa W)\ {p}. Terepokmuuaeckoe MuoxecTso muddeomopdus-
Ma f HA3BIBAETCSI OPHEHTUPYEMBIM, €CJIHU JIJIsI KAXKJION ITaphl CE/[JIOBBIX MEPUOIMIECKIX
TOYEK P, q u JuoObIX i, j € {1,2}, ay1st KOTOPBHIX Wz‘j*j N W;i # &, UHJIEKC TIepecedeHust
kpuBbiX Wib7 u W, omun u tor e B j1060i Touke z € W NS~

O6oznaunm 1epes he(z): R = R dynxmmio, 3anannyo dbopmyoit

1 1—¢ 1 1
k+;arctg<1+gtg(wz)), z € (k—§,k+§) (kez),

1
k+ =
+2,

he(z) :==

z=k+ - (keZ),

DN =

rae € € (—1,1).
Pacemorpum jtucdbdeomopbusmbr M, u L. asymepnoro topa T? = R? /72, zapucs-
e or napamerpa € € (—1,1) u 3ananubie dopmynaMu

- !
M. T =h.(z) (mod1), L. T=3
Y= he(y) (mod1), 7= he(y) (mod 1).

IIpu & = 0 orobpaxkernst M, L. stBstrorcst ToxKaecTBeHHbIMH, a ipu € € (—1,1)\ {0}
MIPEJICTABJISAIOT COO0M T'PaIMEeHTHOIONO0HDIE T dheomMopdu3MbI.
Iycts A = (2Y) € GI(2,Z), T.e. A — nesouncienHas KBaipaTHas MaTPHIA BTO-

poro nopsiaka u det A = +1. Tora orobpazkenue A:T? > T2, 3ananH0e BOPMYIOit

i T=ax+by (mod1),
"l y=cx+dy (mod 1),

Ha3bIBAETCs airebpanviecKuM aBTOMOP(MU3IMOM JBYMEPHOI'O TOpPA.

Eciu co6cTBennble 3nauenns marpunpl A € G1(2, Z) He paBHBI 110 MOJLYJIIO €IUHUTIE,
TO ajrebpamdeckuil aBroMmopdusm A HaspIBaeTCs rUepOOIUIecKuM. B nmpoTuBHOM
ciydae aBToMOpdu3M A Ha3bIBAETCsST HETUITEPOOJIMICCKIM.

Caenys paboram [1, Lemma 3| u [2, pa3a. 2|, nerunepbosndyeckue ajrebpandeckue
aBTOMOP(MU3MBI JIBYMEPHOI'O TOPa KJIACCUMUIUPYEM CJIELYIOMIIM 00Pa30M.
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ITpengioxkenue. Kaosicouil KAaCC CONPAHCEHHOCTNY HE2UNEPOOAUECKUT AN2E0DA-
UYECKUT ABMOMOPPUMOE O6YMEPHO20 MOPA NOCPEICTNEOM AAEOPAUECKO20 GEMO-
MOPPUBMG 3a00EMCA 8 MOUHOCTIU 00HOT U3 CACOYOUWUT MATPUY,:

R ) N (R P A

0 1 0 1 0 -1
A5:<1 0)7 As:(l 1), A?:(l 1), m € {0,1,2,...}.

OT/IM9HBIi OT TOXKJIECTBEHHOIO roMeoMopdu3M f 3aMKHYTONH OPpUEHTHPYEMOIA 110-
BEPXHOCTH HA3BIBAETCS IIEPUOIUIECKUM, €CJIM cyliecTByeT Takoe n € N, uro f™ = id.
Haunmenbimiee n3 Takux n Ha3bIBAETCs EPHOIOM f.

O6osnaunm 1epes Pery(z) nepmon Toukn z € M? ornocurensuo f. Ilycrs f —
roMeoMopdH3M 3aMKHYTOIH opueHTHpyeMoit mosepxuoctu M2 mepmoza n. Ilomoxkmm
By = {z € M? | Pers(z) < n}.

Mycrs feoa = M0 A, gea = Lo A, rne A — aBTOMOpdU3M IByMEPHOIO TOpA,
uHynupoBannblii Mmarpuneit A € G1(2,7Z).

Teopema 1. ITycmo e € (—1,0)U(0,1). Tozda seprovi caedyrousue ymeeporcoenua:

(1) omobpasicerua fo a,(0); fo, A5 ABAAIOMCA COTPANAIOULUM OPUEHMALUIO 2PaIU-
enmronodobnvimu, dudeomoppusman u iy o =Bz, o) Q. ay = Ba;

(2) omobpasicenue f- a4, ABAALMCA MENAOULUM OPUEHMAUUIO 2PAOUEHMHONO006-
nolm dugeomoppusmom u iy, ,. C B Ay
(3) mmooicecmeo Qy, , cosnadaem c mmoscecmeom Q. u Pery, , (2) = Per z(2)
ons mobozo z € Q. , u A€ {Az(0), Az, As}.
Teopema 2. Ilycmo e € (—1,0)U(0,1). Tozda seprivt caedyrousue ymseporcoenus:

(1) npu m = 21 (I € N) dudppeomopdusmot fo a,(m) U fe Ay(m) A6AAOMECA Jud-
peomoppusmamu, Mopca—Cmeting ¢ OPUEHMUPYEMBIM  2EMEPORAUHUNLECKUM
MHONHCECTNBOM, COCOAWUM U3 M 2eMEPOKAUHUBECKUT 0pOUM;

(2) npu m = 2l =1 (I € N) dufpeomoppusmvi gz a,(m) U e, A5(m) AGAAIOM-
ca dugppeomoppuzmamu Mopca—Cmeting ¢ OpUERMUPYEMBIM 26MEPOKAUHUYE-
CKUM MHOHCECTNEBOM, COCTNOAULUM U3 4M 2eMePOKAUHUMECKUT OPOUM.

Crucok Jureparyphbl
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YCTONYNBOCTb AHEBPU3MbBI B MEMBPAHHOI TPYBKE
C JIOKAJINBOBAHHOWM HEOJHOPO/IHOCTBIO CTEHKU
C MPOTEKAIOIIEN BHYTPU »KUJAKOCTHIO, UMEIOIIIEN
HEIIOCTOSIHHBIN [TPODPUIb CKOPOCTH®

A. T. Unbuues, B. A. IIlapraTos

Mamemamuueckuts unemumym um. B.A. Cmexaosa PAH, Mocxea, Poccus
Havyuonarohoi uccaedosamenveruts adepruviti ynusepcumem MUDHU,
Mocxsa, Poccus

ilichev@mi-ras.ru, shargatov@mail.ru

Pesynbrarel, npecraBiieHHbIE B JAHHOM JIOKJIAJE, B 3HAUUTEIHHONU CTEIIeHN MOTH-
BUPOBAHbBI AHAJM30M, IIPEJIPUHATHIM B [1, 2].

B omnmune or mpenpiaynimx MCCIeIOBAHUIT HA 3Ty TeMy, B KOTOPBIX ObLIN BBIBE-
JeHBI CJabOHEINHEHbIE MOJIe/IbHBIE YPABHEHNS, ONMUCHIBAIOIINE TEUCHUE YKUIKOCTH
B MeMOpaHHBIX TPyOKax, aBTopbl paboTsl [1] mcnosb30BaIn BAPHAIMOHHBIA METO/,
KOTOPBIfl MPUBOJUT K IOJHOCTHIO HEJTUHEHHON (HOPMYJIMPOBKE B KBA3UOTHOMEPHOM
¥ HEeJIWCCUMIATUBHOM CJIy9dae B paMKaX HEJUHEHHOI CHCTeMbl ypPaBHEHWI B YACTHBIX
npousBoAHbIX. 2KuikocTs BHyTpU TpYOKHU cuuTasack uieaabuoil. B [1] naiigens nsa
[IEPBBIX MHTErPAJIa CUCTEMBI OOBIKHOBEHHBIX MM MOEPEHITNAIbHBIX YPAaBHEHNUH, O~
CBhIBaIOIInX 6eI‘yHH/Ie BOJIHBI. BI)IJIO TaKzKe IIOKa3aHO, 9TO0 yeJUHEHHbIE BOJIHbI KOHEY-
HOIl aMIIUTYBI, PACIIPOCTPAHAIONINECH B CUCTEMe MeMOpaHHAas TPyOKa—1jieaIbHas
2KHAJIKOCTB, MOTYT OBITBH OIIpEJIeIeHbl B PAMKaX IIPOCTON YHCJIEHHO IPOIEIYPHI.

Agtoper paborsr [2] pacemorpesn 3ana4y (B dopmysnposke [1]) o dopmuposarun
JIOKAJIN30BAHHOI BBITYKJIOCTH B “HayTO’ MeMOpaHHON TpyOKe B CBsA3U ¢ (DOPMUPO-
BAHUEM AHEBPHU3MbI HA IEJIOBEYECKUX apTEPUsIX.

Iytst TOro 9Tobbl MOy InTh 0A30BYIO CHCTEMY YPABHEHUI, OMHUCHIBAIOIILYIO JIBUKE-
HU€ KHUJKOCTU BHYTPH TPYOKH, UCIOJIb3yeTCs OCPEJHEHNE IO BEPTUKAJIBLHOMY Cede-
HUIO TPYOKM, W, TAKAM OOPa30M, BCE€ HEM3BECTHBIE (DYHKITUHU 339U 3aBUCHAT TOJIb-
KO OT IPOJIOJILHOTO HAIIPABJIEHUsI BIOJb TPyOKH. CaMa TpyOKa IIPe/IoaraeTcs oce-
CI/Il\’IMeTpI/I‘{HOﬁ B TedeHue BCero BpeMeHun JIBU2KEHUA. OIII/IC&HI/IG CBOICTB 1 nsydenune
CIIEKTPAJILHON YCTONYUBOCTH JIOKAJIU30BAHHBIX (OBICTPOYOBIBAIOIINX) BBILYKJILIX De-
NIeHMi, BKJIIOYAs HEIOABUKHBIE (DEIEHUs TUIA AHEBPU3MBbI), ABJISETCS [IPEIMETOM
u3ydeHus B psige pabor. CrekTpasibHasi yCTONYIMBOCTDL PEIEHUIl THUIlA aHEeBPU3MbI
u3ydasnack B [3| B ciydae OTCYTCTBUSI XKUJIKOCTH BHYTPH TPYOKH (Cayvail KOHTPOJIN-
pyemMoro jaBiienust). BudypKaloHHbIM [IapaMeTPOM SIBJISIIOCHh MHMIIAMOHHOE J1aB-
JieHre. ABTODPBI TIOKA3aJIH, YTO BCE CEMEHCTBO PEIIeHUi TUIIa AHEBPU3MBI CIIEKTPAJILHO
HEyCTONYIMBO (T.€. HHMDUHUTE3UMAILHBIE BO3MYIICHUs AHEBPU3MbI IKCIIOHEHIUAIHHO
PACTyT CO BpEMEHEM ).

B pab6ore [4] uzyuena ycToiiuuBoCTh ceMeRCTBA PENICHU TUIIA AHEBPU3MbI B IIPU-
CYTCTBUM KUJIKOCTHU C HYJIEBBIM CPEHUM IIOTOKOM (HEIIOIBUKHON Ha GECKOHETHOCTH ).
BICTa.HOBJIeHO7 Y9TO pelleHud THUIIa aHEeBPU3MbI OCTaXOTCHA HeyCTOfILII/IBI)HVII/I, XOTd IIpU-
CYTCTBUE YKUJIKOCTU OKA3bIBAET CHJILHOE CTAOUIM3NDPYIOIIee JIeHCTBHE.

*UccaenoBanne A.T. Unbudesa BbinonHeHO npu ¢dbuHaHCcoBOil nopaepxkke PH® (mpoekr 19-71-
30017).
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AgTopsl paboTs! [5] IpeNPUHSIIN aHAIN3 YCTONYUBOCTH PEIIeHNIT THIIA AHEBPU3MBI
B CJIy4dae IPUCYTCTBHs CPEHEro MOTOKA M MOKA3AJN, 9TO, €CJAU CKOPOCTh JIBUZKEHUS
JKUJIKOCTH HA OECKOHEYIHOCTH JIOCTATOYHO BEJIUKA, ITH PEIICHUS SBJISIIOTCS CIIEKTPAJIb-
HO yCTOWUYUBBIMHU.

B [6] mokazano, 9o jyis MeMOpaHHBIX TPYOOK € JIOKAJIU30BAHHON HEOHOPOAHOCTHIO
cTeHku (YTOHBIIEHUEM) JJIsl OIPEJEJICHHBIX YIPYIUX IIOTEHIUAJIOB IPU OTCYyTCTBUU
JKUJIKOCTH BHYTPHU TPYOKH (CJIydail KOHTPOJMPYEMOIO JABJIEHUST) UMEIOT MECTO JBA
ceMelCcTBa CTOTINX YeaAnHeHHbIX BOJIH, IIPU 3TOM ceMeliCTBO BOJIH ¢ MeHbINENA aMILIu-
TYIOI, KOTOPas yBEeJINIUBAETCS [IPU YBEJIUYEHUN JaBJICHU NHQIIANINN, CIIEKTPAJIBHO
YCTOIYUBO.

B [7] nokazano, 4ro cemeicTBO GeryIux yeJIuHEHHBIX BOJIH YCTOWYMBO, €CJH CKO-
POCTb PACIIPOCTPAHEHMSI ITUX BOJH OOJIbIIE HEKOTOPOI'O KPUTHIECKOTO 3HAYECHUS.
VCToianBOCTh yeIMHEHHBIX BOJTH B MEMOPAHHBIX TPYOKaX KOHETHOMN JJIMHBI PACCMOT-
pena B [8]. O630p 0 cIEKTpaIBbHON yCTONIUBOCTH €800 U CHIIBHO HEJMHEHHBIX HETIo-
JABU2KHDBIX 1 6erI]lHX BOJIH IIPDEJANIPUHAT B [9] (CM. TaK2Ke CCBhIJIKI Tal\l).

Bo Bcex nuTHpoBaHHBIX pabOTaX KUJKOCTH CANTAJIACH HICATBHON U IIPOMUIH CKO-
pocTeil ocTaBaJICs IOCTOSTHHBIM B Ka)KJIOM BEPTHUKAJIBLHOM cedeHun TPyoku. B To xe
BpeMs DoJiee erajabHOEe N3ydeHre JBUKEHUs] KPOBHU TPeOyeT y94ecTb ee HEHbIOTOHOB-
ckue cofictBa. Cire10BaTeIbHO, YTOOBI OXKUJIATH 0OOJIee Wi MEHee JTOCTOBEPHBIX pe-
3yJIbTATOB, XaPAKTEPU3YIONINX TeUeHNe KPOBU B COCY/IaX, CJAEIYeT OIMUCHIBATH KPOBb
opu IIOMOIIU MO/JIeJIn HEHBIOTOHOBCKO KUJIKOCTH. B CBA3U C 9THUM HUCIOJIB3YyeTCdA
IIOJIMHOMUAJIbHBIN 3aKOH BSI3KOTO TpeHud Jjid HEHBIOTOHOBCKO KNJKOCTH C IIOCTO-
SHHON BA3KOCTBIO. ClleyeT OTMETUTh, 9TO Mbl MHTEPECYEMCsI TOJIBKO OOpa30BAHU-
eM aHeBPHU3MBI, a He ee JaJibHelelt ssosonueit. 1Ipn aToM mpemnosmaraercs, 9To B
rporecce (GOPMUPOBAHUS AHEBPU3MBI BA3KOCTH YKUJIKOCTH BHYTPH TPYOKHU HE UTDAET
CyHLeCTBeHHOﬁ poJIi, XOTdA HpOCl)I/I.Hb CKOPOCTH HEINOCTOAHEH BJO0JIb BEPTUKAJIBHOI'O
CedeHusd pr6KI/I7 TaK KaK IIpe/loJjiaracTCda BBIIIOJIHEHHbIM YCJIOBUE IIPDUJIUIIaHUA Ha
ee cTeHKax. BA3KOCTB UI'paeT CyIIeCTBEHHYIO POJIb IIPU JAJbHENINeM Pa3BUTUN aHe-
BpPU3MBI. B 9acTHOCTH, POJIb CIBUTOBOIO HAIPSIY)KEHWS HA CTEHKE COCYIA SIBJISETCS
ompeessonieii B 3rom nporecce (cM., manpumep, [10]). Tem ne menee mbl 31ech He
WHTEPECYeMCs IIPOIECCOM JAJILHEAIIIEro Pa3BUThs AHEBPU3MbI, MO/IEJINPOBAHIE KOTO-
POTO BBIXOJUT 38 PAMKHU TE€OPUU YyIPYTOCTH.

B nmanHoM oKJIa/ie aHAJIM3UPYETCS YCTOWINBOCTD CEMEHNCTBA CTOSINX JIOKAJIU30-
BaHHBIX BOJIH BO3BBIIICHUA YPOBHA (aHeBpHS]\{) B 3aIll0JIHEHHOM I/I,HeaJTBHOﬁ KN JIKO-
CTBIO yIpyro#l TpyOKe ¢ JOKAIN30BAHHBIM YTOHBITEHNEM CTEHKU U yIPYTUM HOTEH-
[AAJI0M, XaPAKTEPHBIM JJIsi ONOJIOITIECKOr0 MATEPUAJIA I€JIOBEIECKUX COCYIOB. 3aa-
9a HaXOXKJIEHWsS HEYCTONIMBOIO JMCKPETHOrO CIEKTPA B MPABOI KOMILJIEKCHO MOJIY-
IJIOCKOCTH CIIEKTPaJIbHOTO HapaMeTpa {2 aKBUBasleHTHa OmpeAesIcHuIo myei dhyHnk-
nun sanca, Jokaam3oBanubix B Q1. Jlns nojcdera ncia stux Hysei, caemys [11],
HeOGXO,ZLI/HVIO BBIYUCJ/IUTH (l)yHKL[I/IIO SBcha Ha HEKOTOPOM KOHTYPe€, BKJ/IIOYaloIleM NUH-
TepBaJI MHUMON OCH B KOMILJIEKCHOH IIJIOCKOCTH CIEKTPAIBLHOTO HAapaMETPa, U 3aTEM
HCIIOJTb30BATH IIPUHITUI aPTyMEHTa U3 KOMILIEKCHOTO aHAJII3A.
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We have considered the pursuit—evasion problems in a differential game with one
pursuer and one evader such that each of them has inertial motion. The control of
the pursuer is subject to an integral constraint, and that of the evader is subject to
a geometric constraint. In the pursuit problem, we propose the parallel approach
strategy, which is known as the II-strategy, for the pursuer, and we define a sufficient
solvability condition of pursuit. In the evasion problem, a special admissible strategy
is implemented for the evader, and a sufficient solvability condition of evasion is
obtained. Besides, the lower boundary of the distance between the pursuer and evader
is shown.

Suppose that in R™ a controlled player P, called the pursuer, chases another
player E, called the evader. Denote by x the position of the pursuer and by y the
position of the evader in R™. In the present work, we consider the pursuit—evasion
problems when the players move according to the differential equations with initial
values

o 2(0) =20, #(0) =1, (1)

E: j=v, y(0)=yo, 9(0)=uyi, (2)



respectively, where z,y,u,v € R", n > 2; xg, yo are the initial positions of the
players, and x1, y; are their initial velocities, respectively. It is assumed that x¢ # yo,
r1 = y1. The control parameter u is the acceleration vector, and it is considered to
be a measurable function u(-): Ry — R™ subject to the following integral constraint
(in short, the I-constraint) [2, 4, 6, 7]:

t
/ (t — s)|u(s)|* ds < po for almost every ¢ > 0, (3)
0

where pg is a given positive number which expresses the amount of the pursuer’s
energy at time ¢ = 0. We denote by U the class of all control functions u(-) that
satisfy the constraint (3).

Similarly, the control parameter v is the acceleration vector, and it is a measurable
function v(-): Ry — R”™ subject to the geometric constraint (in short, the G-con-
straint) of the form [1, 3]

lo(t)| < B for almost every t >0, (4)

where ( is a given positive number which expresses the maximal value of the evader’s
acceleration. We denote by Vg the class of all control functions v(-) that satisfy the
constraint (4).

Definition 1. By equations (1), (2), any triplets (xq,z1,u(-)), where u(-) € Uy,
and (yo,y1,v(+)) with v(-) € Vg generate the trajectories

ﬂw—m%m+A@W@M& y@—m+m+A@W@M&

respectively. In this case, z(t) is called the pursuer’s motion trajectory and y(¢) is
called the evader’s motion trajectory.

Definition 2. For each pair (po,u(-)), u(-) € Uy, we call the scalar function [5, 6]

pwzm—Aa—mwm%a p(0) = po,

a residual resource of the pursuer at the time t.

Definition 3. In the pursuit game (1)—(4), the function
u(v) = v —A(v)é (5)

is called the II;g-strategy of the pursuer, where

20|’

2
Aw) = (v, &) + % + \/((Ua50> + %) — ]2, o

and (v, &) denotes the inner product of the vectors v and &y in R™. Here A;g(v) is
usually called the resolving function.

Proposition. If py > 45|20, then the function \;g(v) is defined, continuous and
non-negative for all control functions v(-) that satisfy (4).

Definition 4. We say that the strategy u(v) guarantees capture at time 7'(u)
if at some time ¢, € [0,7(u)] the equality x(t.) = y(t.) is satisfied for any control
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v(-) € Vg of the evader, where x(t) and y(t) are the solutions of the initial value
problems

where ¢t > 0.

Theorem 1. If py > 48|z0| is satisfied in the pursuit game (1)—(4), then the
II;-strategy (5) guarantees capture in the time interval [0,Trq|, where

2|20} g _Po I pof3

Tiq = — - _ Pob
e o 2[zo| Az Tzl

Definition 5. In the evasion game (1)—(4), we call the function
v(t) = =B (6)

the strategy of the evader.

Definition 6. We say that the strategy v(t) guarantees evasion on [0, +-00) if for
any control u(-) € Uy of the pursuer the condition z(t) # y(¢) holds for all ¢ € [0, +00),
where z(t) and y(t) are the solutions of the initial value problems

where ¢t > 0.

Theorem 2. If py < 48|z0| is valid in the evasion game (1)—(4), then the strat-
egy (6) guarantees evasion on the time interval [0, +00) and the following estimation
holds for the distance between the players:

ro

2O = Jzol = 2.
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In the theory of integrable Hamiltonian systems, the work of S. Kowalewski in her
seminal paper on the motions of a rigid body around its fixed point under the influence
of gravity stands out as the most enigmatic and most original contribution to the
theory of integrable systems [6]. Not only was the integral of motion introduced in this
paper enigmatic, in the sense that it did not correspond to any apparent symmetries
of the body, but also the approach taken in the paper that led to the discovery of this
integral, in which all the variables were treated as complex quantities, seemed equally
enigmatic, in the sense that it did not lend itself to any physical justifications.

This lecture is based on my recent paper [5], in which it was shown that there is
a natural affine-quadratic Hamiltonian H on sp(4; C) that unravels the mysteries en-
countered in Kowalewski’s famous paper. It is a follow-up of my earlier publications in
which Kowalewski’s top is seen indirectly through the Hamiltonian system associated
with Kirchhoff’s model for the equilibrium configurations of an elastic rod [3] and the
subsequent extensions of this system to so(4; C) presented in [2].

We will show that the enigmatic conditions of Kowalewski are both necessary and
sufficient for the existence of an isospectral representation de—(t’\) = [M(\); L(\)] of the
above Hamiltonian H with a spectral parameter A\. This representation then yields a
crucial spectral invariant that naturally accounts for all the integrals of motion known
as Kowalewski type integrals in the literature on the top [1]. We will also show that
the Kowalewski’s mysterious complex variables are naturally identified with complex
quaternions and the representation of so(4;C) as the product sl(2; C) x s[(2; C).
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B paMkax MaTeMaTH9IeCKOi TEOPUM ONTUMAJIBHBIX MPOIECCOB 33 1aMaM OIITAMA3A-
UM KBA3WIMHEHHBIX JUHAMUYECKUX CUCTEM, COAEPXKAIIUX MAJIbIE IIAPAMETDbI [IPU
HEJIMHEHHOCTAX, yIeJdeTcs 3HAYMTeIbHOe BHUMaHue. VlHTepec K HUM BBI3BAH (-
(i)eKTI/IBHOCT])IO ACUMIITOTUYICCKUX METOJI0OB X DeIlleHUd, IIpU IIPUMEHEHUN KOTOPbIX
UCXOJHBIE 110 CYNIECTBY HEJIMHEHHBIE 33JIa9H CBOJATCA K CPABHUTEIHLHO HECJIOMXKHOM
KOPPEKIMN PeNIeHni 3a1a9 ONTHMU3AINA JIUHEHHBIX JUHAMAYECKNX cucreM. Hacro-
SIIUIA JTOKJIaJL OCBAIIEH IIOCTPOEHUIO ACUMITOTHYECKUX PUOJINKEHUI K DElIeHuo
38109 ONTUMASBAIN TTEPEXOTHOrO TPOIECCa B KBAa3WJIMHEHHOH cucreme. Kpnrepwmit
KaJecTBa B 9TOII 3a/1a4e IIPeICTaBIIsAeT COOO0i JINHENHY 0 KOMOMHAIINIO SHEPIeTUIECKUX
3aTpaT 1 JUINTEJIbHOCTHU IIpOoIiecca. Bal\leTI/Il\l, 9TO €CJId YIeCTb TOJIbKO 9HEPpreTuIeCKue
3aTpaThl, TO 33Ja4a, KaK IIPABUJIO, He Oy/IeT UMeTh PeIlleHnsd, a Ha MUHUMHU3UPYIOeit
[OCJIEI0BATENILHOCTH JIUTEIbHOCTD [IPOIECCa OYIeT CTPEMUTHCS K OECKOHEYHOCTH.

B kitacce r-MepHBIX ylpasJsomux Bo3aeiicrsuit u(t), ¢t € [to, t1], ¢ Kycouno Hempe-
PBIBHBIMU KOMIIOHEHTAMH PACCMOTPUM CJIEYIONLYIO 3aa9y ONTUMAJIBLHOIO YIIPaBJIe-
HUA:

&= A(t)x + pf(x,t) + B(t)u, x(to) = xo # 0, (1)

t1
z(t1) =0,  J(u)= / (1 +27Qt)x + u P(t)u) dt — min, (2)
to
rge g — MaJjblil (0 MOjyJI0) napamerp, to — 3aJaHHbII MOMEHT BpeMeHH, t; —
HeDUKCUPOBAHHBIH KOHEYHBIH MOMEHT BpeMeHu (t; > tg), & ecTb n-Bektop, f(z,t),
x € R", t > tg, — HenmHeliHast BekTOP-byHKINUA, Q(t) — HEOTPUIATEIHHO ONPEIE-
JICHHad CUMMeETpUuYeCKad MaTpHuIla, a P(t) — IIOJIO2KUTEJIbHO OIIpe/ieJieHHasd CUMMeT-
pudeckas MaTpuna Ajd Bcex ¢ > top.

IIpennosioxkenne 1. Duementst Marpun, A(t), B(t), Q(t), P(t), 0f(x,t)/0x,
x € R™, t > ty, npunajexar kiaaccy CP, p > 1.

Onpenenenne. Yupasienne u'™)(t, ), t € [to,th)(u)], ¢ KYCOYHO HEIpPEpbIB-

HBIMHN KOMIIOHEHTaMMN HAa30BEM (IIpOFpaNHVIHbH\I) ACUMIITOTUYECKN Cy6OHTI/IMaﬂbeH\/I
yupasmneruem N-ro nopsinka (N = 0,1,2,...) B 3amaue (1), (2), eciiu oHO nIepeBoauT
cucremy (1) B cocrosmme O(uN 1) u orxmonsiercss o kpurepmio xawectsa J(u) oT
ONTHMAJIBHOTO yIIPABJIEHUS HA BEJIMIUHY TOTO K€ MOPSIKA MATOCTH.

B mokmane npesyaraercs aaropuTs, ¢ TOMOIIBIO KOTOPOTO JJIst 3aJaHHOTO dnciia N
(N < p) MOXKHO IOCTPOUTH ACUMIITOTUYECKH CyOOITHMAIbHOE yipasjienue N-ro mno-
psiJika B paccMaTpuBaeMoil 3ajade. AJIrOpUTM ONUpaETcs Ha KOHCTPYKTUBHOE JOKa-
3aTeJIbCTBO TEOPEMbBI O CYIIECTBOBAHUU IIPU CJEJIAHHBIX IPEIIIOJIOKEHNAX TJIAIKOTO
OINITUMAJILHOTO YIIPABJIEHUSI U €r0 aCUMITOTHYECKUX CBOiicTBaxX. Kro cyTh cocrout B
IIOCTPOEHNH TTOMUHOMOB Teiiyiopa ompenessionux 3JIeMEeHTOB ONTHMAILHOTO yIIPaB-
sgennst. TakuMu 3/ieMeHTaMu B JAHHOU 3aJiavde ABJISIIOTCS KOHEYHBI MOMEHT BPEMEHH,
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a TaKzKe HavdaJIbHble 3HaYCHUA COIIPAKEHHbIX IIepEMEHHBIX (B MOMEHT BpEMEHU to),
KOTOpbIEC B CUJIy IIPDUHIIUIIA MaKCHUMyMa [1] COOTBETCTBYIOT OIITUMaJIbHOMY YIIpaBJie-
HUO. DTHU OIPEIEIISIONINE 3JIeMEHThI KaK (DYHKIIMA MAJIOTO apaMeTpa IPUHAJIEIKAT
rutaccy CP.

BbI“II/ICJ’IGHI/IH IIpu IMOCTPOEHNUUN aCUMIITOTUYIECKU Cy6OIITI/IMaJ'H)HI)IX yIIpa.B.HeHI/Iﬁ Ha~
YUHAIOTCS C pereHnst 6a30Boil 3a/1a4u, KOTopast GOPMAIBHO [TOJIYIAeTCs U3 UCXOIHOM
upum p = 0 " B OTJIMYHE OT HEE ABJIAETCHA 3a,z1aqel'/’1 OIITUMMU3 AT JIMHENHON CUCTEMBI.

IIpeamnosioxkenne 2. Jlunamudeckas cucreMa B 6a30BOI 3a/a4e ABJISIETCA BIIO-
JIHE YIIPABJSEMOH [2].

ITpu ciesaHHOM PEIIONIOKEHNU B GA30BOi 3a/1a4€e CYIIeCTBYET ¢IUHCTBEHHOE OIl-
TUMAJIBHOE YIPABJIECHUE, KOTOPOE SBJSETCA HOPMAJBHON 3KcTpeMasibio. Ilocsennee
O3HAYAET, YTO NPUHIMI MakcuMmyMa [1] B JaHHOM ciydae MoxkKeT ObITh chOpPMyIIpO-
BaH CJIe/TyI0MUM 06pa3oM: mycTh ¢ — omTuMasbHbIl Koneunsiit moment, u’(t), z°(t),
teT? = [to, t(l)], — ONTHUMAaJbHBIE YIIPABJIEHNE U TPACKTOPUs B 0A30BOil 3a/1ate; TOrIa
cymectsyeT Taxoe pemrenmne 10 (t), t € T, coNpsKeHHOI CHCTEMBI

b= —AT()Y + Q)" (1),

YTO BBIIIOJIHAIOTCA yCJIOBUA

T OBT U (t) — u® ()P0 (t) = max (" ()BT (t)u — uT P(t)u), t € T°, (3)

WO () BT (#)ul (1) — u® (1) P(t)u (1) = 1.

U3 ycsosust (3) HETIOCPEJCTBEHHO CJIEyET

W) = 2PN (0B (1°(0)

Boraucimrenpras mporerypa Ipu MOCTPOSHUH ACUMIITOTUIECKH CyOOITUMAIBHBIX
yIpaBJIEHUl, IOMIMO DPeIllleHns 0a30BOil 3a/1a4n, BKJIIOYAeT B ce0si MHTErPUPOBAHUE
cucTeM JIMHEHHBIX auddepeHnnaIbHbIX YPAaBHEHNN, a TaKyKe HaXOXKJeHUe KOpHeil
HeBI)IpO)K,ZLeHHI)IX HHHeﬁHbIX aﬂre6paI/IquKI/IX CUcCTEeM. :3&1\/IGTI/IM7 qTo IIpI/I leeﬂaHHbIX
Hpe,ZLHOIIO}KeHI/IHX ACUMIITOTHUYECKU Cy6OHTHMaJIbeH\l praBﬂeHI/IeNI HyﬂeBOFO HOpH,ZL—
K& sIBJII€TCsI peleHne 6a30Boil 3a1a4u.

Crmcok Jureparypsbl
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2. Kpacoscxuti H.H. Teopus ynpasienus nsuxkenuneM. M.: Hayxka, 1968.

62



VEPAPXUSI KBABUCTALIMOHAPHBIX MPUBJIUYKEHUI 1151 CUCTEMBI
YPABHEHMI1T MAKCBEJIJIA B HEOJJHOPOJHBIX CPEJAX*
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B pabotre 06cy ) maroTcst pa3indHble KBA3UCTAIMOHAPHBIE TPUOJIMZKEHUS JIJIsT CUCTE-
MBI ypaBHeHnt Makcsesjia ¢ y4eToM XapaKTepPHBIX MACIITabOB IPOCTPAHCTBEHHON U
BpeMeHHOH HeosHOpOHOCTE! [1, 2]. PaccMaTpuBaroTest 3aMKHYTHIE MOJIEIH SIEKTPO-
dusmueckux nporeccos B armocdepe 3emun [3]. IIpuBoagaTcest pe3ynbTaThl 0 KOPPEKT-
HOCTH TIOCTAHOBOK COOTBETCTBYIOIINX HAYAJbHO-KPAEBBIX 3a1a4.

Cumcok Jureparypsbl

1. Kalinin A.V., Tyukhtina A.A. The Darwin approximation for the system of Maxwell’s
equations in inhomogeneous conducting media // Comput. Math. Math. Phys. 2020.
V. 8. P. 121-134.
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fields // Mathematical modeling and supercomputer technologies: 20th Int. Conf.,
MMST 2020, Nizhny Novgorod, Russia, November 23-27, 2020. Revised selected papers.
Cham: Springer, 2021. P. 77-92. (Commun. Comput. Inf. Sci.; V. 1413).
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e // V®H. 2010. T. 180, Ne5. C. 527-534.

STABILITY OF LINEAR CONTROL SYSTEMS
WITH FREQUENT SWITCHES

Rinat Kamalov®, Vladimir Yu. Protasov®°®

*MIPT, Dolgoprudny, Russia
b University of L’Aquila, Ttaly
¢Moscow State University, Russia

rinat020398god@yandex.ru, vladimir.protasov@univaq.it

We consider the linear switching system of the form
x(t) = A(t)x(t), x(0) = xo, (1)

where A(t) € A for every t € [0, +00]. Thus, A is a matrix control function (switching
law) taking values on the control set A. The control set is an arbitrary compact set
of d x d matrices and A(-) is an arbitrary measurable function. The system is called
stable if all its trajectories x(t) tend to zero as t — +o00. The stability plays a crucial
role in many problems of electronic engineering, robotics, etc. [1]. It was studied in

*Pabora mozgaeprkaHa HaydHO-OOpPa30BATE/IbHBIM MaTeMaTHYeCKUM IleHTpoM “Maremarnka Tex-
Hostoruit Gyxymero” (corsamenue Ne(075-02-2022-883).
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the literature in great detail (see [2] and references therein). We consider the stability
problem under the restriction on the periods of time between switches. The minimal
switching time (dwell time) was studied in several works (see the latest one [3]). It
reflects the natural situation when the change of the regime of the system cannot be
done in one moment and it requires some time. The methods of studying the minimal
dwell time, however, are not applicable to the opposite situation, when the time
between switches is bounded above. This condition is inspired by the practical needs
when the system cannot be kept in one regime for a long time (for example, because
of overheating, wearing out, etc.). Thus, we address the stability of the system (1)
under the assumption that the time distance between two consecutive switches is
between m and M (two given numbers). We call such systems constrained.

The solution of this problem is based on modifying the concept of the Lyapunov
function. It can naturally be formulated in terms of graphs. For the sake of sim-
plicity we consider the case of two regimes A = {A;, A2}. We consider a directed
multigraph G with vertices g1 and g2, where each vertex g; is associated to the linear
space L; isomorphic to R¢. From the vertex g;, there is an edge labelled by the
matrix By = e42™ to the vertex ¢gs. Respectively, from the vertex g, there is an edge
labelled with B; = e1™ to g;. Moreover, each vertex g; has loops labelled with et
Yt € [0, M — m]. Each switching law of the restricted system can be interpreted as a
walk along this graph.

Definition 1. The Lyapunov exponent of system (1) is defined as
o(A,m, M) =inf{8 € R|3C > 0: |z(t)] < Ce’||z(0)||}

for all trajectories z(t) of the restricted system (1).

Definition 2. If every space L; on the graph G is equipped with a norm ||-||;,
then the collection of norms ||-||;, ¢ = {1, 2}, is called a multinorm. The norm of an
operator A: L; — Lj is defined as ||A| = sup,er,, jo),=1 [|AZ]]5-

Denote by B; the unit ball of the norm || - ||;, ¢ = {1, 2}, and by S, the corresponding
unit sphere.

Definition 3. A multinorm f = (|| ||1,]|]|2) is Lyapunov if for each i # j,
i,7 € {1,2}, and for every x € S;, the curve ' Bz, t € [0, M — m], is strictly
inside S.

Definition 4. A multinorm f = (||-||1, || ||2) is invariant if for each i # j, i,j €
{1,2}, and for every x € S;, the curve ' Bz, t € [0, M — m)], is inside S; and at
least one of its points is on the surface.

Theorem 1. The restricted system is stable if and only if it possesses a Lyapunov
multinorm.

The system is called irreducible if its matrices do not share a nontrivial invariant
subspace.

Theorem 2. Fuvery irreducible restricted system with (A, m, M) = 0 possesses
an invariant multinorm.

We present an algorithm for evaluating the Lyapunov exponent of the restricted
system (1) and show numerical examples.
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TTOCTPOEHUE MHOYKECTB PA3PEIIVMMOCTU B JIMHENHBIX
JN®PEPEHIUAJIbBHBIX UT'PAX CBJINYKEHUA “K MOMEHTY”
C BOT'HYTBIM LIEJIEBBIM MHOKECTBOM

JI. B. Kamuena

Hrnemumym mamemamuxu u mexanuky YpO PAH, Examepunbype, Poccus

kamneva@imm.uran.ru

IlocTtanoBka 3amaum. Ilycts guHamuka KOHMIMKTHO yHIPABJISEMON CHACTEMBI
nMeeT BUJ

T =Ax +u—+w, r€eR” weP veQ. (1)

3neco t € [0,9], ¥ > 0; A ectb (n X n)-marpuna, P,Q C R" — BBIIYKJIbIE KOMIAKTHI;
M C R™ — 3aMKHyTOe IIeJIeBOe MHOXKECTBO; 4 U ¥ — yIPaBJIEHNs IIEPBOTO U BTOPOT'O
UIPOKOB COOTBETCTBEHHO. B

Mmoorcecmso paspewumocmu Gy (M) x momernmy ¥ 06pa30BaHO BCEMU HAYAJILHbBI-
My ToukaMu rg € R™, U3 KOTOPBIX MEPBBI UIPOK, UCIOJb3Ys KJIACC MO3UITHOHHBIX
crparernii [1] 1 cooTBeTCTBYIONIEE ONpPEIETeHNEe KOHCTPYKTUBHBIX TPAEKTOPHH, MO-
’KeT npusectu cucremy (1) Ha MHOXKecTBO M He nO31HEe MOMeHTa 1.

Has N € N onpegenum mar A := ¢/N s ciexyromeil OMATHOM TpoeLyphbl.
PaccMorpuM ojtHOIIIATOBBIM OTIEpaTOp WA(-) Ha MHOXKecTBax u3 R" u onpegesuM mo-
crepoparensrocts {W; YN ) ¢ nagambHb MaOMKeCTBOM M:

Wo=M, W,=Wa(M), Wo=Wa(W1), ..., Wx=Wa(Wn_1).

O6mmas dopmyna umeer Bug W, = Wa(W;—1),i=1,..., N.

3ajata COCTOMT B OIPEIENeHHH OJHOIIATOBOIO olepaTopa Wa TakuM 06pasoM,
4T06BI 06eCHe nTD 6/IM30CTh HOCTPOEHHIT TIONATHON HPOIEYPhl K MHOXKECTBY paspe-
munvoctu Gy (M).

CaeoiicTBa omuoinarosoro omneparopa Wa. st 3aMKHYTOro MHOXKeCTBa Z C
CR™ r >0, uzyg € R" Oynem ucrop308aTh 0003HATECHUS

B(0,7) :={y e R": |y|| <r},
Z+4+B0,r):={z+y: z€Z, ycR", ||y| <7},
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Z¢:=Rn\ Z, p(20,7Z) == min{||z0 — z||: z € Z}.

Cdopmynupyem ciemyooiie CBOWCTBA OJHOIIATOBOIO OllepaTropa Z — WA(Z ) At
samkuyToro muoxectsa Z C R™ u A > 0. 3uech 4 (A) := || A2] el A4,

W1 (u-crabuiabHOCTD “K MoMeHTy” Ha miare). s mo6bx wo € Wa(Z) n vy € Q
Haiiiyres Takue uyx € P u s € [0, A], uro

p(ws, Z) < ||w0||'yA(A)A2, ws = wo + s(Awg + ux + Vy).

W2 (v-crabuwibHOCTb “K MOMeHTy” Ha mare). s mobbix wy € WL(Z) u u, € P
Hailgercsa Takoe v, € @, 94ro g Joboro s € [0, A] umeem

p(ws, Z°) < |Jwol|va(A)AZ, ws = wo + $(Awp + wx + Vy).

W3. I Z C Z* umeen Wa(Z) C Wa(Z7).
W4. Hust a > 0wu Zy, :=Z + B(0,a) nmeem

Wa(Za) C Wa(Z) + B(0, ael 412,
W5. CymecrByer Takas Heybbisaromasa Gyaknus A — £(A), aro

K(A) >0,  lim k(A)=0, WE(Z)C Z°+ B(0,k(A)A).
A—0

OcHoBHoii pesynbrar. (CBoiicTBa W1-W5 OJTHOIITAarOBOTO OIIEPATOPA WA obec-
MEYUBAIOT OJIU30CTH TIOCTPOEHU MOTIATHON POy Phl K MHOYKECTBY PA3PEITUMOCTH.
JokazaTesbCTBO 3TOr0 pesy/ibraTa CyIIeCTBEHHO UCIIOJIb3YeT uien paboTsl [2].

Paccmotpum ciywait BormyToro mMuoxectsa M, T.e. ciydaif, KOrjja MHOXKECTBO
R™ \ M sbmykso. Torga ceoiictBam W1-W5 yriosserBopsier oneparop Wa(Z) :=
= MU (e 42 - Wa(Z)), tie e — marpuunas sxcronenTa, Muozkectso Wa (Z) ompe-
JIeJIsIeTCsl KaK MHOYKECTBO Pa3PelImMOCTH BO BCIOMOTATEJbHOM 3aiade COMMKEHUS
B MoMeHT A [1] ¢ TepMUHAILHBIM MHOXKECTBOM Z M JAUHAMUKO IPOCTBIX JIBUZKEHUI
T =u+v,u € P,v € (. DTOT pe3ybTaT NO3BOJISET JOKA3ATH BOTHYTOCTH MHOXKECTBA
pa3pennMocTu 619(]\/[ ) # R™ 11 BOTHYTOrO TI€JIEBOTO MHOKeCTBa M.
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HETOKAJIBHAA OTVMHAMUKA MOJAE/IN CBA3AHHBIX OCIHUJJIIATOPOB
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Mb1 uzydaeMm HesoKajbHy0 guHaMuky mogeaun N (N > 2) uIeHTUIHBIX OCHHUILIS-
TOPOB C HEJIMHEITHON 3aIa3abIBAOIIeil 00PATHOM CBA3BIO

uj +u; = /\F(uj(t 1)) —i—'y(uj_l — 2u; +Uj+1) (] =1,...,N),
Up = UN, UN+1 = UL.

31ech uj; — neficTBUTENIbHBIE QYHKIMU, ' — KyCcOYHO HenpepbiBHast QYHKINS, yII0-
BJIeTBOpsitornasi ycaosuo F(x) = 0 upu || > p (rme p > 0 — HeKoTOpasi KOHCTAH-
Ta), 3ana3apiBanne 1 — [0J0XKUTeJbHAsT IIOCTOSIHHASL, HEHYJIEBOIl IIapaMeTp CBA3U 7y
Y/IOBJIETBODSIET HEPABEHCTBY v > —1/4 (3170 ycsioBrne HeOOGXOAUMO JJIsi TOTO, ITOOBL
cucreMa (1) GblIa JUCCUNATHBHOM ).

KiroueBoe 1pe/iiiosio’keHre COCTOUT B TOM, YTO IIOJIOKUATEIBHBIN ITapaMeTp A sB-
JIeTCsl TOCTATOYHO GosbimuM (A > 1).

Mp1 n3yuaeM HeJOKaJIbHYO guHAMUKY Mojesn (1). C moMompo CrieruaisHOro Me-
T0/1a GOJIBIIIOro apaMeTpa Mbl CTPOMM ACHMITOTHKY PEJIAKCAIOHHBIX PE?KUMOB ITOM
MOJIEJIH.

Mpe1 BBIGMpaEM Clienna bHOE MHOYKECTBO HAUAJIbHbIX YCJIOBHI B (ha30BOM IIPOCTPAH-
cree C([—T,0]); RY) u crpoum acumiroTuky Beex pentenuit cucteMbl (1) ¢ Ha9a bHBI-
MU yCJIOBUAMM U3 3TOI'O MHO2KECTBaA. HO ACUMIITOTUKE MbI II0JIy9a€eM KOHECIYHOMEPHOE
orobpazkenue ITyankape, KOTOpoe MO3BOJIIET YTOYHUTH 3HAUEHUsI IIAPAMETPOB, (bu-
rypupyoomux B $hopMmysiax Jisi ACHMIITOTHKN PEIICHHSI.

JIoKa3aHO, 4TO TIPH IHOJIOKUTEIbHBIX 3HAUCHUSX IIapaMeTpa 7y HAunHAs ¢ HEKOTO-
POro MOMEHTA BPEMEHH BCE OCIUIIISTOPBI CHHXPOHU3UPYIOTCsL. B cityuae oTpuiaTesh-
HO#T CBsI31 MeXK Iy ocrusuisropamu — —1/4 < < 0 ¥ 9eTHOro Ynciia OCIUJUIATOPOB
IIOKa3aHO, 9YTO CHUHXPOHU3UPYIOTCsA BCE OCIUJJIATOPBI C YE€THBIMU HOMEpaMU U BCe
OCIIMJIIIITOPBI ¢ HEYETHBIMI HOMEPAMH; & B CJlydae HEYEeTHOrO YHC/A OCIMIUISTOPOB
[OKa3aHo, 910 Bce N IapaMeTpoB, COlepKaIuXcsa B orobpaxkenun [lyankape, Haxo-
JIATCsT BOJIM3H OJTHOTO U TOTO YK€ JIBYMEPHOT'O TIOJIIIPOCTPAHCTBA UCXOIHOTO N-MEpHOTO
IPOCTPAHCTBA HA BCEX MTEPAISIX OTOOPAKEHMUSI.

Crucok Jureparyphbl
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JIOKATTbHAS IUHAMUKA YPABHEHUS BTOPOT'O TTOPSIJTKA
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PaccmorpumM cHHIYISIPHO BO3MYIIEHHOE YpaBHEHHE BTOPOI'O IOPS/IKA C 3ama3/Ibl-
BaHUEM

e2i 4+ o(e)t + k(e)r = fla(t — 1(2)), &(t — 7(x)),€), 0<ex . (1)

3necy x € R, f u T > 0 — mocrarouno riaakue dysxmun. ycers f(0,0) = 0, Torma
2 = 0 ABJAETCS COCTOSTHUEM DABHOBeCHsl. PACCMOTPUM HEKOTODYIO MaJjyto (HO He
3aBUCSIIYIO OT €) OKPECTHOCTD HyssA. IIyeTh suist Beex o m3 9Toil okpectHOCTH T ()
orpanmnyeHa nocrosaaoit M: 0 < 7(x) < M.

IMocraBuM 3aza4y UCCIEIOBATH OBeAeHNe perneHuil ypasaenus (1) B HeKOTOpOI
MaJyIoit (HO He 3aBuCHIIEH OT €) OKPECTHOCTH HyJIsl B (DA30BOM IIPOCTPAHCTBE C[{ M.0]
[IPU JOCTATOYHO MAJIBIX €.

Ormernm, uro ypasaenue (1) mosiydaercst U3 ypaBHEHHs C OOJIBIIMM 3alla3/[blBa-
HUEM

Z+at+bxr =gzt —T7(x)),z(t — T7(x))), T>1.
Torma e = T~ 1, o(e) = vea, k(e) = b, f(z,y,¢) = g(x, Vey).

B cayuae, korma 3anasasisanne nocrostiio 7() = T, 3a7a4a obcyknanack B [1], a
B ciydae, Korga gonosaaurensuo f(xz,y,e) = f(x,€), — B [2]. Hekoropble pe3ynbrarst
JUISL CJlydasi, KOIJIa 3alla3/blBAHAEe 3aBUCUT OT UcKoMoil dyukuuu (state-dependent
delay), uzmnoxensr B [3].

B cayuae, Korjia BCce TOYKHU CHEKTPa JMHEAPU30BAHHON 3aJ1a9K JIEXKAT CJIEBA OT
MHUMOI ocHu (I/I oT/eJiIeHbl OT Hee)7 opu J0CTaTOYHO MaJIbIX & JUHaMHKa TPpUBUAJIb-
HA: BCE DEINEHUs CTPEMTCs K HyJH0. ECau IpU JOCTATOYHO MAJIbIX € XOTs Obl OJI-
HA TOYKA CIEKTPa MMEET IHOJIOXKUTEJbHYIO (M OTIEJEHHYIO OT HyJIs) BENIECTBEHHYIO
9aCTh, JUHAMUKA CTAHOBUTCS HEJOKAJBHOW: B OKPECTHOCTH COCTOSTHUS PABHOBECHUS
HET yCTOIjILH/IBbIX peIIIeHHﬁ. BO BCE€X OCTaJIbHBIX CJ/IydadX CYIIECTBYIOT TOYKH CIICK-
Tpa, PaCIOJIOXKEHHBbIE CKOJIb YIrOJHO Osim3ko K MHHMOI ocu. Hambospmnii muaTEpec
OpeacTaB/IAgA0OT CUTYyallill, B KOTOPbLIX KOJIMIECTBO TaKUX TOYEK CKOJIb YI'O/IHO BEJIUKO.
Bymem ropopurs, 9T0 TaKne KpUTUIECKHE CIIyIal UMEIOT OECKOHETHYI0 PA3MEPHOCTD.

B KpuTHIECKHX CIydasx HOCTPOEHBI CIENUATbLHbIE HEJUHEHHBIE YPABHEHAS — HOP-
MaJIbHbIE€ 1 KBa3MHOPDMAaJIbHbIE (1)OprI7 KOTOpPbIE HE 3aBUCAT OT MaJIOI'O ITapaMeTpa
b0 3aBUCAT OT HErO peryssipHo. VIX perieHust onpeessiorT TJIaBHble YaCTU aCHMII-
TOTHIECKOTO NPUOINKeHNsI perennii ypasHerust (1).

Crucok Jureparypbl
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PEHIMAIBHO-DA3HOCTHOTO YPABHEHUSI BTOPOrO MOPSAJKA ¢ GOIBIUM 3ama3apiBanueM / /

2KBMuM®. 1998. T. 38, Ne3. C. 457—465.

3. Toayberney B.O., Kawenrxo HU.C. JlokajnbHasi TUHAMUKA CHUHTYJISPHO BO3MYIIEHHOTO
yYPaBHEHMsI BTOPOTO MOPSIKA C 3ala3/IbIBAHIEM, 3aBUCAIM OT coctognuga // Mar. 3a-

merku. 2022. T. 111, Ne5. C. 795-799.

PE/TAKCAILIMOHHBIE KOJIEBAHUSA B YPABHEHUU BTOPOTO
IMOPSAIKA C 3AITA3/IBIBAIOIIEN OBPATHOWN CBA3bIO*

C. A. Kamenko

Hpocrascruti 2ocydapemeennvti yrusepcumem um. I1.1. emudosa,
Hpocaasan, Poccus,

email: kasch@uniyar.ac.ru

PaCCMa.TpI/IBaeTCSI HeJINHETHOe CUHTYJ/IAPHO BO3MYIIIEHHOE YPpaBHEHUE C 3alla3/IbIBa-
HHUeM

i+ at+bu = AF(u(t —T)), (1)

B KOTOPOM IapaMeTpbl a, b u T’ T0JIOXKUTEJIbHBI, a [IapaMeTp A sBJISIETCS JOCTATOIHO
OOJIBITINM:

A1 (2)

Dyuknus F(u) sasiercs GUHATHOM, T.e. JJIsl HEKOTOPOTO p > () BBIIIOJIHEHO PABEHCTBO

py {700 i< o
0 opu |u| > p.

Hcesieryem BOIPOC O IMHAMUYECKUX CBOiicTBaxX ypasuenus (1) upu yciaousx (2) u (3).
BaskHyio poJib UI'PaeT PaCIIoNIOKEeHNe KOPHEil ypaBHEHUs

p? +ap+b=0. (4)

Hunaavuka (1) B caydasix BEIIECTBEHHBIX U KOMILIEKCHBIX KODHEH 3TOr0 ypaBHEHHsI
CYIIECTBEHHO Pa3/INdaeTCs, IIO3TOMY PACCMOTPUM HUX OTAEJbHO.

1. ITyctb KOpHU p1 U o ypaBHeHus (4) BEMIECTBEHHBI U PA3JIMIHBIL, T.€.
a® —4b > 0, (5)

U mycTh g < pp < 0. [osroxkum fOT f(£pexp(uis))ds = Ay,

*Pabora BBINOJHEHA B paMKax peajii3allid [POrPaMMbl PA3BUTHUSI PETMOHAJIBHOIO HAydIHO-
o6paszoBareabHOro MaTeMarndeckoro nenrpa (Spl'Y) npu dbunancosoit mojuep:kke Munucrep-
CTBa HayKW W BhICIIEro obpasoBanust PP (cormaimieHne o IpefocTaBiieHUH u3 heepalibHOro

6ro/prera cybeuaunu Ne 075-02-2022-886).
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Teopema 1. ITymv A, > 0 (A_ < 0). Tozda npu ycaosuszx (2) u (5) das ecex
docmamouno Goavwuzr A ypasnenue (1) umeem ycmotinusoe nepuodudeckoe ¢ nepu-
odom To(N) pewenue ug(t, ), dasa xKomopozo na ompesxe [—T,0] daunv, 3anazdvisa-
HuA 6epHo acumnmomuyeckoe pasercmaeo ug(t, A) = p(1 + o(1)) exp(p1t) (uo(t, A) =
= —p(1+0(1)) exp(pat)).

Hotst ug(A, ) MOYKHO MOJIyYUTh ACUMIITOTHYECKHE IPH A — OO DPA3JIOXKEHUs! IPH
Beex t. Ormernm jmiib, 9ro maxy [ug(t, A)| = O(A), To(A) = (1 + o(1)) In A.

Teopema 2. IIymv AL <0 (A_ > 0). Tozda npu ycaosuazx (2) u (5) daa ecex
docmamouno Goavwuxr A ypasrenue (1) umeem ycmotivusoe nepuoduueckoe ¢ nepuo-
dom To(X) pewenue ug(t, N), das komopozo na ompeske [—T,0] daunv, 3anasdusarus
sepHo acumnmomuueckoe pasencmso uo(t, A) = p(1 + o(1)) exp(u1t).

Brmecy To(A) = (24 0o(1)) In A
2. Ilpu ycosun a? — 4b < 0 munamuyeckue cpoiictba (1) cylnecTBeHHO cio¥XHee.

OcranoBumcs Ha ciydae, korga Tv/4b — a? < w. Beegem B paccmorpenue dhopmaib-
Hoe orobpazkenue nosyocu (0,00) B cebs

2= (p_(—ps (), (6)

B KOTOPOM
pi(z) = [22 exp(—2aT) + (w*2?) ™ £ 2w % exp(—aT) COS(wT):| exp(2ayx),  (7)

roe w = V4b—a?, a 1epes Y obo3HadeH mpuHaTeXKamuii uHTepBaty (—7m/w,0)
KOPEHb ypaBHEHUs

tg(wip) = (2w)? sin(wT’) [(2w)? cos(wT') F exp(aT)] -

OCHOBHOIl pPe3yJIbTaT COCTOUT B TOM, 4TO JUHAMUKA oToOparkenus (7) ompeiesiser
[PU JI0CTATOYHO GOJILIIUX A CTPYKTYpy arTpakropa ypasaenus (1). Bosee Touno:
rpy6biM ycranoBuBiiuMcs rpaekropusm (7) orsedaer (pu A 3> 1) ycraHOBUBIIMIACS
pexxum ypasHerust (1) Toif ke CTPyKTypbl U TO# ke ycroitumsoctu. Kpome storo,
C TIOMOIIBIO TPAEKTOPUH Z, OTOOpaxkeHust (6) yJaeTcss BOCCTAHOBUTH ACUMIITOTHKY
coorseTcTByIoMero perenus (1).

Meroauka uccseoBanust cocTouT B cieyomeM. Oupeesaum B hpasoBoM IPOCTPaH-
cree Cl_r,] X R! ypasrenns (1) MHO)ecTBO Hava bHLIX GyHKIHI S(2), 3aBUCATITX
OT HEKOTOPOTO HapaMeTpa z, U OyJIeM CTPOUTH ACUMITOTUKY IIPU A — 0O PEIeHuii ¢
HAYaJIbHBIMU yeaoBusiMu u3 S(z). 3areM crenuasbHBIM 06pa30M OIPEIEJMM HEKOTO-
poIit onepatop nocsenosanust I1, koropsrit GyHKIMEI n3 S(z) CTABUT B COOTBETCTBUE
(¢ momorpio permenusi) dynkimo n3 S(Z). Kak okaxkercs, 3HaUeHHe Z 3aBHCUT B
[JIABHOM TOJIKO OT 2, W, CJEJIOBATEJIbHO, NUHAMUKA OToOpazkenus (6) oupenesser
CTPYKTYPY pelleHuii ¢ HAYaJIbHbIMU yCJIOBUsAME U3 S (2) UCXOIHOrO ypaBHEHHUS.

Uraxk, dukcupyem nponssossHo 6 € (0,7T) u BBeieM B pACCMOTPEHHE MHOXKECTBO
S(z) mo npaswy

S(z) = {(90(5)75‘.7(0))7 p(s) € C[l—T,O]»
¢(s) = Azsin(ws) exp(—as) upn s € [-4,0]; |¢(s)| > p upn s € [-T,—6]}.

OrmeTnM, 9TO § MOXKET OBbITH BBIOPAH CKOJIb YTOJHO MAJIBIM, HO HE 3aBUCUMBIM OT .
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Teopema 3. ITycmv omobpasicenue (6) umeem 2pyovili YUKA Z1, ..., 2k, Z1, - - -
nepuoda k. Tozda npu docmamouno Gosvwur A ypasuerue (1) umeem nepuoduse-
ckoe pewenue Tk(t, ) Mot oce Yemoiuusocmu, NPudem Ha HEKOMOPLIL OMPE3KAT
dnunor T svinoaneno sxaovwenue k(s + 75, ¢) € S(z;).

Ipu ycnosuu Tv/4b — a? > 7w uccieoBanue TUHAMUKH UCXOHOTO yPABHEHUS CBO-
JUTCS K U3YYEHUIO JUHAMUKH CIEIMAJIbHBIX 0TOOpakeHuil pasmepHoctu 3,5,7, . . . .

HEPEIV/ISIPHBIE PEIIEHUVS B IETTOYKE CBSIBAHHBIX
VPABHEHUN BAH-AEP-I1O/IA*

C. A. Kamenko, A. O. ToxabGeit

Hpocraseruti 2ocydapemeennoiti yrnusepcumem um. I1.I. JTemudosa,
Hpocaasan, Poccus,

kasch@uniyar.ac.ru, a.tolbey@uniyar.ac.ru

PaccmarpuBaercs nenouka muddy3nonno cBsa3aHHBIX ypaBHeHnuit Bau-maep-Iloss
il + aiy + uj +iu; = (ujp1 = 2u5 i), j=1,...,N, (1)

Uy = UN, UN4+1 = U1. SHadeHue u;(t) OyaeM acconuupoBaTb CO 3HadeHHeM (yHK-
IUH OBYX IepeMeHHbIX u(t,x;), The T1,...,LN — PABHOMEDHO pACIpelesIeHHbIe Ha
HEKOTOPOil OKPY?KHOCTU TOYKH C YIJIOBO# KoopjuHaroit r; = 2mNN —145. OcHoBHOE
MIPEJIIIOJIOYKEHNE COCTOUT B TOM, UTO 3HadeHune N JTOCTATOIHO BEJIMKO, T.€.

e=2TN"1 <« 1. (2)

Huxe koaddbunment a B (1) cunraem oHOTOPSAIKOBBIM ¢ €21 a = £2ag.
VYesosue (2) maer ocHOBaHME OT JUCKpeTHOH Mojenn (1) mepefitn K HempepbIBHOI
10 IPOCTPAHCTBEHHOI [IepeMeHHON T KpaeBoil 3auade 1yt u = u(t, x):

0%u ou ou 4
quaaqLqu T =d[u(t,z +¢) — 2u(t,z) + u(t,z —¢)], (3)

u(t,z+ 27) = u(t, ). (4)

Wecenenyem noseenne pemenuii 9Toi KpaeBoii 3aa91 ¢ HA9aJbHBIMUA YCJIOBUAMU U3
HEKOTOPOil JIOCTATOYHO MAJIOH OKPECTHOCTU HYJIEBOI'O COCTOSHHUSI paBHOBecHs. JInHe-
apu30BaHHasd B HyJle KpaeBas 3a1a4a UMEET B

0%u ou

W—l—aa—i—u:d[u(t,x—i—s)—2u(t,x)+u(t,x—€)]. (5)

BeckoHe1HO MHOTO KOpHEll XapaKTepUCTHIECKOro ypaBHeHust st (5)
z

N+ e2ap) + 1 = —4sin? 5

z=ck, k=0+1,42, ..., (6)

*Pabora BblnosiHeHa npu GUHAHCOBOI mozaepkke Poccuiickoro Haywnoro ¢gouma (mpoext Ne21-

71-30011).
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crpeMsiTess K MEUMOE ocu ipu € — 0. TTosTomy MoKHO roBoputh, urto s (3), (4)
UMeeT MeCTO OECKOHEYHOMEPHBIN KPUTHUYECKHIT CIIydail.

PaccMoTpuM Te permenusi, KOTOpbie (GpOPMUPYIOTCS HA ACUMIITOTHIECKH GOJIBITHAX
MOJIaX, T.€. ABJAIOTCA HEPETYJISIPHBIMA.

Dukcupyem IPOU3BOJILHO MOJOKUTENBHOE 3HaUeHne 0 # mn (n =1,2,...) u mosuo-
xuM B (6) k= de 1 + 0 +m, tye 0 = 0(e) € [0,1) goNOTHAET JI0 TIETOTO BBIPasKEHIe
de=t am = 0,41,42,.... Torya xpaesas 3amaga (5), (4) UMeeT cOOTBETCTBEHHO
perenust

u(t,z,e) = exp[i(g +6+ m)x + 2i(a + %a‘l(e +m)sind + 0(52))4,

e o = (1 +4sin?(6/2))Y/2. Orcioma cieyer, 9T0 HEKOTOPYIO COBOKYIIHOCTE HEPETy-
JISPHBIX PeIeHui KpaeBoii 3aga4an (3), (4) ecTeCcTBEHHO HCKATH B BHJE

u=¢e(Ey(t,xe)é(r,24) + cc+ E_(t,z,e)n(t,z_)) +
e2(Ey(t,z,e)fr(r,t,2) + ce+ E_(t,z,e) f_(7,t,2)) + 2us(t, T, 2,e) + ..., (7)
e T = e°t,
_ £ g _ s —1 : € g
xy =zt 5 (cos §>t, Ey(t,z,e) = exp[z(és +0)x+ 2z<a + 5% 931115)15]

[ozcrasum (7) B (3). Cobepem xoabdummente npu 3. Buibupas cremuaibHbIM
obpazom dyukimn fi(7,t,x), MOJyIaeM ypaBHEHHE OTHOCUTEJIBHO ugz. VI3 ycuoBust
€ro pa3peIIuMOCTH B KJIACCe IePUOITICCKIX 10 t 1 T PyHKIMIl TPUXOAUM K KpaeBoil
3ajia4e Jyisl Olpele/IeHIs Hen3BeCTHbIX aMuty &(7, x4 ) u n(T, z_):

0 1) 0? 0
5 —sin§ [0 — 0%k —ie| —ane - elleP + 2] (6)

0 0% 0
200 —sin 2[i T~ 02 w0y — aan—ull? + 204067, )
Eratom) =€), n(ra+2m) = n(ra). (10)

Bnech npuraTo obozHauenne M (p(z)) = (2m)~! f02 "

Takum 06pa3oMm, Jjisi IPOU3BOJIBHOIO (DUKCUPOBAHHOIO 3HAYEHHS TIapaMeTpa o I1o-
cTpoenbl Kpaesbie 3a1a49n (8)—(10), pereHust KOTOPBIX OIPEJIEISIIOT COTIACHO ACHMII-
roTrueckoii popmyiie (7) HeperyJsipHble PelIeHns UCXOIHON KpaeBoii 3auaun (3), (4)
¢ TOUHOCTBIO 10 0(£3).
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OIITUMAJIBHBIE CTPATEI'MU COYETAHUY JIEKAPCTBEHHON
U OHKOJIUTUYECKOW BUPYCHOW TEPAIIUN
B MOJIE/IU JIEYEHUA PAKA

E. H. Xaitnos, 9. B. I'puropnena

Mocxkosckuti 2ocydapcmeernnviti ynusepcumem, Mocksa, Poccus
Texaccruti ocencrutl yrnusepcumem, enwmon, CIIIA

khailov@cs.msu.su, egrigorieva@twu.edu

Omnkosiornveckne 3aboJieBaHMs SIBISIIOTCH TyI00asIbHON 1pobiiemoit. Ocrtpoty eit
IIPUIAIOT TIOBCEMECTHBIN POCT 3a00/IeBa€MOCTH U OCODEHHO POCT cMepTHOCTH. B Ha-
cTodIiee BpeMsl INEPCIIEKTUBHBLIM HallpaBJ€HUEM B Tepallui pakKa sABJIAETCdA BUPY-
coTepanus, KOTOpasi 3aKJI0YaeTCs B HCIIOJIH30BAHUN JIJIsl JIEYEHHs] OHKOJIOIMYIECKUX
3a00JIeBaHNil BUPYCOB, clenndUIecKr IOpaykalolux pakoBble kieTku. CymiecTByer
HECKOJIbKO MEXaHU3MOB [TOPaKEHUsT PAKOBLIX KJIETOK OHKOJIMTHYECKIME BUDYCAMHU:

(a) MHOT'OKpaTHasl peIlJInKallusl BUPpYCa BHYTPpHU paKOBOﬁ KJIETKH, IIPUBOJAIIAA K
ee rubesn;

(6) Bpra6OTKa IMUTOTOKCUYIHOI'O IPOTENHA, ITOBPE2KIAIOIIETO PaKOBbIE KJIETKU,

(B) crTUMyJISIUS UMMYHHO CHCTEMbI OPraHU3MA IIAIUEHTA B CBSI3U C BOCIAIUTE b
HBIM IIPOIECCOM, IIOPOK/IEHHBIM BUPYCOM.

MaremMaTu4ecKOMy MOE/JMPOBAHUIO BUPYCOTEPAINHU, a TaKXkKe HOucKy 3ddekTus-
HBIX IIPOTOKOJIOB €€ TIPUMEHEHUs TIOCBAIEeHbl paborel [1-4]. B Hux npesyioxkeHsr un
U3yYeHbl MaTEeMaTHIECKUe MOJIENH, IO/I00HBIe MOojenn “‘XulHuK—kepTBa’ JIoTku—
Bosbrepps! [5], KOTOpBIE ONUCHIBAIOT B3aUMOEICTBIE HEMHMUIMPOBAHHBIX 1 MHMU-
[MPOBAHHBIX OHKOJMUTUIECKUM BUPYCOM PAKOBBIX KJIETOK U YUUTBHIBAIOT MEPBBIA U3
[IEPEYNCIICHHBIX MEXaHU3MOB UX ITopaskeHust. HacTosrmuit T0KIa,/1 IPOoI0JIKaeT U pas-
BUBAET UCCJIEIOBAHUS B 9TOM HAIIPABJICHUH.

Pacemorpum Ha 3a1aHHOM oTpeske BpemeHn [0, T, sIBIISIFOIIEMCSI TIEPHOJIOM JI€Te-
HUSI PAKOBOTO 3a00JIEBAHUSI, HEJIMHEHHYIO yIIPABIAEMYIO cucTeMy JuddepeHInab-
HBIX YpPaBHEHUN

2’ (t) = ra(t)(1 —z(t) — y(t) — v(t)z(t)y(t),
y'(t) = ray(t) (1 — z(t) — y(t)) +v(t)z(t)y(t) — aw(t)y(t), (1)
z(0) = xo, ¥(0)=wo; xo,%0 >0, xo+yo <1,

KOTOpasi OIMCBIBAET B3AMMOJECIHCTBAEC HEMH(MDUIMPOBAHHBIX U MH(MUIMPOBAHHBIX OH-
KOJINTUIECKUM BUDPYCOM DPaKOBBIX KJIETOK. B 3T0il cucreme x(t) — KOHIEHTDAIWSI
HenHMUIMPOBAHHBIX, & y(t) — KOHIEHTpaIsi NHQUINPOBAHHBIX PAKOBBIX KJIETOK,
Zo U Yo — COOTBETCTBYIOIHE HAYAJIBHbIE YCIOBUA. 3M1ECh T'1, T'2, & — 3aJaHHbIE 110JI0-
JKUTEJIbHBIE TTapaMeTpPhl, TIpudeM 11 > 7. Takke cucrema (1) COepKUT yUPABISIO-
e dynknuu v(t) u w(t), 1o IMHEHHbIE OrPAHUYEHUIM

0 S Umin S ’U(t) S ]-7 0 S w(t) S Wmax S ]-7 (2)

[JI€ Upmin ¥ Wmax — 3aJaHHBIE [IOJOXKUTE/IbHBIE KOHCTAHTBI. YpasJienue v(t) 3agaer
3 HEKTUBHOCTD JIEKAPCTBEHHON Tepanuu B OJIOKUPOBAHUU BUPYCHOU MHMEKINH, a
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yupasserne w(t) orpakaer 3bQEKTUBHOCTh YHUITOXKEHNsI NHOUIUPOBAHHBIX PAKO-
BBIX KJIETOK. HO,/I MHO2KE€CTBOM JIOITIyCTUMBbIX yIIpaB.HeHI/If/'I QT MbI IIOHHUMa€M BCEBO3-
MoxkHbIe Taps! (v(t), w(t)) u3amepumbix 1o Jlebery dyHkIwmit v(t) 1 w(t), KOTOPHIE IPU
nourn Beex t € [0, 7] yoBIETBOPSIIOT OrPAHIYEHUAM (2).

Beegem muozkecTBo A = {(2,9): 0 <z <1, 0 <y < 1}. Torga mjist IpOU3BOJILHOI
JoryctuMoit apel yupasiernit (v(t), w(t)) coorsercraytommee pemenne (x(t), y(t)) cu-
crembl (1) onpeneneno Ha Beem orpeske [0, 7] 1 yI0BIeTBOPsieT BKIIOUECHUIO

(z(t),y(t)) € A, t€[0,T]. (3)

s cucrembr (1) Ha MHOXKECTBE JOILyCTUMBIX yIpaBjeHuil {d Mbl PACCMOTPUM
3a/1a9y MUHUMU3AIUHI 11eJI€BOit (DyHKITIN

T(v,w) = 2(T) + y(T), (@)

KOTOpAasi IIPeJICTaBJIsIeT COO0 CyMMYy KOHIIEHTpalnii HenH(MUIIMPOBAHHBIX U UHMUIH-
POBAHHBIX PAKOBBIX KJIETOK B KOHe4HbIH Moment T  nepuoja nedenus [0, T).
Corytacuo [6], Britouenue (3) rapaHTHpyeT CylIECTBOBAHHE B 3aJlade MUHUMU-
sanmu (4) ONTHMAJbHBIX ynpaBieHHH v.(t) u wy(t), a Tak:Ke OTBEYAIOMNIETO UM
onTuMasabHOro pereHnst (X (t),y«(t)) cumerembr (1). st ux aHAIM3a NPUMEHUM
npuHimn MakcnmyMa IlonTpsirnsa [7]. Torma cymecTByer Takasi BEKTODP-(DyHKIHsT

o(t) = (¢1(t), P2(t)), aTo

e (1) sABJIFETCSI HETPUBUAJILHBIM PEIICHUEM COIPSI?KEHHON CHCTEMBbI
PL(t) = riz ()1 (t) + (r2 — va (1)) (8)B2(1),
Po(t) = (r1 + vx(£))y« () D1 (t) + T2y (t)d2(t), (5)
1(T) = 2.(T), ¢2(T) = y«(T);

o yrpaBJyieHUs Uy (t) 1 wy(t) yIOBIETBOPSIIOT COOTHOIIEHUSIM

1 npu L, (t) > 0,

v, (t) = { moboe v € [Umin, 1] 1pu L,(t) =0 (6)
VUmnin npu L,(t) <0,
Wnax upu L, (t) >0

w(t) = { moboe w € [0, Wmax] 1wpm Ly (t) =0, (7)
0 upu Ly, (t) <0

B KOTOPBIX (DYHKITIH

Ly(t) = yu(0)1(t) — 2u(t)P2(t),  Lu(t) = ¢2(t) (8)
SIBJISTIOTCsT DYHKIMAME Tiepekiodernii. OHu onmebiBaoT ¢ moMorsio dbopmya (6) u (7)
HOBeJIeHNE YIPABIeHUH U, () 1 wy (t).
Anamms cucremsr (5) u coornomenwuit (6)—(8) mokaseiBaeT, 9To
e yupasieHus v, (t) 1 w,(t) UMEoT peefiHbIl BUJ U NEPEKIIOIAIOTCST MEXKILY CO-
OTBETCTBYIOMAMHA 3HATEHUSIMA Upnin, 1 1 0, Winax. [IPH 9TOM YIIPABJICHAST IMEIOT OJTA-
HAKOBYIO OIEHKY 113 TUCJIa MEePeKTIOUeHnil, KOTopast 3a1aeTcst (pOpMyJIoit

2T
"o [_\/(Tl + 1)((r1 = 1r2) + awmax)e(m Far2tawmact DT 41,
™
e depes [0] obGo3HaveHA Iesas 9acTh HOJIOKATEIBHOIO Yncia 0,
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e x kouiy T orpeska Bpemenn [0, 7] IpUMBIKAET HHTEPBAJ, HA KOTOPOM yIIPAaBJIE-
HUSL V4 (t) 1 W, () IPUHUMAIOT COOTBETCTBYIONME MAKCUMAJIbHBIE 3HAYEHUST | U Winax;

® [epeKJIIoYeHNe 3HaYeHUl yupaBieHuil vy (t) u wy(t) He IPOUCXOIUT OJIHOBPEMEH-
uo. Eciin B moment Bpemenu t, € (0,7) oCyIIeCcTBISETCs IEPEKIIOUCHIE 3HAYCHU
yupasJieHus Uy (t), To upu Wy (ty) = Wmax ITO HEPEKIIOYEHUE TIPOUCXOIUT € 1 HA Upin,
a pu wy (t,) = 0 Takoe IepeKIIoIeHre TIPOUCXOIUT, HA0OOPOT, € Umin Ha 1. Ecim xe
B MOMEHT BpeMeHH t,, € (0,7) 0CyIecTBIsAeTCs IePeKITIOIeHre SHAYEHUH yIIpaBJie-
HUsT Wy (t), TO mpu v4(ty,) = 1 370 mepekmouerne mponcxo uT ¢ 0 Ha Wmax, & TIPU
Vs (t1y) = Vpmin TAKOE HEPEKJIIOUEHUE IIPOUCKOIUT, HA00OPOT, € Wimax Ha 0.

B moxsaie mpeacTaBiaeHsbl B MOAPOOHO 00CY 2K IAIOTCS PE3YILTATH YUCIEHHBIX Pac-
4YeToB pelleHus 3aja4u MunuMusanuu (4), Bomosdenssie B cpege BOCOP-2.0.5.
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O HEOBXOJUMOCTU KPAEBBIX YCJ/IOBUI
MIPUHIIUIIA MAKCUMYMA HA BECKOHEYHOCTH

. B. Xmonux

Hremumym mamemamury u mexanuku um. H.H. Kpacosckoeo YpO PAH,
Examepunbype, Poccus

khlopin@imm.uran.ru

Paccvorpum 3a1a1y yrpasiienns Ha 6€CKOHETHOM ITPOMEXKYTKE
o0
min / fo(r,y(r), u(r)) dr,
0

g(t) = f(t,y(t),u(t)),  y(0) =wo € R™.

Bynem npemmonarars, aro MHOXKeCTBO U 3aMKHYTO B HEKOTOPOM KOHEYHOMEDHOM
€BKJIMI0BOM IIPOCTPAHCTBE, a orobpaxkenus f: Ry X R™ xU — R™ u fp: Ry xR™ x
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x U — R (1 ux mpousBOJHBIE 110 I) SBJISAIOTCS HENPEPBIBHBIMU N0 (X, u) n Gopesies-
ckuMu 10 t. J1i1st mpocToThl (GOPMYIUPOBKE JJTst KaXKJI0T0 GOPEIEBCKOTO YIIPABJIEHHsI
u € B(R4;U) npeamonoknM TakzkKe, 9To sl HEKOTOPOH JIOKAJIBHO CyMMHPYEMOit
dyukmpm C,, € B(R4;Ry) Boipaxkenne Cy(t)(1 + ||z||) npu Beex (t,x) He MeHbIIE
CYyMMBI

2 2

+ H%(t,x,u(t))

15OV + Volt )P + | 1)

Torna ¢ kaxkapiM ycaosueM y(0) = Z Bekroproe noste (t, z) — f(t, z,u(t)) nopox-
naer epuucrsennoe (Ha Ry) pemenne y(Z, u;-), a ¢ HuM u HYHKIMOHAI

6
J(i,u;@):/fo(t,y(f,u;t),u(t))dt Ve e R™, we BRy;U), 6cRy.
0

Beenem Takke miast Beex (x,1,u, A\, t) € R™ x R™* x U x Ry x Ry dbyskuuio
Tamunprona—IlonTpsiruna

H(z,,u,\t) = z/)f(t,x,u) - )\fo(t,x,u).
Teopema. ITycmo ynpasaenue @ € B(R1;U) caabo obeonaowe onmumasoro:

lim sup[J (zo, u; 0) — J(zg, 4;6)] >0 Vu € B(R4,U).
6100

Tozda natidemes nenyaesan napa (¥, ) € C(R4, R™*)x{0, 1}, ydosaemsoparowasn
YCAOBUIO MAKCUMUSAUUY 2AMUNBTIOHUGHA

sggH(y(xo,ﬂ; t),¥(t),v, )\,t) = H(y(xo,ﬂ; 1), ¥(t), u(t), )\,t)

u COTLpﬂOfC@HHOﬁ cucmeme

(3/Lﬂ noivmu ecex t, a makotce Kpaegomy Yycaosuro
. oJ .
—1(0) € co Limsup A= (Tp, U5 0p,) p. (1)
071T007 Tn—T0, )‘ni)\ 8$

J (@, 850n) = J (20,8;0n)—0
Ecau ynpasaenue 4 maxotce 0620HA0WE ONMUMAALHO, M.€.

hg%inf[J(xo,u;H)fJ(:EO,ﬁ;H)] >0 Yu € B(R4,U),
oo
mo emecmo kpae6ozo ycaosus (1) moocho 63amob bosee cuavbroe ycaosue

oJ
—(0) € ﬂ Limsup {/\na—(xn,ﬁ; On)} (2)
Tn L0, An €T
{(On)nen€RY [0utoo} y(, a5 TG0t | L

ITpuamun makcnmyMma [lonTpsruHa Kak HeoOXOIMMOe yCJIOBHE JUId 3aJad Ha Oec-
KOHEYHOM IIpOI\/Ie)KyTKe XOpOIHO N3BECTEH U 6bIJI IIOKa3aH y)Ke B [1], JJId MaKCHUMaJIb-
HO obrmieit nocranosku cM. [2]. OpHako moabOp i HEr0 B KavecTBe HEOOXOIMMO-
0 YCJOBUST KPAEBOTO YCJIOBUS HA COIPSIPKEHHYIO TEPEMEHHYIO OOBITHO 3aTPYIHEH U
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ONMpAeTcst Ha KaKWe-Jubo AlPUOPHBIE aCUMITOTHYECKHE Tpemookerns (cm. [3]).
VYeaosust (1) u (2) He uMmeroT 3TOrO HeZOCTATKA. TeM He MeHee B yKA3aHHOM BBIIIE
BUJIe UX MPOBEepKa HeyobHa. [IpuBeseM UX reoOMeTPUYIECKYIO0 MHTEPIPETAIUIO JIJIst
ciydas A = 1.

Paccmorpum mocsieioBaTeIbHOCTh MOMEHTOB BpemeHu 6, 1 oo. CoBMecTHO perast
UCXOJHYIO U COIPSKEHHYIO CUCTeMBI ¢ A = 1 m u = 4, nogbepeM Bce IOCJIE0BA-
TEJLHOCTU (Y, Yy ), TOTHO YIOBIETBODSIONIHIE yCIoBuio ¥, (6,) = 0, u Bce TouHee
yeaosuaM Y (0) = zo, J(yn(0),4;0,) ~ J(xo,q;60,). Habepem Bce mpejesbl Takux
1y, Cpesu HUX B ciiyvdae OOrOHSIONIEr0 KPUTEPHUs HAWIETCsI Y U3 TeOPEMbI [P JI00O0T
0, T 0o. st c1abo OBrOHSIIOMEr0 KPUTEPUs HYKHO COOPATH Tpesesibl TakuX Yy, (0)
st Beex 0, T 0o B obmee MHOXKecTBO 1 uckarTh (0) B ero BBIIYKJIOH 06OIOUKE.
OTMernM, 9T0, XOTsI 3Ta BBIIYKJas 000JI0UYKa MOXKET OKa3aThCsl OYeHb OOJIBIIONM, ee
HEJIb3sl yMEHBIIUTh 6e3 JOIOJHUTEIbHBIX PEIIIoaoKenuil (cM., nanpumep, [4]), au
OJIHy U3 ee TOYEK Heyib3s yOparhb 0e3 norepu ycsosueM (1) cBoeil HeOOXOAUMOCTH.
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BUY-TIPOLIECC — JIN®DOEPEHIIUAJIBHASA UT'PA*
A. B. Kum, I'' A. Bouapos

UMM um. H.H. Kpacosckozo ¥YpO PAH, Examepunbype, Poccus
UBM um. IH. Mapuyxa PAH, Mocxksa, Poccus

avkim@imm.uran.ru, g.bocharov@inm.ras.ru

B pabore [1] nokasaHo, 9TO IPU MATEMATUIECKOM MOJEJINPOBAHUN MIPOLECCA Pa3-
sutust BUY-nudexun (6ymem st kpaTkoetn HasbBaTh ero BY-nponeccom) ero
yI0OHO MHTEPIPETUPOBATh Kak muddepennnaabayio urpy. Janras pabora mpomoJi-
JKaeT MaTeMaTHIeCKy0 (hOPMAIM3AIIIO TAKOTO moaxo/a. llepBas yacTsb T0KIa/1a 10-
CBSITeHa 00ITIeMy 0OCY2KJICHUIO KOoHTenun ucciegoBannsg BUY-mnnamMukn kax gud-
depennuanbHOil urpsl. Bo BTOpOil YacTu J0KJaga Ha OCHOBE SKCTPEMAJIBHOI'O IIPU-
neauBanusi [2-4] pemaercs 3amava yupasienns BUY-momensio. B rperbeit wactu
nokjata npeacrasieHa BUY-momens mist anpobanum pa3indHbIX MOIXOJA0B TEOPUN
uddepeHnnaIbHbIX Urp.

*Pabora BbinosHena npu dunancoBoi noguep:xkke PODU (npoekt Ne20-01-00352)
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Mopneanr quanamuku B Y-undekiynm.
Ty =M —diT) — (1 —uy)k VT,
Ty = Ay — doTy — (1 — fug)ka Vs,
I = (1 —u)k\VTy — 61 — my(1 — us)ETL,
I = (1= fur)kaVTs — 61y — ma(1 — u)Ely,
V =(1—up)Npd(1 —vg) — ¢V — [(1 — up)prkr Ty (1 — fuy)pokoTo]V,

' be(li + I2)(1 — ug) dp(ly + I2)
E =g+ E— E — 5E.
B (I, + ) + K, (I, + ) + K4 e

31ech

e Ty, Th — KOHIIEHTPAIUHU 3/I0POBLIX KJIETOK MUIIEHEH, TTPEICTABIISIONIUX TTOTTYJIsI-
un CD4T T-numdonuTor 1 Maxpodaros cooTBeTcTBeHHO (KJ1/MJl);

e [, I» — KOHIEHTDAIMA TIOMYJISIIAI 3aPaskKeHHBIX KJIETOK (KJI/MI);
e V — BupycHas Harpyska (Kommii/mi);

e F — KOHIIEHTpAIUs KJIETOK-KHJUIEPOB, [IPECTABISIONINX MOy A0 [[ATOTOK-
cnaeckux CD8' T-mmvdporuros (Ki1/mi).

Iepswiii uepox — Bpad, BO3JAENHCTBYIONIMIA Ha HH(MDEKIIUIO Yepe3 U1, Ug; a; < u;(t) <
< b,a =0,b;, =17 =1,2. Otu byHKIUA ONUCHIBAIOT IOJABJIEHIE IIPOIECCOB
3apakeHus KJIETOK U PA3MHOXKEHUsI BUPYCOB B HUX C IIOMOIIBIO aHTUPETPOBUPYCHBIX
[IpEerapaToB.

Bmopoti uepox — BUPYC, NONABIAIONIMI IMMYHHBIN OTBET Uepes U, Uy} a; < u;(t) <
<b;,a; =0,b; =1,i=3,4. dtu HpyHKIUN ONUCHIBAIOT yMeHbIeHUE 3P DEKTUBHOCTH
CD8™ T-KJIeTOYHOr0 IMMYHHOTO OTBETA.
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A LIMIT THEOREM FOR THE STOCHASTIC LORENZ MODEL*
Yulia Klevtsova

Siberian Regional Hydrometeorological Research Institute, Siberian State University
of Telecommunications and Information Sciences, Novosibirsk, Russia

yy_klevtsova@ngs.ru

We consider the system of equations for the quasi-solenoidal Lorenz model for a
baroclinic atmosphere

%A1U+VA2U+A3U+B(U) =g, t>0, (1)
on the two-dimensional unit sphere S centered at the origin of the spherical polar
coordinates (A, ¢), A € [0,27), ¢ € [-7/2,7/2], p = sin . Here v > 0 is the kinematic
viscosity, u(t,r,w) = (u1(t,r,w),uz(t,r,w))T is an unknown vector function and
g(t,r,w) = (g1(t,7,w), g2(t, z,w))T is a given vector function, z = (\, ), w € Q,
(Q, P, F) is a complete probability space,

—A 0 A2 0
A1—<0 _A‘i"yl), A2_<O A2>7

A — (oD 2k A
57\ koA —(2ko+ ki +vy)A+pI)°

B(u) = (J(Au1 +2p,u1) + J(Aug, ug), J(Aug — yug,ur) + J(Aug + 2u,u2))T

Also, v, p, ko, k1 > 0 are numerical parameters, I is the identity operator, J(,0) =
Y0, — 1,0, is the Jacobi operator and Ay = ((1 — u?)tp,), + (1 — p?)"1ehyy is the
Laplace—Beltrami operator on the sphere S. A random vector function g = f + 7
is taken as the right-hand side of (1); here f(z) = (f1(x), f2(z))T and n(t,z,w) =
(m(t,z,w),m2(t,z,w))? is a white noise in ¢. In [1], for the existence of a unique
stationary measure m, of the Markov semigroup defined by solutions of the Cauchy
problem for (1) and for the exponential convergence of the distributions of solutions
to the stationary measure as ¢ — +o0o, a sufficient condition was obtained on the
right-hand side of (1) and the parameters v, 7, p, ko, k1:

kO<F(V777pvk1)7 (2)

where F' > 0 is some real function of the arguments v, v, p and k.
Let {E;}°, be an orthonormal basis for the space H® (for the definition of H°
see [1, Sect. 3]). As a random vector function 7, we consider

9 [eS)
nw(tvz) = Ecw(tvx)v Cw(tvx) = Zblﬁf(t)E’u
i=1

*This research was carried out within the framework of the Research plan of Federal Service for
Hydrometeorology and Environmental Monitoring for 2021-2024, topic 1.1.3 “Development and
improvement of the new generation of COSMO-Ru ultra-high-resolution short-range weather
prediction system (with grid steps up to 1 km) based on the ICON seamless non-hydrostatic
atmospheric model”.
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where {b;}22, € IS, and {8¥(t)}22,, t > 0, is a sequence of independent real Brownian
motions with respect to some right continuous filtration {F;},;>¢ such that all the
P-nullsets of the o-algebra F lie in Fy (for definitions of I and P(X), see [1, Sect. 3]).

Theorem. For any v,p >0 and ko, k1 > 0 satisfying the inequality

. 42+7)
ko < mln{4k1, W(2k1 + p)}a

any nonzero sequence {b;}3°, € ZQL and any f € HC, there exists a limiting point
m # by for any sequence of stationary measures {my, }° 1, vn, — 0 as n — 400, for
system (1) in the sense of weak-* convergence in the family of probability measures
P(H?7¢), where ¢ € (0,1] is an arbitrary real number and m satisfies the equality

m(H?) = 1.
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OB MHTEI'PUPYEMOCTH YPABHEHUI ANHAMUKI
B HEIIOTEHLMAJIBHOM CHUJIOBOM IIOJIE

B. B. Ko3zmos

Mamemamuneckuts uncmumym um. B.A. Cmexnosa PAH, Mocksa, Poccus

vvkozlov@mi-ras.ru

PaccmaTpuBaeTcst Kpyr BOIPOCOB, CBSI3aHHBIX C TOUHBIM WHTETPUPOBAHUEM yPaB-
HeHUil JIBUYKEHUST MEXAHUYECKUX CHCTEM B HEIOTEHIMAJbLHOM CHJIOBOM Iojie (9acTo
HA3BIBAEMBIX IUPKYJISIUOHHBIME). [101X0/1 K HHTEIrPUPOBAHUIO OCHOBAH HA TEOPEMe
Ditnepa—Akobu—JIu: ecsm n — uucio cremneneil cBo6OAbI, TO (¢ yU4eTOM COXPAHEHUSs
dazoBoro o6bema) J7Ist TOUYHOTO MHTErPUPOBAHUST HEOOXOIMMO UMeTh erre 2n — 2 1ep-
BbIX MHTETpaJIOB U moJieit CI/H\IMGTpI/Iﬁ, HaXOJAIIUXCA B HEKOTOPBIX €CTeCTBEHHBIX OT-
HOIIIEHUAX. yKaBaHbI CJIydau ABUXKEHHA B HEIIOTEHIMAJIbHOM I10JI€, UHTETPUPYEMbIE C
IOMOIIIBIO pa3jiesieHust mepeMeHHbIK. OOCY K TAI0TCsi TEOMETPUIECKHE CBOMCTBA CHCTEM
C HEHETEPOBLIMU IOJIIMHU CUMMETPHUil. YKa3aHbl IIPUMEPHI CYIIIECTBOBAHUS HEIIPUBO-
JAUMBIX ITOJIMHOMUAJIbHBIX MHTEI'PaJIOB TpeTbeﬁ CTelleHn II0 UMITYJIbCaM. PaCCMOTpe-
Ha 3aJ1a9a 00 yCJIOBUAX CYyIIECTBOBAHUS OJJHOZHAYHBIX IIOJIMHOMUAJIBHBIX HHTEI'PAJIOB
TUPKYJIAITUOHHBIX CUCTEM C JIBYM# CTEIICHAMUA CBO60):LI)I U TOPUIECKUM IIPOCTPaHCTBOM
nojioykerwit. [lokazaHo, YTO B THUIMYIHOM CJydae yDABHEHHs JBU2KEHUsI BOOOIIE HE
JIOIyCKAIOT HEIIOCTOSHHBIX MTOJTMHOMUAIBHBIX HHTETPAJIOB.
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ON COMPLETE CONTROLLABILITY
OF A HIGHLY DEGENERATE FOUR-LEVEL QUANTUM SYSTEM
WITH A “CHAINED” COUPLING HAMILTONIAN*

Sergey Kuznetsov, Alexander N. Pechen

Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia

kuznetsov.sa@phystech.edu, apechen@gmail.com

The presented work focuses on consideration of the complete controllability prob-
lem [1-3] for a closed four-level quantum system with the Hamiltonian

H = Hy+u(t)V (1)
having
-3 0 0 0 0 vz 0 0
7 0 100 v, 0 w0
Ho=2 0 o100 V=0 vis 0 vz )
0 0 0 1 0 0 wjy O

where Hy and V are time-invariant bare and coupling Hamiltonians, respectively;
u(t) € R is an arbitrary function of time which represents the coherent control. Due
to the physical meaning of (2), we consider parameters to be the following: complex
vi; # 0 and real ©Q # 0. This system belongs to a family of quantum systems, which,
inter alia, are faced when exploring the quantum control landscape problem [4], for
which it is useful to gain more information on its controllability.

For real-valued coefficients this system was studied in [5]. As our main contribution,
we investigate properties of this system with regard to complete controllability for
arbitrary non-zero complex values of the coefficients vi2, ve3 and vsy. We take an
insight into several properties of this system respecting the complete controllability
problem. More exactly, we use the criteria by Polack, Thomas and Tannor [6] to
reveal its irreducibility, which means connectivity in every possible basis. After that,
we have a special recurrent algorithm (described in detail in [7]) used to generate
a dynamical Lie algebra of the system and explore its structure. In terms of the
formulas

Cy=—iHo, C3=-iV,  C}=IC;,C3),

[C5.Cira]s 1<n<2t? (3)
Cr = 2 n—2F2 k—2 k—1 (k2 2),
[C2,cp=27], 224 1<n <2t

we prove that the set
Cy, C1, Cy, C3, C3, C3, CF, Cf, CF, C3, C5*, C3°, C3°, C§°, C3°  (4)

constitutes a basis in the space of 4 x 4 skew-Hermitian matrices. It provides us
with the opportunity to conclude that the considered algebra is isomorphic to the
Lie algebra su(4), and, via a well-known theorem on complete controllability [1], the
corresponding system comes across as being controllable.

*This work is supported by the RSF under grant 22-11-00330.
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PARAMETRIC SMOOTH VARIATIONAL PRINCIPLES
AND PROBABILISTIC DYNAMIC OPTIMIZATION PROBLEMS

Yuri S. Ledyaev

Western Michigan University, Kalamazoo, USA

ledyaev@wmich.edu

Let X be a Banach space and (€, F, 1) a probability space with sample space €,
o-algebra of events F and probability measure .

In this talk we discuss a generalized differentiation [1, 3] of the probabilistic func-
tionals

F(z) = p{w e Q: f(z,w) <0} (1)

for smooth Banach spaces X and apply them to the study of dynamic optimization
problems with probabilistic functionals.

Optimization problems with objective and constraint functionals in the form (1)
were studied intensively during last decades for the case of finite-dimensional X in the
framework of stochastic programming [2, 4, 5].

Here we develop an approach for finding sub(super)-gradients of the functional F
given by (1) in a more general setting than [5, 6] by using an integral representation
of F,

F(z) = /Qe<f<x,w>>u<dw>, @)

where 6: R — R is a Heavyside-like function: 6(¢t) =1 for ¢t < 0 and 6(¢) = 0 for ¢ > 0.
In view of (2), to evaluate the subgradients of the probabilistic functional F' (1),
we prove the following result for a representation of subgradients of the parametric
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integral
H(z) = /Q (@, ) j(dw), 3)

which is more general than the existing ones [5, 6].

Theorem 1. Let X be a smooth Banach space, a function h: XxQ — R be lower
continuous in x for p-a.e. w and Borel measurable in w for all x, and there exist an
integrable function such that

|h(z,w)| < (w).

Then for any subgradient ¢ € OpH (z) for any € > 0 there exist x(w) and &{(w) €
Orph(z(w),w) such that

Je(w) =zl <&, [IC— /Qf(w)u(dw)l\ <e.

The proof of this important result is based on the following new parametric smooth
variational principle.

Theorem 2. Let X be a separable smooth Banach space and a function h: X X
Q — R satisfy the assumptions of Theorem 1. Then there exists a constant a such
that for any € > 0 and any xo(w) satisfying

h(zo(w),w) < int};h(w,w) + ag?
zE

there exists a function g: X xQ — R which is smooth in x and Borel measurable in w,
and a Borel measurable x(w) such that the function x — h(x,w) + g(x,w) attains a
unique minimum at x(w) and for all w

||g(-,w)||x <e, Hg/<'7w)HX <e.

Finally, we consider the following dynamic optimization problem.
For a function L: R™ x R™ x Q — R and a constant « € (0, 1) consider the problem

minimize c

subject to the probabilistic constraint

u{w cQ: /01 L(a(t), (1), w) dt < c} > q ()

over the set of all absolutely continuous functions z: [0.1] — R™ satisfying the initial
condition z(0) = zo and all ¢ satisfying the probabilistic constraint (4).

We derive optimality conditions for this dynamic optimization problem with prob-
abilistic constraint.
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CucTteEMbI HIJIEBUHTEPA
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Pacemorprm HaG0p (hyHKIMOHATBHBIX KBaJIPATHBIX KOMILIEKCHO3ZHATHBIX MATPHIL
B;(z),i=1,2,...,n, pazMepa p, OUPEIEJIEHHbIX B OKPECTHOCTU

vccer=c'\ {J {Guzoz)5-z =0}

1<i<j<n

nexoropoit Toukn 2 = (29,29,...,2%) € U xommiexcnoro smneiinoro mpocrpan-

crBa C™. Mubr Oyzem uccienoBath pertenns: cucreMmbl [1liesunrepa

d(2i — 2;)

zifzj

dBi(z) == Y [Bi(2), Bj(2)]

=1, j#i

(1)

¢ HEKOTOPBIMU HavaIbHbIME yestosusayu B;(2°) = BY. 3necs [B;, B;] = B;B; — B;B; —
obbraHEBle KOMMyTaTOpEl MaTpui, a d(z; — 2;)/(z — 2;), 1 < i < j < n, — mepo-
mopdubie auddepenimanbubie 1-popmbr Ha C". Cucrembr lnesunrepa (1) sBiis-
F0TCsl HeJIMHEHHBIMU MaTpUIHbIMU cucTemamu ypasaennii [Ibadda. Xopormo uzsect-
HO [1-3], a0 cucrema (1) siBisiercst BriosiHe mHTerpupyemoit cucremoii Ildadda B
okpectroctu U toukn z° u joboe ee pemenne (Bi(z), Ba(z),. .., Bn(z)) Mepomopd-
HO TIPOJIOJIZKAETCS HA BCe YHUBepcabHoe HakpbiTue jonoaHenus: C”. Takke xopoiio
u3BeCTHO, 9TO pu p = 2 u n = 4 pemenne cucrem lnesunrepa [1] B kinacce mar-
PUIL C HYJEBBIM CJIEJIOM CBOAUTCs K pentenuio ypasuenus [lennese VI (koropoe, B
CBOIO OY€PE/Ib, MOKHO CBECTH IIPH TIOJAXOJSINNX MApaMeTpax K JII0OOMY U3 ypaBHe-
unit Ilennese I-V, u moromy npu p = 2 u n = 4 B 0b11ieM ciydae pellleHre YpaBHEHUS
IILnesunrepa Boipazkaercst dyepes TpanciieHieraTHbie [lerese). Tpancnenaenrabie [le-
HJIEBE BXOJAT B 0oJiee CJIOXKHBINA Kiace GyHKiuil ¢ Touku 3penus Teopuu Lasya [4],
4geM rurepreomerpudeckue GyHKmn. Mbl yKaXKeM HEKOTOPBIE YCJIOBHUSI HA KJIACC MaT-
pur, B;(z), ¢ = 1,2,...,n, B KoropoMm Oyzem pemars cucrembl 11lnesunrepa, Korma
TpPaHCIEH IeHTHbIe [leHsIeBe He TOSBISIIOTCS B DEIeHnsIX. A UMEHHO Oy/eT OIHMCaHa
peaykius cucrem I1lnesunrepa K JIMHERHBIM CUCTEMaM, KOTOPbIE UMEIOT PEIICHUs He
CJIOYKHEe ¢ TOYKHU 3peHusi Teopuu [ajya, deMm rumnepreomerpudeckue yHkiuu. Bcee
CKa3aHHOE BBIIE CYMMUPYETCsl B CJIEYIONIEM YTBEPIKICHIHN.
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Teopema 1. Paccmompum cucmemy Illnesunzepa 6 Kaacce 6EPTHEMPEY20ALHYIT
mampuy, B;(z) = (b]%(2)), b7%(2) =0, r > 5,1 =1,2,...,n, ¢ nOCMOANHKuMU UG20-
nanvrvmu anemenmamu bE*(2) = AE. ITyemu daa xasrcdozo i duazonanvrve snemen-
muve \F obpasyrom apudmemureckyio npozpeccuro ¢ 0dnoti u moti srce pasnocmvio A
oas ecex 1. To2da 6 kaacce maxur mampuy,

1) cucmema Hlnesunzepa (1) pedyyupyemcs x nabopy aunetinox cucmem Hpapda

W) = (s—nA S (@) b () T2, @)

zi — zj
=1, j#i o

2) pedyyuposarnas cucmema (2) umeem bazuc pewerud, npedcmasaernvill 2unep-
2E0MEMPUIECKUMU UHTNELPANAGMU

- dt
TS _ BT .
b*(z) =8 [ []¢t—=)" . di=1,...,n, (3)

~; t— Zi

J k=1

TS TS — TS __

2de napamempue B1° umerom snavenus B1° = ... = f1° = (s—r)A, a nemau v;
6 MAOCKOCU KOMNAEKCHOT nepemernots nepemennot t, no xomopol eedemcs
UHME2PUPOBAHUE, BHLOUPAIOMCA MAKUM 00PA30OM, 4MOOBL OHU HE NPOTOOUAU e~
pe3 mouku zi, i = 1,...,n, u 4mobv nodvinmezpanvroe vipascenue bulio 00-
Hognaunvm (Hanpumep, nemau Iorzammepa).
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HAMILTONIAN HOMOCLINIC DYNAMICS*
Lev Lerman

HSE University, Nizhny Novgorod, Russia

llerman@hse.ru

The goal of this talk is to present some results in the study of an orbit structure
of a Hamiltonian system near homoclinic orbits to specific orbits of different types:
equilibria, periodic orbits and quasi-periodic orbits (whose closures, as is known, form
invariant tori). This is what I call Hamiltonian homoclinic dynamics. The results to

*The work was supported by the HSE Laboratory of Topological Methods in Dynamics of the
Ministry of Science and Higher Education of the Russian Federation (grant no. 075-15-2019-1931)
and by RSF under grant 22-11-00027.
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be discussed have been obtained at different times; nevertheless, as far as I am aware,
they are not very well known, so I hope this will be useful for the audience.

I recall the well-known fact that the discovery by H. Poincaré of homoclinic orbits
gave rise to studying chaotic phenomena or complicated dynamics, though Poincaré
himself did not explore this topic. The study of the homoclinic dynamics near a
transverse homoclinic orbit to a saddle periodic orbit was started by Birkhoff for a
symplectic diffeomorphism. Then after a long period, the first description of invariant
subsets near a transverse homoclinic orbit of a saddle for any smooth two-dimensional
diffeomorphism was done by Smale, and finally a complete description of a whole
invariant set was performed by Shilnikov for an arbitrary differential system near a
transversal homoclinic orbit to a saddle periodic orbit. Shilnikov also discovered a
new phenomenon of chaotic orbit behavior near a homoclinic orbit of a saddle-focus
with a positive saddle value in R3, the topic that gave origin to the so-called spiral
chaotic dynamics.

All these results also occur in Hamiltonian systems with their own specifics, because
of the existence of an integral, the Hamiltonian. This feature sometimes prevents the
direct application of the results found for dissipative systems in the Hamiltonian
dynamics. But it also helps by allowing the reduction to smaller dimensions.

Homoclinic orbits of equilibria. The first results here are due to Devaney,
who, for the case of a homoclinic orbit of a saddle-focus in a two-DOF Hamiltonian
system, selected an invariant hyperbolic subset described by means of a Bernoulli
scheme with two symbols. A complete description of the whole invariant subset
near a transversal homoclinic orbit of a saddle-focus is done on the singular level of
the Hamiltonian (containing the saddle-focus) via symbolic dynamics with infinite
number of symbols (Belyakov—Shilnikov, Lerman), but it is impossible to perform a
complete study near a neighborhood of the homoclinic orbit, since varying the level
of the Hamiltonian leads to an infinite set of bifurcations related to the formation of
hyperbolic sets whose description involves more and more symbols (Lerman). The
case of homoclinic dynamics near homoclinic orbits to a saddle is more tricky. In
fact, the existence of a transversal homoclinic orbit of a saddle does not necessarily
lead to complicated dynamics: this is possible in an integrable system (Devaney,
Lerman—Umanskiy). But Shilnikov and Turaev indicated cases where the presence
of transversal homoclinic orbits of a saddle does lead to complicated homoclinic dy-
namics.

The case of dynamics near a homoclinic orbit to a nonhyperbolic equilibrium is
much more interesting. The existence of such an orbit is not structurally stable within
the class of Hamiltonian systems. Consider the case, initially indicated by Conley,
of a homoclinic orbit of a saddle-center, the equilibrium p with a pair of nonzero
real eigenvalues £\ and a pair of imaginary ones +iw. Here the stable and unstable
manifolds are one-dimensional (smooth curves); they generically do not intersect in
the three-dimensional level H = H(p). Thus, the formation of homoclinic orbits is
generic in two-parametric families of Hamiltonians or in one-parameter families of re-
versible Hamiltonians. Here, to study the homoclinic dynamics, one needed to develop
a scattering theory for the linear non-autonomous system being the linearization at
the homoclinic orbit (Koltsova-Lerman). This allowed to prove

Theorem 1 (Lerman, Koltsova—Lerman). If the linearized system at the ho-
moclinic orbit is non-degenerate, then all Lyapunov periodic orbits on the center
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manifold W€(p) possess four transverse homoclinic orbits on the related level of the
Hamiltonian, which leads to complicated homoclinic dynamics.

This result was extended in several directions. First, it was shown that on the singu-
lar level of the Hamiltonian there are countable families of periodic orbits of different
types (hyperbolic and elliptic) accumulating to the homoclinic orbit, and a semi-global
invariant was found responsible for these transitions (Koltsova—Lerman). Also results
on four transverse homoclinic orbits were proved for the case of a Hamiltonian system
with n degrees of freedom near a homoclinic orbit of a 1-elliptic equilibrium (with the
only pair of simple pure imaginary eigenvalues) [1].

Homoclinic orbits to periodic orbits. The previous results were extended [2]
to the case of homoclinic dynamics for a three-DOF system near a homoclinic orbit
doubly asymptotic to a 1-elliptic periodic orbit (its multipliers are two eigenvalues on
the unit circle and two outside the unit circle). The problem is reduced to the study of
a four-dimensional symplectic diffeomorphism with a 1-elliptic fixed point possessing
a homoclinic orbit to this point. Here the scattering theory was generalized to the
case of a sequence of linear symplectic transformations obtained by the linearization
of the symplectic diffeomorphism at the homoclinic orbit.

One more extension was made for the case of a homoclinic orbit to an equilibrium
of an elliptic-hyperbolic type (with two pairs of pure imaginary eigenvalues and a pair
of nonzero reals) in a Hamiltonian system being nearly integrable (Koltsova—Lerman—
Delshams—Gutierrez). Here transversal one-round homoclinic orbits to invariant non-
resonant 2-tori on the center manifold of the equilibrium were found (up to 16 of
them).

Homoclinic orbits to an invariant torus. Hamiltonian homoclinic dynamics
arises naturally in the study of a symplectic diffeomorphism f in a neighborhood of
a homoclinic orbit to a smooth invariant curve v being hyperbolic. For instance,
one encounters this situation when studying the homoclinic dynamics of a symplectic
four-dimensional diffeomorphism near a homoclinic orbit to a 1-elliptic fixed point p.
There the smooth center two-dimensional manifold W¢°(p) contains many invariant
curves with irrational rotation number.

The notion of a hyperbolic invariant curve for a symplectic 4-diffeomorphism can be
defined in invariant terms; but here, for simplicity, we use the following setup. Let v be
a smooth invariant curve of a smooth symplectic diffeomorphism and 3 be a smooth
symplectic two-dimensional cylinder containing v. We assume the restriction of f on
the cylinder is a twist map near . Also this cylinder is supposed to be a hyperbolic
manifold of f; thus, there are two invariant three-dimensional submanifolds W*(X)
and W' (X)), which are foliated into smooth curves 5(m) and {*(m), m € 3, forming
smooth invariant foliations of each of them (Fenichel). The union of I*(m), m € ~,
makes up the smooth stable manifold W#(y). Similarly, W"(v) is defined. These two
submanifolds can be extended by f, providing global stable and unstable manifolds
of 7. Suppose W#(y) intersects W"(y) at some point ¢ 3 v and this intersection is
transverse (a transversal homoclinic point ¢ to v generating a homoclinic orbit T').
What is the homoclinic dynamics near I'? This was investigated by many authors,
starting with Easton (Treschev, Bolotin, Cresson, Turaev—Gelfreich, and others).

Because of transversality, the intersection W3(y) NW" () is transverse and is there-
fore along a two-dimensional symplectic disk D. Both W#(y) and W"(~) intersect
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this disk transversely within the related W*(X) and W"*(X) along two transversely
intersecting smooth curves in D near the point ¢q. In fact, near ¢ there is a Cantorian
set of smooth curves from the related stable (and unstable) manifolds of smooth
invariant closed curves on ¥ near . Our goal in this section will be to describe other
orbits passing near this Cantorian set.
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The article considers the resonant characteristics of nonlinear oscillations of a rope
with moving boundaries. The phenomena of resonance and passage through res-
onance are analyzed. An approximate method has been developed in relation to
taking into account the influence of resistance forces and viscoelastic properties on
the system. This method also allows considering a wider class of boundary conditions
compared to other approximate methods for solving boundary value problems with
moving boundaries. The resonance characteristics of a viscoelastic rope with moving
boundaries using the Kantorovich—Galerkin method are examined in the article. The
phenomena of resonance and steady passage through resonance are analyzed.

One-dimensional systems whose boundaries move are widely used in engineer-
ing [1-5]. The presence of moving boundaries causes considerable difficulties in
describing such systems. Exact methods for solving such problems are limited to
the wave equation and relatively simple boundary conditions. Of the approximate
methods, the Kantorovich-Galerkin method described in [5] is the most efficient.
However, this method can also be used in more complex cases. This method makes
it possible to take into account the effect of resistance forces on the system, the
viscoelastic properties of an oscillating object, and also the weak non-stationarity of
the boundary conditions.

The paper considers the phenomena of steady state resonance and passage through
resonance for transverse oscillations of a rope of variable length, taking into account
viscoelasticity and damping forces. Performing transformations similar to those in [5],
we obtain an expression for the amplitude of oscillations corresponding to the nth
dynamic mode. Expressions are also obtained that describe the phenomenon of steady
state resonance and the phenomenon of passage through resonance.
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The expression that determines the maximum amplitude of oscillations when pass-
ing through the resonance was numerically investigated to the maximum. The de-
pendence of the rope oscillation amplitude on the boundary velocity, viscoelasticity,
and damping forces is analyzed.

The results of numerical studies allow us to draw the following conclusions:

e with a decrease in the velocity of the boundary, viscoelasticity and damping
forces, the amplitude of oscillations increases;

e as the boundary velocity, viscoelasticity and damping forces tend to zero, the
oscillation amplitude tends to infinity.

In conclusion, we note that the above results make it possible to carry out a quanti-
tative analysis of the steady state resonance and the phenomenon of passage through
the resonance for systems whose oscillations are described by the formulated problem.

References

1. Vesnitsky A.1., Potapov A.I. Transverse vibrations of ropes in mine hoists // Dynamics
of systems. Gorky: Gor’kovsk. Univ., 1975. No. 7. P. 84-89.

2. Anisimov V.N., Litvinov V.L. Longitudinal vibrations of a viscoelastic rope of vari-
able length // Proc. 4th All-Russian Sci. Conf. “Mathematical modeling and boundary
value problems”. Part 1: Mathematical models of mechanics, strength and reliability of
structural elements. Samara, 2007. P. 25-27.

3. Goroshko O.A., Savin G.N. Introduction to the mechanics of deformable one-dimen-
sional bodies of variable length. Kiev: Naukova Dumka, 1971.

4. Litvinov V.L., Anisimov V.N. Transverse vibrations of a rope moving in the longitudinal
direction // Bull. Samara Sci. Center Russ. Acad. Sci. 2017. V. 19, No. 4. P. 161-165.
5. Litvinov V.L., Anisimov V.N. Application of the Kantorovich—Galerkin method for

solving boundary value problems with conditions on moving boundaries // Bull. Russ.
Acad. Sci., Solid Mech. 2018. No. 2. P. 70-77.

DERIVATIVE OF SUB-RIEMANNIAN GEODESICS
1S L,~-HOLDER CONTINUOUS*

Lev Lokutsievskiy

Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia

lion.lokut@gmail.com

The talk will be devoted to the long-standing open problem on the smoothness
of abnormal sub-Riemannian geodesics. I will show that the derivatives of abnormal
sub-Riemannian geodesics are always L,-Holder continuous. This result has a number
of interesting implications concerning

(i) the Fourier coefficients decay on abnormal controls,
(ii) the rate of their approximation by smooth functions,

(iii) the corresponding generalization of the Poincaré inequality, and

*This work is supported by the Russian Foundation for Basic Research under grant 20-01-00469.
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(iv) the compact embedding of the set of shortest paths into the space of Bessel
potentials.

The result is obtained in the joint work with Mikhail I. Zelikin.
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Pontryagin’s maximum principle (PMP) reduces the study of optimal control prob-
lems to the study of controlled Hamiltonian systems. If the Hamiltonian system is
affine in control, then the typical phenomenon is the existence of a singular trajectory
that is characterized by the fact that the Hamiltonian reaches its maximum over a
finite time interval at more than one point. Thus, the optimal control cannot be
determined directly from the PMP maximum condition. The singular second-order
trajectories play an important role for optimal control problems, in particular, for ap-
plied problems. In [7] it was proved that if a mechanical system affine in control with
a canonical Lagrangian is such that the kinetic energy depends only on generalized
momenta, then its singular extremals are of the second order.

The behavior of optimal trajectories near a singular trajectory of the second order
can be quite complex; for example, nonsingular trajectories can have an infinite num-
ber of control discontinuities near the matching point with the singular arc (this is
called the chattering regime or Fuller’s phenomenon). In the case of one-dimensional
control, the problems with singular trajectories of the second order are well stud-
ied. In problems with one-dimensional control, it was proved that optimal chattering
trajectories are typical for control systems with singular trajectories of the second
order [2, 6]. A complete description of the structure of optimal solutions in a neigh-
borhood of singular extremals of the second order was given in [6].

In problems with multidimensional control, the behavior near a singular trajectory
can be much more complex and has been studied only in a few special cases [1, 6, 8].

In [4, 5] the behavior of solutions in a neighborhood of a singular extremal of the
second order for a Hamiltonian system of the PMP that is affine in two-dimensional
bounded control was studied. It was assumed that the dimension of the system is

*This work is supported by the Russian Science Foundation under grant 20-11-20169.
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large (> 32) and controls take values in an ellipse. A family of solutions in the form
of logarithmic spirals was found. These solutions reach the singular point in finite
time and have a countable number of revolutions around this singular point. To
obtain this result, the construction of the descending system of Poisson brackets,
the Zelikin—Borisov method for the resolution of singularities in a neighborhood of a
singular point and methods of dynamical systems to the resulting (after the resolution
of singularities) system were applied.

The bound on the dimension of the Hamiltonian system in [4, 5] is a sufficient
condition. In fact, the scheme used in [4, 5] also works for some systems of lower
dimension. For example, in [3] a similar result was obtained for a problem in which
the dimension of the Hamiltonian system is eight.

One more example with a Hamiltonian system of small dimension arises in the
minimal time problem for the guidance of a rocket [9]. The equations of attitude
motion of a rocket coupled with the orbit dynamics are

Uy = asinfcosy — g,
Uy = —asiny,
v, = acosfcosp,

Wy, SN @ + wy cos @

0= cos ’
= Wy COS P — Wy sin ¢,
¢ = (wy sin ¢ 4 w, cos @) tan b,
Wy = U1,
Wy = Uz,

where v, vy, v, are the components of the velocity vector, 8, 1, ¢ are the Euler
angles, w;, w, are the components of the angular velocity vector, g is the standard
gravity, and a > 0. The controls u; and uo satisfy the constraint

u? +ul < b2, b> 0.

Initial conditions are fixed. On the target submanifold the desired final velocity is
required to be parallel to the rocket axis.

In [9] the singular surface of the second order was found for this problem. The
dimension of the Hamiltonian system is 16, and the results obtained in [5] cannot be
applied. But using the same approach, we show that in this problem there are spiral-
like extremals that attain the singular point (on the singular surface of the second
order) in finite time, wherein the corresponding controls perform an infinite number
of rotations along the circle S*.
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PaceMaTpuBaercs clieayiomas reoMeTprIecKast 3aa9a Ha, IJIOCKOCTH. JIaHs! TouKn
ag,a; € R?, nunmmnesa kpusas ¥ C R?, coexuHsomas a; € ag, BekTop ¥ € R? u
qucio S € R. Tpebyercs maiitn KpaTuaiinmyto jummmnesy Kpusyio v C R?, coemu-
HSIFOIIYIO g C (1, MOHOTOHHO OT/IAJISOILYIOCST OT (¢ B HAIIPABJIEHUH U, Jjisi KOTOPOii
3aMKHyTas KpuBasg v Uy orpanmamsaeT B R? 061acTh anrebpamdeckoit miomana S.

BBegeM 1eKapTOBBI KOOPAHHATEL I, 3 Ha MIIOCKOCTH R? ¢ HAYaIOM KOODIWHAT G I
nanpassieaueMm ocu Oz BioJsib Bekropa ¥. Torma ag = (0,0), a1 = (x1,y1), @ Kpusag
v(t) = (z(t),y(t)), t € [0,t1], stBIIsIETCST peleHneM CyIeayomel 3aa9n ObICTPOIe-
CTBUA:

&= uy, 2(0) =0, x(t1) = 1,
U = us, xz(0) =0, z(t1) = y1,
1
Z= 5(:171@ —yuy), 2(0)=0, z(t1) =S,
(z,9,2) =q€R®,  wi+ui<1, w >0, # — min,

rje yupasieHust u; npuHagexar knaccy L([0, 1], R).

*VccsenoBanne BBIOJHEHO 3a c4eT rpanTta Poccuiickoro Hayuanoro dona (npoext Ne22-21-00877,
https://rscf.ru/project/22-21-00877/) B Uncruryre nporpamMusix cucreM uM. A.K. Airamass-
Ha Poccuiickoil akajieMun Hayk.
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CdopmynupoBaHHast 3aja4da siBJISIETCS JIEBOMHBAPUAHTHON 3ajadeil ObICTPO/Ieii-
cTBUs Ha Tpytme [eiizenbepra ¢ MHOXKECTBOM JIOTYCTUMBIX YIIPABJICHUI — MOJTYKPY-
rom. Ciry4ail, KOTJ[la MHOXKECTBO JIOIYCTUMBIX yIIPABJIEHUI SIBJISIETCS 1EJIbIM KPYTOM,
npejcTaB/sieT coboil XOPONIo N3BECTHYIO 3ajady JuI0Hbl — KpaeyrosbHbI KaMeHb
cyGpumanoBoit reomerpun [1]. Dra 3a1aua, TakKe UMeHyeMas CyOpUMAHOBOH 3a/a-
veit Ha rpymme leitzenGepra, 6bu1a nccaenoBana B paborax (2, 3]. B wactHOCTH, GBLIO
ITIOKa3aHO, YTO KpaT“IaﬁIIIaﬂ JO0IIyCTUMasl KpHuBasd MeXK/Yy 3aJlaHHBIMHU I'DaHUYIHBIMU
TOYKAMHU SIBJISIETCS CEIMEHTOM BUHTOBOM JINHUY, & €€ IIPOEKIHs Ha IJIOCKOCTb — JIYTOi
OKpYy?KHOCTH. BuHTOBASI JINHUS 1IepecTaeT ObITh KpaTdaiiiieil KpUBoil 1ocjIe 1epBoro
BHUTKa. B ciryvae, Korjja rpaHIYHbBIE TOYKHU COEJIMHSIOTCS CEICMEHTOM BUHTOBOM JIMHUH,
MEHBIIINM IIOJTHOI'O BHUTKa, KpaT‘{aﬁIHaH €IMHCTBEHHAa, & B C/JIy4dae IIOJIHOT'O BUTKa CYy-
IrecrByeT 6eCKOHe“IHOG YHUCJI0 KpaTqaﬁIIIHX, YAOBJIETBOPAIOIIUX OJHUM I'DaHUYIHBIM
YCJIOBUSM.

PaccmarpuBaemast 3a/1a1a peJICTaBIIsieT HHTEPEC B FTeOMETPUIECKON TEOPHUH YIIPAB-
senusi [4] Kak MOJIEJIBHBIN TpUMED, B KOTOPOM HYJIEBOE YIIPABJIEHWE HAXOJIUTCS HA
rpaHuUIle MHOXKECTBA YIIPABJISIONUX I1apaMeTpoB. Takoe orpaHuydeHre He [03BOJISIET
HENOCPEICTBEHHO PUMEHUTH O0mil noaxos [5], OCHOBaHHBIN Ha BBIMYKJION TPHUIO-
HOMETPHH. AHAJOTHYHAS 33/1a9a OBICTPOIEHCTBIS Ha TPYIIIe ABUKEHAN TIIIOCKOCTH C
TAKMM OrpaHnIeHneM ObLIa UCCJIeI0BaHa B HeJaBHel padore [6].

ITomumo muTEpeca B Teopuu, aKTYaJIbHOCTb 33/[a4U 00YCJIOBJIEHA ITPUIIOXKEHUAMA
B poboroTexHuKe n 00padboTke n3odbpakenuii. Paccmarprpaemast yrpaBisemasi CUCTe-
Ma 33/1aeT HIJIBIIOTEHTHYIO AIPOKCUMAIHIO |7] 11t MoJestelt MOGHIBHOTO poGoTa Ha
I/ICKpI/IBJ’IQHHOI‘/‘i IIOBEPXHOCTH, KOTOprﬁ MO2KET JIBUT'aTbCd BIIEpE/ U IIOBOpaYUBaTh Ha
mecte. OnruMaibHble TPAEKTOPUH TAKUX CUCTEM HCIIOJIB3YIOTCS JIJIsl IONCKA BbIIEJIsI-
IOIIUXCsl KPUBBIX Ha n300parkeHusx. HUiibIoTeHTHAS AIlIIPOKCUMAIHST SIBJISETCSI IIPO-
creimeil CuCTeMOi, JIOKAJBHO MPUOJIMKAIOIIEH NCXOIHYIO CHCTEMY W COXPAHSIONIEH
CBOIICTBO yIPaBJIAEMOCTH.

Jlnst 3312490 TOJIyY€eHbl CJIe/LyIoIe Pe3y/IbTaThl: HalJIeHO MHOXKECTBO JIOCTUZKU-
MocTH A yIpaBisieMoil CHCTEeMBI U JIOKa3aHO CYIECTBOBAHUE PEIeHUs JIJisl TPAHU-
HBIX yCJIOBHiT U3 A; myTeM NpuMeHeHusI HeOOXOMMOrO YCJIOBUS ONTHUMAJIBLHOCTH —
npuHnuna MakcuMmyMa [JoHTparuna HaliieH SBHBIM BUJ SKCTPEMAJIbHBIX TPAEKTOPHIA;
HCCJIEe/IOBAHA ONTUMAJIBHOCTD IKCTPEMAJIbHBIX TPAEKTOPUI; OIMCAHA CTPYKTYPa OI-
THMAaJIbHOTO CHUHTE3A.

Teopema. Mrooicecmeo oCTUINICUMOCTIU YNPABAAEMOT, CUCTEMbL UMEETN, GUD
A={qeR®¥|2>0U{¢eR?2=0, 2 =0}.

s mobozo q € A cyuecmeyem eQuHcmEerHas ONMUMAAbHAS MPLEKMOPUS, NPUTO-
dawas 6 q. OnNmMumaivhas MPaeKmopus Ha NAOCKOCMU T,y COCMOoum He boaee dem
U3 MPET ceaMenmos caedyrouse2o 6uda:

(1) dsuorcenue no npsamot edoav ocu Oy;
(2) dsuorcenue no dyze okpyosrcrocmu;

(3) dsuorcenue no npamoti 6doav ocu Oy.

YacTb pesysabTaToB nosydera cosMecTHo ¢ A.O. YepHbIEBbIM B X07€ 00pa3o-
BaTesbHOro Moy “CoBpeMeHHble MeTObl Teopur WH(MOPMAIUU, ONTUMUBAIUA U
yupasienus” (Cupuyc, 2021).
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Optimal control of quantum systems (e.g., individual atoms, molecules) is an impor-
tant scientific direction at the intersection of physics, mathematics, and technologies,
which is actively developed since the 1980s [1-7]. This direction uses, for example,
powerful methods of optimal control theory such as the Pontryagin maximum princi-
ple (PMP) developed by L. S. Pontryagin, V. G. Boltyansky, R. V. Gamkrelidze, and
E. F. Mishchenko [8-10] (see, e.g., [2, Ch. 4], [11, Ch. 19] and [12, 13]), various opti-
mization methods, including the Krotov method [1, 14], genetic algorithms [15], etc.

Typically in experimental situations controlled systems are open, and the envi-
ronment is often considered as having deleterious effects on the dynamics. However,
it can also be used for controlling the system. A powerful method of incoherent
control, including in combination with coherent control, was proposed for any N-level
systems and studied in [15]. In this case, spectral density of the environment, i.e.,
distribution of particles of the environment in their momenta and internal degrees of
freedom, is used as the incoherent control function to manipulate the system. This
spectral density is often considered as thermal (Planck distribution), but in general

*The talk presents the results partially supported by the RSF (project 22-11-00330) and the
Ministry of Science and Higher Education of the Russian Federation (projects 0718-2020-0025,
075-15-2020-788).
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it can be any non-equilibrium non-negative function, possibly depending on time,
of momenta and internal degrees of freedom of environmental particles. Numerical
simulations were performed for an explicit example of four-level systems using global
search optimization by genetic algorithms. Initially for this incoherent method it was
not clear to what degree it allows for manipulating the system. In [16], it was shown
that certain two-stage sequential (in time) combination of coherent and incoherent
controls allows to approximately steer any initial density matrix (DM) to any given
target DM. This property approximately realizes controllability of open quantum sys-
tems in the set of all DMs—the strongest possible degree of quantum state control.
Also [16] gives a numerical example for the case with N = 2. Reachable sets for
a qubit driven by coherent and incoherent controls have been analytically described
using powerful geometric control methods; surprisingly, completely unreachable states
were found [17].

Based on [15, 16], we consider some one- and two-qubit (N = 2,4, respectively)
open quantum systems evolved via the Gorini—Kossakowski—Sudarshan—Lindblad
master equation

dﬁ;—it) =—1 [HS + 5Heff,n(t) + Hu(t)v p(t)] + E‘cn(t) (p(t)), p(O) = Po, (1)
where p(t) is an N-order DM; [A, B] denotes the commutator [A, B] = AB — BA of
operators A and B; Hg and Heg () are, respectively, the free and effective Hamiltoni-
ans; H, ;) describes interactions between the quantum system and coherent control u;
the coherent control u enters the Hamiltonian while the incoherent control n, in gen-
eral, enters both the Hamiltonian (via Lamb shift) and the dissipative superoperator
Ly(1); these controls can be taken from various functional classes. For the cases with
N = 2,4 for system (1), the works [18-23] consider various control problems with
various objective functionals to be minimized/maximized, represented, e.g., by the
squared Hilbert-Schmidt distance, ||p(T) — prarget||?; between the final DM, p(T),
and a given target DM, piarget, the Hilbert—Schmidt scalar product (mean value),
(p(T), prarget), the Uhlmann—Jozsa fidelity, etc. Here the one-qubit case is considered,
when Hcg (1) is absent and € = 1; the two-qubit case is considered with some Heg (¢)
and € > 0. An important goal of the study is analytical and numerical analysis of
optimal control structures and trajectories, for such cases as singular controls. The
PMP, the Gabasov second-order necessary condition for optimality [24], and various
iterative optimization methods are used. For example, the article [20] includes an
example such that, for some optimal control problem, the zero coherent and incoher-
ent controls satisfy the PMP while they are not optimal. This illustrates a possible
“underwater rock” for practice. Some modification of the two-stage method is con-
structed [21]. For accelerating such computations, e.g., multi-step gradient projection
methods are under study. Moreover, such an objective functional can be extended for
constraining the evolution of DM over the whole time interval.
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[TOCTPOEHUE HOPM JIAINIYHOBA /19 JIBYMEPHBIX
ANHAMWYECKNX CUCTEM C IIEPEKJ/IFOYEHNAMUA
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MTI'Y, Mockea, Poccusa

asya.musaeva2001@mail.ru

JIuHEHHON cHCTEMOIl ¢ IepeKIIoYeHns M Ha3biBaeTcst b depeHIuaabHoe ypas-
nenve x(t) = A(t)xz(t) ¢ HavanbubiM ycioeueMm x(0) = g, B KOTOPOM MAaTPHIIA
A(t) ABJIFAETCHA ylIpaBJIdE€eMbIM ITapaMeTPOM, IIPUHUMAIOITUM IIPOU3BOJIbHbIC 3HAYECHU A
13 3aJIaHHOIO KOMIIAKTHOIO MHOXKeCTBa yupasieHus A. Qynkyus ynpasienus, Wi
npasuao nepexsroverud (switching law), — 910 npousBonbHast u3Mepnmast GyHKIUS
A: Ry — A. JluseiiHble CHCTEMBI C TIEPEKIIOYEHUSIMI BO3HHUKAIOT B 3a/a4aX 3JIeK-
TPOHUKHN, MEXaHWKH, POOOTOTEXHUKH, ILUIaHUpoBanust, U T.j. [1]. OauH u3 riaBHBIX
BOIIPOCOB — MAaKCHMAaJIbHBII POCT TPAEKTOPUIl CHUCTEMBI U ee ycToidmBocTh. Iloka-
samenem Jlanynosa o(A) cucrembl HasbiBaeTcst HHOUMYM THUCET (, JJIsl KOTOPBIX
lz(t)|| < Ce*||lxol], t € [0, +00). Takum 06pa3zom, caMblil GBICTPBIH POCT TPAEKTOPUN
nmeer nopsytok Ce?, t — 0o. Cucrema HA3BIBACTCS ACUMNMOMUYECKU YCMotuueot,
€CJIM BCE €e TPAEKTOPHUU CTPEMSITCs K HyJo npu ¢t — oo. W3BectHo [2], uTo cucrema
ACHMITOTUYECKH YCTOIYMBA TOrJA ¥ TOJIBKO TOrJa, Korjua o < 0.

B smTepaTrype M3BECTHO MHOXKECTBO METOJIOB HccsenoBanust ycrofaumsoct. O
HUM u3 Hanbosiee 3DPEKTUBHBIX ABJISETCA METON, UHBAPUGHMHHIT HOpM JIanyro-
6a. VlHBapuaHTHAsT HOpMa OOJIAJAET CJELYIONM XapAKTEPUCTUIECKUM CBOHCTBOM:
lz(t)|| < e?||ao|| mus moGoit TpaekTopun (t), m mpU ITOM s JTIOGOH TOUKH T
cymecTByeT TpaekTopus Z(t) taxas, aro Z(0) = xo u ||Z(t)|| = e”!||xo|. H. Bapaba-
HOB [3] J0Ka3aJ1, 9To JiIst JII00O0 HETPUBOAMMON CHCTEMBI C BBIIYKJIBIM MHOXKECTBOM
yupasnenusi A wHBapuanTHas Hopma JIsmyHOoBa cymectByer. OJHAKO ee 1OCTpoe-
HUE — YPE3BBIUANHO CJI0XKHas 3a7a4a (cM. nompobree [4]). Mebr nccemyem coaydait
MaJIbIX Pa3MEPHOCTEl ¥ HPeICTaBIIsIeM OJHOe PellleHre JaHHOi 3aga4n st d = 2.
OxaspIBaeTCst, YTO JJIst JIByMEPHBIX CHCTEM MOXKHO HE TOJIBKO 3(D(hEKTHBHO BBHIUNC-
JIATH HOKa3aTesb JIdlyHOBa, HO M CTpouTh HOpMY JlsmyHoBa B siBHOM Buze. Mbl
TaKKe TI0JIy9daeM ITOJIHYI0 KIaCCU(MUKAIINI0 HOPM JIAIyHOBA /It ABYMEPHBIX CHCTEM.
I/IHTeI)eCHO7 YTO B HEKOTOPLIX C/IyYadX MHBapHUaHTHBIE HOPMbI HEECJIUHCTBEHHbI, 9TO
NOMYEPKUBAET DA3HUILy C JUCKPETHBIMHU cucTeMamu [5]. Bymer npejcrabien asro-
PUTM BBIYNCJEHUS WHBAPUAHTHOH HOPMBI JUIsi IPOM3BOJIBHBIX CHCTEM C KOHEYHBIM
MHOKECTBOM YIIPABJICHUS.
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In quantum control theory the study of controllability of quantum system plays
an important role [1-5]. In this work, we consider a four-level quantum mechanical
system described by the Schrodinger equation with the following free Hamiltonian
and interaction Hamiltonian:

a 0 0 O 0 0 Viz Vi

[0 b 0 O 10 0 vag Vo
H=1o0col" V7|vy vy 0 om (1)

000 ¢ Ve Vg, vl 0.

We impose the following conditions on the parameters a, b, ¢ and v13, ves3, V14, Vog4:
a # b # c and v13v53 + v14v5, = 0.

The main goal of this work is to perform the controllability analysis for the sys-
tem with Hamiltonian (1) under the conditions described above. It is known that a
necessary and sufficient condition for complete controllability of a quantum system
is that the dynamical Lie algebra generated by all commutators of Hy and V' has
dimension N2. Consequently, we construct a basis of the dynamical Lie algebra and
check its dimension.

As a result of the study, we find that such a basis in some cases does exist, hence
the system is controllable. However, we identified a set of criteria for which this is not
fulfilled. For example, these include cases when |v13| = |veg| and v3g = 0. For these
cases, an additional study is performed to analyze reducibility by selecting operators
commuting with both H and V', using numerical methods. Some explicit examples
are also considered.
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We deal with Finsler geometry on the Lobachevsky hyperbolic plane. Some geo-
metrical features, including Finsler geodesics, were already investigated, for instance,
in [1] and [3]. The basic idea used in the works is to consider the hyperbolic plane
as the Lie group of proper affine transformations of R with a left-invariant Finsler
structure. In contrast to Riemannian geometry, there is no natural definition of area
on a Finsler manifold. But having the group structure, we can try to state and to
solve a left-invariant isoperimetric problem on the Finsler Lobachevsky plane, which
was done in the current work.

Let G be the Lie group of proper affine transformations of the line R: A — yA+z,
z € R, y > 0. The identity element is e = (0,1). We construct the left-invariant
Finsler structure on G in the following way. Let 2 C T.G be a convex compact
set with the origin in its interior. Then we define Q, = (d.Ly)? C T,G for any
other g € G, where Lsh = gh, h € G. Thus, every set (), generates an almost
norm ||-||g in the corresponding tangent space TyG. Using coordinates, we have
161, €)1y = (61, 2)le /-

Let v(t) = (x(t),y(t)), ¢t € [a,b], be a Lipschitz continuous curve on G. Then its
length L(~(t)) can be calculated as the following integral:

b b
L(’y(t))Z/ [RIG] dt:/ %dt.

Note that the length functional depends on the orientation of the curve when Q # —.
So, every Lipschitz continuous loop v has two different Finsler lengths calculated in
opposite directions. Let us denote them by Len, () for the positive orientation and
by Len_(v) for the negative one.

The isoperimetric problem is to find a simple closed curve (loop) having minimal
length when the area of the enclosed region is fixed. The solutions to the problem are
called isoperimetric loops. In fact, we need to consider two isoperimetric problems on
a Finsler manifold.

*This work is supported by the Russian Science Foundation under grant 20-11-20169.
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To state the problems, we only need to define what the area of a region on G is. It
is natural to use the left-invariant volume form, which leads to the following formula
for the area of an open region U:

Area(U) = / % dx N dy.
vy

Thus, for a point go € G and a number A, > 0 we need to find two Lipschitz
continuous loops v+ with the properties

Leng (y+) — min,
Area(U,,) = Ao, (GS4)
9o € Y+,

where U, are regions enclosed by v+ respectively.

In the case when (2 is the unit circle, both problems GS. are equivalent to the
isoperimetric problem on the classical hyperbolic plane L2, where the answer is well
known: isoperimetric loops are Euclidean circles. Moreover, for any loop v C L? the
following isoperimetric inequalities hold:

Len? (y) — 4rArea(U,) — Area®(U,) > 0,

where the equality can be obtained only if v is an isoperimetric loop.

Writing the geometrical statements GS4 in terms of optimal control theory and us-
ing the Pontryagin maximum principle and the tool of convex trigonometry proposed
first in [2], we prove the following

Proposition. Isoperimetric loops v+ can be obtained from the polar set boundary
00° by rotating through Fm/2, stretching and transporting.

For every pair (go, Ao) there are two families of isoperimetric loops, which can be
found explicitly in terms of convex trigonometry. We can also propose a generalization
of the isoperimetric inequalities in an implicit form. When €2 is the unit circle, our
result is equivalent to the classical one.
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ACUMIITOTUYECKOE MMPUBJ/INKEHUE PEIIEHUI
C INIEPEXOJHBIMU CJIOAMU INTEPMOJNYECKNX KPAEBBIX
SAJAY OJIA VPABHEHU TUITA YPABHEHUSA BIOPTEPCA
1 IIPUMEHEHUE B 3AJJAYAX 'PAHUYHOT'O YIIPABJIEHUA*

H. H. Hedenos, B. T. Boakos

MI'Y um. M.B. Jlomownocosa, Mockea, Poccus

nefedov@phys.msu.ru, volkovvt@mail.ru

B nokutazie npencraBiieHbl Pe3ysIbTaThl COBPEMEHHBIX WCCJIEIOBAHUN CHHIYIISPHO
BO3MYIIEHHBIX 33124 peakius-1uddy3ust-aIBeKIns, 6a3upyonuecs Ha JaTbHEeHTeM
Pa3BUTHUN aCUMIITOTUYIECKOTO IIPpUHITUIIa CPpaBHEHUA (STOT II0/IXO0/1 TaK2Ke Ha3bIBalOT
acuMOTOTHIeCKUM MeTosioM Juddepennuanbabix HepasencTs). O6cyx qaercs ooiast
cxeMa aCUMIITOTHIECKOro Meroa auddepennnaibubix HepaBencTs (cM. [1] u cepuikn
B 9TOi paboTe) i1isl IEPUOJUYECKUX APAbOJUIECKUX 33184, KOTOPasl IPUMEHSIETCs K
psily HOBBIX cirydaeB. Jloka3aHbl TEOPEMBI CYIIECTBOBAHUS IEPUOINIECKUAX PEIIEHUI C
BHYTPEHHUMU CJIOAMU, ITIOCTPOCHBI X aCUMIITOTUYICCKNE IIpI/I6.HI/I)KeHI/IH u uccJjie1o0BaHa
YCTOMYUBOCTD 110 JISAMyHOBY TaKuX penieHwuil.

Ilosrygennble pe3ysIbTaThl MPOMJLIIOCTPUPOBAHBI JIJIsT YPABHEHUN THITa YPABHEHUS
Broprepca, npumensieMoro, HanpumMmep, sl ONMCAHUS HEJUHEHHBIX BOJIH B cpeje 0e3
JIUCIIEPCHU € MOJYJIbHOM HEJIMHEHHOCTHIO (MOYJILHOI agBeKuHeﬁ):

0?u  Ou Olu|

922 ot ' or
(x,t) e D:={x e (-1,1); t e R},

B(u,x,t) =0,

u(—1,t;¢) = h(1), u(1,t;¢) = K (1), t eR,
u(z,t;e) = u(x,t + Tse), xz € [-1,1], teR,

e 0 < &€ < 1 — maseriii mapamerp, a dyukuun B(u, z,t), h(7)(t) u h{T)(t) mocra-
TOYHO TyIaJKue u T-IepuojnIecKre 1o IIePeMEHHO’ t.

IMosryyeHHble Pe3y/IbTATHI IPUMEHEHDBI K 3aJ1a4€ C JIMHEHHBIM NEPHOJIMYECKUM UC-
TOYHUKOM (JIMHEHHBIM yCHICHHEM).

AcumnroTrieckuii anaM3 I 9TOrO Catydas 3aga4u (1) npuMeHeH Jis IOCTpOe-
HUS ACUMIITOTUYECKOTO PEIEHUs 33/Ia91 MPAHUIHOTO yIpaB/ieHus. [locTpoeHo acuMII-
TOTHYECKOE NMpUbJINKEHNEe IPAHUYHOrO YCJIOBUs, NP KOTOPOM TPEGYEMbIi pesKuM
JBIKeHnsT (DPOHTA TOCTUTAETCS € 38/ IAHHON TOYHOCTHIO.

Crucok Jureparypbl
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*Pabora BeinosiHena nupu dunancosoii noguep:xkke PH® (rpant 18-11-00042).
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HEKOTOPBLIE SAJAYN MUHMMAKCHOI'O YIIPABJIEHN A
M. C. Hukouabckuii

Mamemamuueckuis uncmumym um. B.A. Cmexaosa PAH, Mockea, Poccus

mni@mi-ras.ru

BaxkapiME ncTOYHMKAMEI 33289 MUHIMAKCHOTO THIIA, SIBJISIOTCS TEOPHUS UT'P U TEO-
pust ucciieI0BaHus oneparuii. B sTux Teopusix MUHUMAKC OOBITHO BBICTYIIAECT KAK HAU-
MEHBIINI rapaHTUPOBAHHBIH PE3YJIBTAT JIJIS TAHHOTO UIPOKa (y9IacTHUKA KOH(MIIMKTA )
[0 OTHOIIEHWIO K JIEHCTBUSIM JPYTUX UTPOKOB (YIACTHUKOB KOH(DIIUKTA).

B MmaremaTnyeckoil Teopun yrpaB/ieHUs MUHUMaKCHbBIE 33J1a9l BOSHUKAIOT, HAIIPHU-
Mep, [PU KeJIAHUK y9eCTh BO3MYIIEHNS W IIOMEXHU, KOTOPble OOBIYHO JIEACTBYIOT Ha
peasibHbIe yIpaBjsgeMble 00 beKThI. BayKHBIM HCTOYHMKOM MUHUMAKCHBIX 32/1a9 TAKKE
sABJIsgeTCs Teopus qudHepeHnuaaIbHbIX Urp.

JuHamMuka yrpas/isieMoro 00beKTa B MUHIMAKCHBIX 33/[a9aX YIIPABJICHUs OITUCHIBA-
eTCsi TPAJUITMOHHON JIJIs MAaTeMaTUIeCKOU TEOPUH YIIPABJIECHUsT MOJIEIbIO, B KOTOPOM
[IPUCYTCTBYET HECKOJIBKO YIIPABJIAIONINX BEKTOPOB, HAXOMISAIINXCS B PACIIOPSIXKEHUU
N wrpokos (y4yactHukoB KoHbunkTa), e N > 1. KadecrBo CBI3KM IOMYCTUMBIX
VIIPABJICHUII UT'POKOB OIEHUBAETCsI (DYHKIIMOHAJIOM TPAJUIIMOHHOTO JIJIs MaTeMaTH-
9eCKOIl TeOpUr yIpPaBJICHUs BUJIA.

[Tpu u3yveHnn MUHUMAKCHBIX 33129 YIIPABJICHUS BAXKHBIMU SIBJISIOTCS CJIEILYOIINE
3a1a4u:

1) oJryaenue HeO6XO;LI/Il\/IbIX yC.J'IOBI/Iﬁ JJIdd UCCJIe1yeMOoro MuHUMaKCa;
2

) UpUOJINKEHHOE BBIYUCJIECHUE COOTBETCTBYIONIEIO MUHUMAKCA,
3) cylecTBOBaHUE UCCIIELYEMOrO MUHUMAKCA;

4

n3ydeHre AHAJUTAIECKUX CBOWCTB MUHUMAKCa KaK (DYHKIMH OT HAYAJIHLHOTO
COCTOSIHUS YIIPABJISAEMON CUCTEMBI.

OTmeTuM, 9TO B IPUIAIAEMOM CIHCKE Jireparypbl paborsl [1-10] comepxar ma-
TepuaJl, CBA3AHHBIN C PA3JIMIHBIMU ACIEKTaMU IIPOOJIEMATUKNA MUHUMAKCHBIX 3329
YIPaBJIEHUS.

Tenepb Mbl M3JI02KUM pe3yibraThl paborsr [10]. Paccmarpusaercs: KOHGIMKTHO
ylIpasJjisieMasl CUCTEMa BUJIA

z = A(x)u + b(z,v), (1)

ez ER" (n>1),u € R? (p >1),v € R? (¢ > 1), A(z) — marpuna pasmepa
n X p, b(xz,v) € R™. Ha ynpasasonmii BEKTOP ¢ HAJIOKEHO Orpanudenue u € P, rie
P — omykiibiit komnakT B RP. Ha ynpasisionuii BEKTOP v HAJOKEHO OIPAHUICHUE
v € @, rae @ — koMmakT B RY.

IIpenmonaraercs, aro

1) ssementol MarpuuHoil dbyHKIME A(x) OUPENEJEHbI U JIOKAIHHO JIUIIIUIEBbI
Ha R™, a koopamHaThl BeKTOpa b(2,v) HempepbiBHBI Ha R™ X () M JIOKAJIbHO
JIMIIIITUIEBDI 110 & Ha R™ paBHOMEPHO OTHOCHUTEJILHO U € ()

2) mHOXKeCTBO b(x, () BBILYKIIO JIst Kaxkaoro x € R™.
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Taxkeke 1peIIoI0KuM, 4To IpHu Beex £ € R™, u € P, v € () BBIIIOJIHEHO U3BECTHOE
ycioBue A.@. Qumiiosa BUIa

(@, f(2,u,0)) < e(1+ |2]),

rue f(z,u,v) = A(x)u + b(x,v), yrioBble CKOOKU OOO3HAYAIOT CKAJSIPHOE IIPOU3BE-
JIeHUe B €BKJIMJIOBOM TpocTpaHcTse R™, |r| — jymma BekTOpa T, a ¢ — HEKOTOpas
HeOTpI/ILLaTeJ‘IbHaH KOHCTaHTa.

ITycrs must yupasmisiemoit cucrembl (1) 3amanbr Havasnbhoe yenosue x(0) = xo u
orpesok spemern [0, 7], tae T > 0. O6o3naunm yepe3 U MHOKECTBO U3MEPHMBIX 10
JleGery dyukuuii u(t) € P, a yepe3s V MHOkKecTBO u3MepuMbIx 110 Jlebery dyuknuii
v(t) € Q na orpeske [0,T]. Pyuxuu u(-) € U, v(-) € V obpasyior napy JOLyCTUMBIX
yupassenuii. Kadectso pomycrumoit napst (u(-), v(+)) ycaoBumes oneHuBaTh GOyHKIN-
OHAJIOM BUJIA

p(x(T,u(-), v(-)), (2)
rue Gyukuus o(z) oupenenena u nenpepbisaa Ha R™, a x(t,u(),v(-)) — pemenune
ypasuenus (1), coorBercryiomee jgonycrumoii nape (u(:),v(+)) u HAYAJIBHOMY YCJIO-
suto 2(0) = .

Mpg1 Gysiem cuuTaTh, UTO yupasieHue u(-) HAXOJUTCSI B PACIOPSIKEHUN YIPABJIs-
omero cyobekTa, a yupasjieHue v(-) MOUEIMPYET [MOMeXH U BO3MYIINEHUsl, BO3JIEH-
CTBYIOIUE Ha yUPABIAEMbI 00beKT. [Ipn 3TOM IpeaIoraraeTes, 9To yIpaB IOl
cyObekT crpeMuTcd K Munumuzaruu Gynkimonasna (2), a dyaknus v(-) eMy Heus-
BeCTHA. B Takoil CHUTyaluu eCTECTBEHHO I YIPABJIAIONIEro Cy0heKTa B Ka4eCTBe
OIITUMAJILHOTO PE3yJIbTaTa PACCMATPUBATD BEJUIUHY

y= min_ max p(z(T,u(),0()). 3)
u(-)eU v(-)eV
OTMeTnM BayKHBI J/Ts TIPUJIOYKeHHH cirydait, koraa o(x) = |x — £|2, te € — duken-
poBaHHBIH BekTOp 13 R™. CTpeMsach K MUHUMASAIANA TAKON (DYHKIMHN, YITPABJISIONTAI
cyObekT crpeMurcs K ToMmy, 9T06bl BeKTop (T, u(-),v(:)) 6bLI KaK MOXKHO OJIMKe K
[eJIEBOMY BEKTOPY .

ITpu u3ydyeHWN BEJWYUHBI Y U3 COOTHONIEHWs (3) BaKHBIM SIBJISIETCSI BOIIPOC O
KOPPEKTHOCTH €€¢ OlpeJesieHus. J1e0 B TOM, 94TO CYIIECTBOBAHUE COOTBETCTBYIONIIX
MaKCUMyMOB U MUHUMyMa B ¢dbopmyie (3) He 09eBUIHO. DTOT BOIPOC, B YACTHOCTH,
uccaenosadcs B padore [10]. Kparko uzsnoxum pesyiabrarsl padorst [10].

IIpu chaenaHuBIX paHee TPEIIOIOKEHUTX 060CHOBBIBAETCS, ITO COOTBETCTBYIOIINE
MaKCHMyMBbI B MUHAMYM Jocturaiorcs B (3). Takum obpazom Besmdnua v B (3) onpe-
JIeJIeHa KOPPEKTHO.

Takske PacCMaTPUBAJICS BOIPOC 00 AHAJUTUIECKUX CBOMCTBAX BEJIMYMHBI 7 KAK
GbyHKIMU HAYAIBHOIO COCTOsIHUS ylpaBJsgemoii cucrembl (1). O6o3HaYUM BEKTOD Xg
gepe3 y. B [10] obocHOBBIBAETCSI, UTO LU CAEIAHHBIX IPEIIONOKEHUIX (DYHKIIUS
~(y) menpepoiBaa Ha R™. Takke 060CHOBBIBAETCS JIOKAJIbHAS JIMIIITUIEBOCTh (DyHK-
1 7 (y) Ha nmpoctpancTBe R™ npu 106aBOYHOM TpeGOBAHUM JIOKAJIBHON JIUIIIAIIEBO-
ctu byukuun ¢(z) va R™.
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CUMMETPUS U AHAJIMTUKA TIPU OIIMCAHUU
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ITox maremaruaeckoit “mamunoit Jybunca” moHNMaeM yIIpaBJIsieMblil OObEKT, [IBU-
JKE€HUE KOTOPOT'O OIUCHIBAECTCS CUCTEMOi quddepeHnnaabHbIX yPABHEHMH

T = Cos @, Yy = sin ¢, O =u;

(1)

u € [ug, ugl, uy = const < 0, ug = const > 0.

3aech T, Y — KOODJMHATHI F€OMETPUIECKOTO TIOJIOKEHHsT Ha JIBYMEPHON IIJIOCKOCTH;
U — CKAJIPHOE YIIPABJICHHE. YTOJ (0 OTCIMTHIBAETCS OT MOJIOKUTEIHLHOTO HAIPABJIE-
HUsI OCH & TIPOTHMB 9acoBoii crpesku. Ilomaraem ¢ € (—o00,00). Hauansroe yciosue:
to = 0, ,’B(to) = y(to) = gD(to) =0.

B caygae up = —1, ug = +1 cucremy (1) Ha30BeM KaHOHUYECKOI.

Ilox momycTUMBIMU TPOrPAMMHBIME YIIPABJIEHUSIMU [TOHUMAaEM U3MePUMbIe DYyHK-
1uu BpeMenu ¢ — u(t), yJOBIETBOPSIIONINE OTOBOPEHHOMY T€OMETPUIECKOMY OTDaHU-
YEHUIO.

MuozxkectBoM moctmzxumoctu G(tg) B MOMeHT t¢ > () HA30BEM COBOKYIHOCTBH BCEX
dazosbix cocrosmmit (z(te), y(te), ¢(t))T cucremer (1), moOTyIaeMbIX B MOMEHT t¢ TIpH
HOMOIIH JOMYCTUMBIX TIPOTPAMMHBIX YIIPABJICHHI 13 HYJIE€BOTO HAYAIBHOTO (hasoBOro
cocrosinusi. Yepes G, (t) obosHaunM aByMepHOe @-cedenne muoxkecTsa G(tf).

*PaboTra BBINOJIHEHA B pPaMKaX WCCJIEIOBAHUNE, MPOBOJAUMBIX B YPAJIbCKOM MaTeMaTHYECKOM
LIeHTpe.
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ITpoBo/IsT YNCIIEHHBIE UCCIIEIOBAHNSI (-CeueHnit MHOXKecTBa gocTikumoctu G (tf)
[IpU PA3JIMYHBIX 3HAYEHUSX U] U U2, ABTOPHI OOHAPYKUJIN, YTO OHU UMEIOT OJMHAKO-
BYIO CTPYKTYPY C (p-CEYEHUSAMU MHOXKECTBA JOCTHKUMOCTH KAHOHUYECKON CUCTEMBI.
OpHaKo [UTst KaXKI0r0 ¢ U tf MCXOTHOW CHCTEMBI CJIEIyeT MOI0UPATH (p-CeIeHNe KAHO-
HUYECKOf CHCTEMBI IIPH TOM 2Ke (0, HO IIPH JPYrOM MOMEHTe OKOHUYAHUs tf. A MMeHHO,
cIIpaBeJInBa ciejyroras hopMysia;

up — ug '

G () +2 Sin(—)

1/ug —1 « 2ui(p — truo
2y (M o ule e o

)
0 Uz —Uq

Gw (tf) o 2U1U2
Bneck uepes G (t}) 0bo3HATEHO P-CeUeHne MHOKeCTBa JIOCTHKUMOCTH KAHOHIIEeCKOit
CHCTEMBI B MOMEHT tj .

Dopmysia (2) 3anmucana He B UCXOJHBIX KOODAUHATAX &, Y, & B HEKOTOPBIX BCIIOMO-
raresibHbIX KoopauHaTax X, Y. Ock X mpoxojuT depes Havaj0 KOOPAUHAT UCXOTHON
CHCTEMBI 1 Pa3BepHyTa IPOTHB YaCOBON CTPEJIKM HA YIOJ (/2 OTHOCUTEIHHO OCH Z.
IlenTp BcmomoraTe/IbHOI CHUCTEMBI HaXOJIUTCSA B TOUKE T = siny, y = 1 — cose.
Bcenomorarenbaas crucrema KOODAMHAT 3aBUCUT OT (0 M HE 3aBUCUAT OT 3HAYEHUU Uj,
Uz, tf.

Takum obpazom, MuOMKecTBO Gy (tr) cBA3AHO ¢ MHONKecTBOM G (tf) HpH TOMOMIIH
addunrnOro npeodbpazosanus. Ilapamerps! npeobpazoBaHus 3aBUCAT OT U1, U2, P, L.

JIOTIOJTHATEIFHO B TIPOIIECCE AHAJIN3A CTPYKTYPBI TPEXMEPHOT'O MHOXKECTBA, JIOCTHU-
skumoctu G(tf) yCTAHOBJIEHO CBOHCTBO CUMMETDUU (O-CEUEHUIT MHOXKECTBA JIOCTUKU-
MOCTH OTHOCUTEJBHO Ocu X BCIIOMOTATEIbHON crucTeMbl Koopanuat X,Y .

It bopmyser (2) momyaeno dhopmasbHOE MaTEMATHIECKOE OGOCHOBAHUE, OUPa-
foreecst Ha npuanmn Makcumyma [loarpsiruna. [Ipaktudeckn ncnosib3oBanue hopmy-
Jibl (2) HO3BOJISIET CBECTHU MOCTPOEHUE (P-CEUEHUI MHOMKECTBA JOCTHKUMOCTH UCXOJI-
Ho#t cucrembr (1) (BoOOIIE rOBOPSI, HECUMMETPUIHON OTHOCUTEIBHO 3HAUEHUI U1, Usg)
K IIOCTPOEHUIO SO-CeLIeHI/II‘/JI MHO2>KeCTBa JJOCTU2KNMOCTHU KaHOHUYECKON CHUCTEeMBbI (CI/IM—
METPUYHON OTHOCUTEJIBHO U7, u2). IIpu 3TOM JI/IsT KAHOHMYIECKOI CUCTEMBI JIOCTATOYHO
3HATDH OIMCAHUE (P-CEICHUIl MHOXKECTBA, JIOCTUKUMOCTH JIAIIb [IPU HEOTPUIIATEHbHBIX
3HavdeHusx . Ecim ¢ < 0, TO COOTBETCTBYIOIIHE (-CeueHusT 00Pa3yIOTCs U3 (p-CeUeHN
ayist @ > 0 Ipu IOMOIHU 3ePKAJIbHOIO OTOOPAXKEHUsT OTHOCUTEIFHO OCH T MCXOJHOM
CUCTEeMbI KOOpJAUHAT.

B pamxax KaHOHMYeCKO# cucTeMbl Ipu ¢ > 0 J1aHO aHAJUTUYECKOE OIIMCAHUE
TPAHUIIBI (V-CEYCHUI U MPUBEIEHA KJIACCU(DUKAINS BO3MOXKHBIX BAPUAHTOB UX CTPY-
KTYDBI.
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Consider a class of n-person differential games on a network. The players are
connected in a network system. We use N = {1,2,...,n} to denote the set of players
in the network. The nodes of the network are used to represent the players from
the set N. We also denote the set of nodes by N and denote the set of all arcs
in the network N by L. The arcs in L are arc(i,j) € L for players ¢,j € N. For
notational convenience, we denote the set of players connected to player i by K (i) =
{j:arc(i,j) € L}, fori € N.

Let 2°(7) € R™ be the state variable of player i € N at time 7, and u’(7) € U? C RF
the control variable of player i € N.

Each player ¢ € N can cut the connection with any other player from the set K ()
at any instant of time.

The state dynamics of the game is

i'(r) = fi(a' (), 4’ (7)), zi(ty) = xf, for 7€ [tg,o0) and i€ N. (1)

The function fi(z% u) is continuously differentiable in 2? and u’. For notational
convenience, we use x(t) to denote the vector (x'(t),z%(t),...,2"(t)).

As usual in the classical differential game theory, we suppose that at each time
instant t € [tg,00) players ¢ € N have information about this time instant and the
state variable z(t) and based on this information choose their controls and decision
to cut or keep the connection with players from K (7).

Let zg = (24, ..., 2}) and denote this game by I'(z).

The payoff function of player ¢ depends on the state and control variables of this
player and on the state variables of the players from the set K (i), m =1,2,.... The
payoff of player ¢ is given by

Ki(zo,ul,. .. = > / Pt Bl (2 (1), 27 (1)) dr, i€ N;  (2)

JEK (1)
if K(i) = @ (if player ¢ has no connection with other players), then
Ki(xg,u',...,u") =0.

The term A/ (2*(7), 27 (7)) is the instantaneous gain that player i can obtain through
network links with player j € K (i).

The functions h? (z*(), 27 (1)), for j € K(i) are positive.

From (2) we can see that the payoff of player ¢ is computed as a sum of payoffs
which he gets interacting with players j € N \ {i}.

Cooperation and characteristic function. Consider the cooperative version of the
game. The value of the characteristic function for the grand coalition IV is defined as
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the maximum value of the joint payoff

> / (1) (2 (), 29 (7)) dr 3)

1EN jEK (1)

subject to the dynamics (1).
Denote by

z(t) = (' (1), Z%(t), ..., 2" (1)) and  a(t) = (a'(t), @ (t),...,a"(t))

the optimal cooperative trajectory and optimal cooperative control in the problem of
maximizing (3) subject to (1). The maximized joint cooperative payoff V(zg,to, N)
involving all players can then be expressed as

> [ et o)) ar

ZGN JEK (1)

= omax Y Z/ e Pt B (27 (7), 29 (7)) dr = V (20,10, N)  (4)

u 7u27' 7
1EN jEK (1)

subject to the dynamics (1).

Next, we consider distributing the cooperative payoff to the participating players
under an agreeable scheme. Given that the contributions of individual players to the
joint payoff through the linked players can be diverse, the Shapley value [2] (1953)
provides one of the best solutions in attributing a fair gain to each player in a complex
network. One of the contentious issues in using the Shapley value is the determination
of the worth of subsets of players (characteristic function).

We present a new formulation of the worth of a coalition S C N. In computing
the values of the characteristic function for coalitions, we evaluate the contributions
of the players in the process of cooperation and maintain the cooperative strategies
for all players along the cooperative trajectory. In particular, we evaluate the worth
of the coalitions along the cooperative trajectory as

V(o t ) =S Y /< (7 (1), 7 (7)) dr. (5)

i€S jeK (i)NS

The idea of this approach was first proposed by Bulgakova and Petrosyan [1] (2019).

Note that the worth of a coalition S is measured by the sum of payoffs of players in
the coalition in the cooperation process with the exclusion of the gains from players
outside the coalition S. Thus, the characteristic function reflecting the worth of the
coalition S in (5) is formulated along the cooperative trajectory Z(t).

Similarly, the characteristic function at time ¢ € [tg, 00] can be evaluated as

08 =Y ¥ [ e onE o, ©)
i€S jeK(i)NS

An important property of the above characteristic function as a measure of the
worth of a coalition in the Shapley value is given below.
Proposition. The characteristic function defined by (5) and (6) is conver.

The properties of solutions are investigated.
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OB OIHOM 3AJIAYE IIPECJIEJOBAHUA ABYX YKECTKO
CKOOPINMHNPOBAHHBIX YBEI'AIOIIINX B JINHENHBIX
PEKYPPEHTHBLIX JUO®PEPEHIIUAJBHBIX UTPAX*

H. H. Ilerpos

Vomypmexut yrusepcumem, HUowcesck, Poccus
kma3@list.ru

B 3ajiatax KOHQIIMKTHOrO YIPaBJIEHUsI HAPSY C METOJIAMH, OPHEHTHPOBAHHDI-
MU Ha IIOCTPpOEHUE OIITUMAJIbHBIX CTpaTeFI/Iﬁ [1], CYIIECTBYIOT IIOJAXO/IbI, Halle/IEHHbIE
HA TapaHTUPOBAHHBIN pe3ysbrar. K Takum moaxogaM OTHOCATCS, B YACTHOCTH, Me-
oy [ourpsaruna [2] u MerTox paspemaiomux byHKIWA, 103BoJsoNuUil 3hbdhexTuBHO
HCIOJIB30BATH TEXHUKY MHOTO3HAYHBIX OTOODAYKEHUIA JIJIsl [OJIyYeHUs] HEOOXOMUMBIX
pesysbraToB [3]. B manHoit paGore Meron paspemaromux GyHKIUHA TPUMEHSETCS K
WCCJIEIOBAHUIO OJTHON 3a/1a"i KOH(MINKTHOTO B3aUMOJEHCTBHS IPYIIIBI [IPECJIeI0Ba-
Tesell u AByX yOerarormx.

B mpocrpanctse R¥ (k > 2) paccmarpusaercs, muddepenmuanbaas urpa I'(n 4 2)
n + 2 jmm: n upecaepoBareneit P, ..., P, u aByx yb6erarommx F, E5. JIBmxkenue
KasKJIOr0 TIpecyenoBaresisi P; OnuchbBaeTCs CHCTEMOIT

T; = A(t)xl + ug, u; €V, ,’Bi(to) = .’L’?, (1)
a 3aKOH JIBUKeHNs KasKaoro yberatomero Ej, j = 1,2, nmeeT Buj,
g = A(t)y; + v, veV, y;t) = y;), (2)

rae T, Yj, U, V5 € Rk, V' — crporo BBIYKJBIH KOMHIAKT C TJIAJKOU TpaHUIIEH,
A(t) — wmenpepbiBHag Ha [tp,00) MarpuuHas (GYHKIHs MOPAIKA k. 31ech U jaJee
iel={1,...,n}.

HeiicTBust yOeramommx MOKHO TPAKTOBATH CJAEIYIONINM 00pa30M: UMEETCs IEHTD,
KOTODBIH st y6eratomux Fp, Ea BeIOHpaeT 0JiHO U TO ke ynpasjenue v(t).

Omnpenenenne 1 [4]. @yukmua f: R! — R* maswaerca pexyppernmmoti no 3y-
606y, eciu jist moboro € > 0 cymectsyer T'(g) > 0 Takoe, 9To jas mobbIx a,t € R!
cymecrByer 7(t) € [a,a + T(g)], mis KOTOPOro CIPABEJIUBO HEPABEHCTBO

F(t+7(t) — fF@O)]| < e.

*PaboTa BbInOSIHEHA IPH OIepkKKe MuHICTEpCTBA HAYKHU U BbICIIero obpasosanusi PP B pamkax
rocynapcrseHHoro 3azanus Ne(075-01265-22-00, npoekr FEWS-2020-0010 u npu dunaHCOBOI
nognepkke PODU B pamkax Hay4dHoro mnpoekrta 20-01-00293.
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IIpennosioxkenue 1. @ynnamentanbHas Marpuna ® cucremsr 2 = A(t)z, z(tg) =
= FE saBnsiercst pekyppeHTHO# 110 3y00BY (pyHKIUEN, a ee IIPOU3BOIHAST PABHOMEPHO
orpanuvena Ha [tg, 00).

Ipeapicropueit v;(-) dyakuuu v(-) B MOMEHT ¢ HA30BeM CyzKeHue (DYHKIMHU U Ha
OTpe3oK [to, t].

Ompenenenne 2. DByjiem roBopuTh, 4To 3a/1aHa K6A3UCMPAMELUSA U; pecJie o-
Barens P, eciu onpeseneno otobpaskerne U;(t, 20, v,(+)), craBsmee B cooTBeTcTBIE
HaYAILHOMY cocTogHmIo 20 = (z?j), MOMEHTY U IPOM3BOJIBHOM MPEIBLICTOPUH YIIPAB-
nenus vy(-) yberaomux E; namepuMyio GyHKIuo u;(t) = Ui(t, 2°,v:(+)) co 3navenu-
amu B V.

Ounpepnesienne 3. B wurpe I'(n + 2) npoucxomur noumka, €Cau CymecTBYIOT MO-
ment Ty = T(2°) u xBasucrparerun Uy, ..., U, npecnenosareseit P, ..., P, Takue,
qTO JIst J11060# n3Mepumoit dyrkmun v(-), v(t) € V, t € [tg, Tp], BBIIOIHEHO XOTsI GBI
OJTHO M3 CJIELYTONIAX yCIOBHIA:

(a) maiiyrcs vomepa l,m € I (m # 1), j € {1,2} u momentsl 71,72 € [to, 1)
raxie, w10 1(71) = 3 (1), Tm(72) = 95(72);

(6) mafimyrcest mHomepa l,m € I (m # 1) u MoMeHTBI T1,T2 € [to,Tp] Takue, 91O
(1) = y1(71), 2m(72) = y2(72).

Sameuanne 1. VYcjoBue MOMMKHU O3HAYAET, 9TO JUOO JBA KAKAX-TO IPECIIEI0BA-
TeJIST OCYIIECTBIISIIOT TIOMMKY OJJHOTO YOETraromero, Mo OUH IPECIeOBATEb JIOBAT
0JIHOTO y0Oeraromero, a BTopoii — aApyroro. Takas cuTyalusi MOXKeT BOZHUKHYTh, €CJIH
cucTeMa COCTOUT M3 JBYX OJIOKOB M JIJISI TOIO, YTOOBI €€ BBIBECTH M3 CTPOs, HyKHO
JInbO YHUYTOXKUTH OAUH n3 OJIOKOB, OO MOBPeIuTh 0068 OJIOKA.

Ob6o3aaunm vepe3 IntX u coX BHYTPEHHOCTb M BBIIYKJIYIO 0D0JIOYKY MHOXKECTBA
X C R* coorBercrBeHHO.

Teopema. ITycmov cywecmeyem muoonceemso Inp C I, |In] = n — 2, maxoe, wmo
oas ecex | € I

Int co{z?, i € In, i # 1} Nco{y?,y3} # @. (3)
Tozda 6 uepe T'(n + 2) npoucrodum noumxa.

CanencrBue 1. IIyemv A(t) = 0 das ecex t € [tg,+00) u cywecmeyem mmo-
orcecmeo Iy C I, |Io] = n — 2, das xomopozo evinoaneno yceaosue (3). Tozda 6 uepe
I'(n + 2) npouczodum noumxa.

B nannom cayvae O(t) = E agist Beex t > to n nosromy P(t) siBasieTcss peKyppeHT-
HOI.

CanenctBue 2. I[Iycmv A — nocmoanHas mMampuya, 6ce COOCTNEEHHDIE HUCAL
KOMOpot. ABAFOMECA NPOCTNBMU U YUCTNO MHUMBMU, U CYWELCTMEYEM MHOHCECTNEO
Iy C I, |[Iy] = n — 2, das Komopozo swvinoaneno ycaosue (3). Tozda e uepe T'(n + 2)
NPoOUCTOOUM NOUMKQ.

HeiicrBuTenbHo, B JanHOM ciaydae dbyHnamenTanbaas marpuna ®(t) asasgercs pe-
KyPPEHTHOIA.

IIpumep. Oupegennm muoxecrso F = (0,27) U2, (2mn?, 27n? + 27). Hycrs
B cucremax (1), (2) to = 0 u marpuna A(t) numeer Bun A(t) = a(t)E, rue

0, ecsim t € F,
a(t) = {

sint, ecnu t ¢ F.
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Torna marpuna ®(t) sBasiercs pekypperTHoii [5]. [ToaTomy, ecn HaYaIbHBIE YCIOBHS
TAKOBBI, YTO BBIIOJHEHBI YCIOBUsI TeOpeMbl, B urpe ['(n + 2) IPONCXOIUT ONMKA.
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GRAPE METHOD FOR OPEN QUANTUM SYSTEMS
DRIVEN BY COHERENT AND INCOHERENT CONTROLS*

Vadim Petruhanov®®’, Alexander Pechen®®

@Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia
b Moscow Institute of Physics and Technology, Dolgoprudny, Russia
¢ National University of Science and Technology “MISIS”, Moscow, Russia

vadim.petrukhanov@gmail.com, apechen@gmail.com

One of important tools for the development of quantum technologies is quantum
control, which studies methods of operation on individual quantum systems [1]. Under
experimental conditions controlled quantum systems are often not isolated from the
environment, so that they appear to be open quantum systems. On the one hand,
the environment has a destructive effect on the state of the system, but on the other
hand, it opens new opportunities for active control of the quantum system, for example
via incoherent control [2, 3]. In quantum control various optimization problems are
considered. Although in some cases the solution for the optimal shape of the control
can be obtained analytically, often it is not the case and numerical optimization
methods are needed. A large class of methods includes gradient-based numerical
optimization algorithms, one of which is the GRadient Ascent Pulse Engineering
(GRAPE) developed originally for the design of NMR pulse sequences [4] and later
applied to various problems (see, e.g., [5, 6]).

In this talk, we consider a generalization of the GRAPE method to the case of
open quantum systems driven by coherent and incoherent controls [7]. We obtain
an analytic expression for the gradient of a Mayer-type functional with respect to
a piecewise constant control for general N-level quantum systems. In more detail a
one-qubit system is considered. This case is remarkable, because due to low dimension
the corresponding 3 x 3 matrix exponentials can be analytically diagonalized; to this

*This talk presents the work supported in part by the Russian Federation represented by the
Ministry of Science and Higher Education under grant no. 075-15-2020-788 and by the Russian
Science Foundation under grant no. 22-11-00330.
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end we compute the eigenvalues of the right-hand side matrix of the system evolution
equation. It was found that in the case of constant coherent and incoherent controls
u € R and n € Ry, the half-plane R x Ry > (u,n) can be divided into two domains
with different dynamics, similar to the phase diagram. In suitable coordinates, the
boundary between the two domains is a plane cubic curve with cusp. The performance
of the algorithm is illustrated for the problem of steering the system from a given initial
state to a given final state in a fixed time for systems consisting of a single qubit and
two qubits. Moreover, we compute the gradient and Hessian (in the sense of Fréchet)
of the objective functional with respect to controls in the functional space L2, without
piecewise constant assumption on the controls.
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DYNAMICS OF A VOTING PROCESS
BASED ON THE BOUNDED CONFIDENCE PRINCIPLE
Sergei Yu. Pilyugin

St. Petersburg State University, St. Petersburg, Russia

sergeipil47@mail.ru

We study a nonlinear dynamical system modeling the following problem of opinion
dynamics. A society consisting of N agents has to choose between two options,
1 and —1. Let v} € [—1,1] be the opinion of the agent with index k € {1,..., N} at
time moment n =0,1,..., and let

V= (v, .., 0F) (1)

be the array of opinions at time moment 7.
Following the bounded confidence principle (in the process of electoral decision,
voters are influenced by individuals sharing an opinion close to their own) formulated
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by Hegselmann and Krause [1], the dynamical system is generated by a mapping &
defined in two steps.
Fix numbers ¢ € (0,1) (confidence level) and h € (0, 1) and consider the sets

J(v,?):{le{l,...,N}: |vl"7v};|§€}, ke{l,...,N}, n>0.

The set J(vy) is the set of indices of agents whose opinions influence agent k& when
he modifies his own opinion at time moment n.

Denote by I(v}!) the cardinality of the (nonempty) set J(v}}).

At the first step of definition of ®, we fix an array V™ of the form (1) and define
an auxiliary array

W™ = (wi (V"),...,wn(V")),

where

h
wk(V”)zv};—i—I(vn) Z U k=1,...,N.
k7 1egp)

It is possible that, for some k, wg (V™) ¢ [—1, 1], so that a kind of “norming” must
be applied as the second step of definition of ®. We consider two “normings” which
give us dynamical systems with substantially different dynamics.

In [2], a “cutting” procedure was suggested; the new opinion value UZH is obtained
by replacing the value wy (V™) less than —1 by vi’*! = —1, and the value wy (V")
greater than 1 is replaced by vp ™! = 1. Finally, v ™" = wy (V") if |w, (V") < 1.

The dynamics of the appearing dynamical system is completely described in [2]. Tt
is shown that if ¢ < 1/2, then any trajectory tends to a fixed point as time goes to
infinity. All possible fixed points are characterized. It is shown that any fixed point
P =(p1,...,pn) with |pg] =1, k € {1,..., N}, is attracting, while all the remaining
fixed points are Lyapunov unstable. Modifications of the model studied in [2] are
considered in the recent papers [3] (where the average of values v} is replaced by the
average of values i(v]") for a wide class of influence functions ¢) and [4] (where the
finite set of agents is replaced by a set indexed by the continuum [0, 1]).

We note an important property of the system: the results of the voting process
(—1 wins or 1 wins) can be different for the same initial array of opinions V? for
different values of the confidence level e.

In [5], we study a model similar to that considered in [2] but with a different
norming. Instead of “cutting” the values obtained at the first step, for W(V™) #£ 0,
we divide the values w} by the maximum absolute value of wi* to get UZH.
The main results of [5] are as follows: we show that if

e(N—-1)<1, (2)

then any trajectory tends to a fixed point as time goes to infinity; all fixed points in this
case are described; it is shown that both fixed points (—1,...,—1) and (1,...,1) are
attracting while all the remaining fixed points are Lyapunov stable but not attracting;
an example of a system is given for which condition (2) is not satisfied and there exists
an unstable fixed point.
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BsA3KOCTHBIE PEIIEHUS YPABHEHUN
TTAMUIBTOHA-AKOBU-BEJIJIMAHA
IJId CUCTEM HEWTPAJIBHOI'O TUIIA*

A. P. ITnakcun

UMM YpO PAH, Examepunbype, Poccus

a.r.plaksin@gmail.com

Panee B [1] 6pu1 pasBuT MUHUMAKCHBIN OAXO0] [2] K MOHSATHIO OGOGIIEHHBIX perre-
Huii ypaBuenuii [ammibrona—Akobu ¢ KOMHBAPHMAHTHBIME IPON3BOIHBIMA, BO3HUKA-
OMUX B 33/1a9aX JUHAMAYIECKON ONTUMU3AIIN CUCTEM HEHTPAJBHOTO THIIA B (hopMe
Ix. Xeiura. lens mamuoit paboThl 3aK/II0YAETCS B PA3BUTUU BI3KOCTHOTO IIOIXO-
Ja [3] k morsiTHI0 0600IEHHBIX perntennit Takux ypasHernii. [Tpu arom, coemyst nuesm
u3 [4, 5], 11st oIy eHrsT HEOOXOMMBIX PE3YJIBTATOB MBI IPE/JIAraeM PACCMATPUBATH
ypasHeHus 'amMuiibrona—kobu He HA IPOCTPAHCTBE JIUIIIHUIEBBIX (DYHKIN, KaK 9TO
66110 B [1], a Ha GoJiee MIUPOKOM IIPOCTPAHCTBE KYCOUHO JIMIIIIUIEBLIX (OyHKITHIA.

Mycrs h > 0, I € N u 9 = Th. ©yuxuuo w(-): [—h,0) — R™ naspiBaeMm kycouro
AUNWUUEBOT, ecad CyIecTBYIOT Takue —h = & < & < ... < & = 0, 9ro w(:)
JIMIIIATEBA Ha KaxkaoM uHTepBase [&;,&1+1), ¢ € 1,k — 1. MHOXeCTBO TaKux Kycod-
HO JIMIINUIEBbIX GYHKIUNA 0003HauuM depe3 PLip. O6o3naunm Takxke yepes PLip,
MHOXKECTBO KYCOYHO JMIINUNEBbIX (GyHKIuil w(:), sl KOTOPBIX CYIIECTByeT 0 =
= d(w(-)) > 0 rakoe, yro w(:) meunpepsiBHO muddepennupyema Ha [—h, —h + J].
ITonoxum

I-1
G=(0,9] xR" x PLip,  G. = |J(ih, (i + 1)h) x R" x PLip,.
i=0

OrmpesiesiiM HOPMBI

0
lw()lx = /7h||w(€)|\ dg,  flw()llee = P )HW(é)lla w(-) € PLip.

)

*HccienoBanne BBIIOJIHEHO 3a c4eT rpanTa Poccuiickoro Hay4uHoro ¢gponga (npoekr Ne21-71-10070,
https://rscf.ru/project/21-71-10070/).
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PaccvoTpum ciie Iy oIy o 3a/1a9y ONITHMAIBHOTO YITPABICHUS: JIJIsT KAXKI0M TPOHKU
(1,z,w(+)) € G HeOOGXOAMMO MUHUMU3UPOBATH 110 Uu(-) DYHKIMOHAI

J(Tv Zﬂ“’()?”()) = U(‘T(ﬂ))v

rie 2(-) — JBUYKEHUe JMHAMUIECKOH CHCTEMBI, OIIMChIBAEMOl ypaBHEHNEM HeHTpasb-
woro tumna B ¢popme Jx. Xeita

%(‘T(t) —g(t,x(t—h))) :f<t’x(t)’w(t_h)vu(t))’ te [Tvﬁ]’ (1)

npu HavaabHoM yesosun x(7) = z, x(t) = w(t — 7), t € [T — h, 7). 3uecs t — Bpems,
x(t) € R™ — dasossrit Bekrop, u(t) € U — ynpasasitomee soszeiicreue, U C R™ —
komnakT. Pyuxmusa f(t,x,y,u) € R" ¢t € [0,9], z,y € R", u € U neupepsiBua, Ji0-
KaJIbHO JIMIIAIIEBA 110 BTOPOMY U TPETHEMY apryMEHTAM U YJIOBJIETBODSET yCIOBHIO
nojmHeitHoro pocra (em. yenosust (f1)—(f3) B [4]). @yukmusa g(t,z) € R™, ¢ € [0, 9],
x € R"™, nenpepwiHo quddepernupyema. @yukrus o(z) € R, z € R™, okanbHO -
muneBa. [Ipy yKa3aHHBIX yCJIOBUSX KarKJas JONyCTHMAas (M3MepuMasi) Peasim3aliist
yupasnerus u(-): [1,9] — U exuHcTBEHHBIM 06pa30M ONpesesieT ABuKeHue (-) —
KYCOYHO JIMNIIUIEBY (DYHKIMIO, OLpeJeleHtyio Ha [ — h,¥], takyio, 9410 dyHKIusd
y(t) = x(t) — g(t,z(t — h)), t € [r,9], mummunesa u ypasuenue (1) BbIoJHAETCS TO-
9TU BCIOy. MHOXKECTBO JIOIyCTUMBIX pean3aluil yipapieHus obo3HatdaeM qepe3 U .
DyHKIMOHAI ONTUMAJIBHOTO PE3yJIbTaTa JIJIsi PACCMATPUBAEMON 381891 UMEeT BUJL

p(7,z,w()) = u(.i)nefuT J(r,z,w(-), u(-)).

Pacemorpum 3amaay Kommu gyt ypaBuenme [ammibrona—xkobu ¢ KomHBapuaHT-
HbiME (Ci-) pousBogHBIME (CM. onpesiesnenue B [1])

a:fwcp(Tv 2 w()) + <a7(zng(7—7 w())v VZSQ(Ta 2, w())> +
—I—Igleiﬁ<f(7,z,w(—h),u),Vzgo(T,z,w(-))> =0, (r,z,w(")) € Gyx, (1)

0, z,w(")) = o(z), (z,w(:)) € R" x PLip, (2)

rue §(r,w(-)) = g(r,w(—h)). B omuuue or ypasuennii Famusbrona—dkobu st cu-
creM ¢ 3amasapiBanueM (cM. [6]) B ypasuenun (1) mosiBisiercs HOBOE cylaraeMoe, He
onpegesieEHoe Ha BceM G. T103TOMy MBI paCcCMATPUBAEM 3TO YPABHEHHE HA MOIIPO-
crpancTie G, B KaxK 01 TOUKe KOTOPOIo B CHJIY YCJIOBUiT Ha (DYHKIIUIO ¢ TPOU3BOIHAS
9,g(T,w(-)) cymecrsyer.

Pemenue 3anaun (1), (2) 6ymem uckarb B kiacce GyHKIuoHAJIOB ¢ € P, yinosie-
TBOPAIOIUX CJIECAYIOIUM YCJIOBUAM:

(a) mus s06eix (7, w(-)) € [0, 9] x Lip([—h, 0], R™) dyukuusa @(t) = (t, w(—0), w(-)),
t € [1, 9], HeupepbIBHA;

(6) mms moboro a > 0 cymecTByeT Takoe A, > 0, 410
lo(7, 2,w(") = (7, 2", w' ()] < Apui(r, 2 = 2/ w(-) —w'()),
re(ih G+ Dh,  i€0T-T,  (zu())(w()) € P(a),
te Pla) = {(z,u() € R" x PLip: |l2]| < a, u()ll < a} 1
vi(T, 2, w(-)) = ||zl + w1 + [w(=h)I + [lw(ih — 7).
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OrmernM, ato ecau dyHKImoHaN ¢ € P ci-muddepennupyem B Touke (7, z, w(:)) €
€ Gu, 1o dyukuus o(t, z) = p(t,x, ki (1)), (¢, z) € [1,9] x R™, tue k(t) = w(t — 1),
tel[r—nh,7), k() =z, t € [r,9], 6yaer umers npasyto npoussouyio 0T 3(r, 2) /0T u
rpajguent V,o(7,z) B ToUKe (T, 2), & TAKKE YIOBJIETBOPITH CJIEIYIOMIEMY yYPABHEHUIO
Tamunprona—Akobu:

oto(r, 2)
or

Torma, ciaelys KIacCUYeCKOMY IIOHSITHIO BI3KOCTHOIO pemnienus [3], ecTecTBeHHBIM

+ <87C—:wg(7—7 w(+)), Vz(7, Z)> + H(7,z,w(—h), V.¢(r,2)) = 0.

06pa30M MOKHO HPHUATH K CJIEIYIONIEMY OIIPEIEJIEHUO.

Omnpenenenne 1. @Dyuknmonarn ¢: G — R Ha3bBaeTCst 843K0CMHLIM PEULEHUEM
3adawu (1), (2), ecam oH ynoBeTBOpSIET BKIOUeHNIO @ € §, yesosuio (2) u cuemyro-
UM yCJIOBUAM:

(i) mrs mobsx (7,2, w(-)) € Go, ¢ € CH(R x R",R) u § > 0 ecrm

o(r, z,w(+)) — (1, 2) < @(t,z, ke (+)) — (¢, ), (t,x) € O;(T,Z),

W + <87C'fwg(7—’ UI()), VZ’(/J(T’ Z)> + Znelﬂr}<f(7', Z, w(—h), u)7 Vzw(T7 Z)> <0;

(i) ms mobwix (1,z,w(-)) € Go, ¥ € CHR x R™",R) u § > 0 ecsn

o(r, z,w(+)) — (1, 2) > o(t,x, ke (+)) — (¢, ), (t,x) € O;(T,Z),

OUT2) | (0w, Vet 2)) + mind 17, 2 w(—h),w), Vetb(r, 2)) > 0.

Baech k(t) =w(t —7), t € [T —h,7), k(t) =2, t € [1,7],
02_(7',2) = {(t,x) EnT+I xR ||z —z|| < 5}.

Teopema 1. A. Qynkyuonas oNMUMAALHOZO DESYALIMAMA P AGAACMCH €OUN-
CMBEHHbIM 8A3KOCTIHbIM pewenuem 3adavu (1), (2).

B. Qyukyuonas onmumasvrozo pesysvmama p (6a3K0CMHOE peweHue 3a0auu
(1), (2)) 6 mouxaz ci-dupdepenyupyemocmu ydosaemsopsem ypasheruto (1).

B. Ecau dpynrxyuonanr ¢ € @ ci-dudgepenyupyem scrody na G, ydosaemsopsem
ypasnenuwro (1) u yeaosuro (2), mo on cognadaem ¢ GYHKULOHAAOM ONMUMANDHOLO
pesyavmama p (8askocmuvm pewenuem 3adavwy (1), (2)).
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V3EJ XOII®A KAK TTOJIHBIA UHBAPUAHT
INODEOMOPOU3MOB MOPCA-CMENJ/IA HA 3-COEPE*

O. B. ITouunnka

HUY BIII, H. Hoszopod, Poccus

olga-pochinka@yandex.ru

B pa6ore [1] nomyuena nosnHas Tonosornveckas kiaaccuduxanus suddeomopdus-
MoB Mopca—Cwmeiijia Ha IIPOU3BOJIBHBIX 3aMKHYTBHIX 3-MHOTOOOpasusix. OmHako, Oy-
Jy9d PACCINTAHHBIM Ha, IMUPOKHUI KJIACC TOTOKOB, OMUCAHNE WHBAPUAHTOB 3aHAMAET
OCHOBHYIO 9aCTh KJaccuukanuu. B HEKOTOPBIX YaCTHBIX C/IydasX WHBAPUAHTHI 3a-
qacTyI0 HAXONATCs 0OOJiee eCTeCTBEHHBIM 00pa3oM, 6€3 pacCMOTPEHMS MX KaK JacTh
obmuoctu. Tak, B HacTodIieil paboTe ycTaHaBIUBAETCs, UTO i auddeomopdus-
MOB 3-cepbl, HeOJIY K IAIOIIee MHOYKECTBO KOTOPBIX COCTOUT B TOYHOCTH U3 UETHIPEX
TOY€K, ITOJTHBIM WHBaPUaHTOM ABJIAETCA KJIaCC IKBUBAJICHTHOCTH y3J1a XOII(ba Ha MHO-
roobpaszmn S? x S'. Paccmarpusaemble muddeoMopdu3MBl IeaaTcs Ha IBa KJIacca,
B OJTHOM M3 KOTOPBIX JAuddeoMopdu3Mbl UMEIOT B TOYHOCTU OJIHY CEIJIOBYIO TOUKY,
B JIDYyIOM — JIBE.

Iuddeomopdusmbr repsoro Kiaacca spistores muddeomopdnsmamu [Tukerona [3].
3aMbBIKaHUEe CEUIOBBIX cenaparpuc Takux anddeoMopdu3MOB MOXKET ObITh IUKAM,
& WX TOMOJIOTMIECKAs COIPSYKEHHOCTD MTOJTHOCTHIO OMPEEISeTCs SKBUBAJIEHTHOCTHIO
y3a0B Xorba, ABJIMOMUXCs IPOEKIUEH 0THOMEPHOI ce 10Boil cenaparpucsl [1]. B pa-
Gore [4] Hali/leHBl MHBADUAHTHI TIEPBOTO MOPSIIKA I Y3708 Xomda. DTo Mo3BoJIsIeT
MO/IEJTMPOBATH CUETHBIE CEMEHCTBA MOMAPHO HEIKBUBAJEHTHBIX y3JI0B Xorda u, cie-

JIOBATEJIbHO, OECKOHETHOE MHOYKECTBO TOIOJIOTUIECKN HECOPSI?KEHHBIX jnddeoMop-
duzmoB [Iukcrona.

HuddeomopduaMbr BTOPOro KJracca ¢ He0OOXOAMMOCTHIO UMEIOT HEKOMIAKTHBIE Te-
TEPOKJIMHUIECKHE KPUBBIE [5], 1 B pacCMaTpUBaeMOM KJIacce TAKKe CyIeCTBYIOT mud-
deoMopdu3MB ¢ IMKO BIOKEHHBIMHE CeTOBbIME centapaTpucami [2]. [Ipeamonaraercst
J0Ka3aTh, 9TO [uist TudHeoMopdU3MOB € eMHCTBEHHON HEKOMITAKTHOM MeTePOKJIMHI-
9eCKOI KPUBOU IOJHBIM TOIMOJIOTHYIECKIM HHBAPUAHTOM TAKIXKE SIBJISIETCS BJIOYKEHUE
yama Xomda B MHEOroobpasme S? x S, apasiomerocs mpoeKnmeit oIHOMEPHOH celIo-
BOIl cenapaTpuchl.

*Pabora BbInosiHEHA TpU (DUHAHCOBON MOIEPXKKE J1abOpATOPUN JUHAMUYECKUX CACTEM W ITPUJIO-
keruit HMTY BIIID, cozpanHoii B paMKax MerarpanTa MuHHCTEPCTBA HayKHM U BBICIIErO 06pa3o-

Bauust P® (mpoekr 075-15-2019-1931).
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ATTAINABLE SETS FOR CONTROL SYSTEMS
ON A FREE CARNOT GROUP WITH POSITIVE CONTROLS"

Alexey Podobryaev

A.K. Ailamazyan Program Systems Institute of RAS, Pereslavl-Zalessky, Russia

alex@alex.botik.ru

We consider a control system on a 2-step free Carnot group with positive controls
in the first layer of the corresponding Lie algebra. We suggest an approach to finding
the attainable set for such a control system. This attainable set has a probability
interpretation.

Definition 1. The set G = R” x A2R" equipped with the multiplication rule
(z,y)-(@"y) = (@+a" y+y +ara’), z2" €R", yy € AR,
is called a 2-step free Carnot group of rank .
We consider the left-invariant control system
T = u, U=z Au, u=(ug,...,ur) ER",  up,...,u, >0.

Our goal is to describe the attainable set A from the point (0,0) for this control
system.

Definition 2. For any set of positive numbers (c1,. .., ¢, ), the map
Dcl,...,cr: G*)G, Dcl,...,cr(xvy) = (Cixivcicjy’ij)v 1= 17"'7T7 { <j7

is called a dilation.

Note that dilations preserve our control system. Denote by A; = {(z,y) € A |
x = (1,...,1)} the section of the attainable set. Since A coincides with the closure
of the orbit of A; with respect to dilations, it is sufficient to describe the section A;.
Let us consider the set B = 1((1,...,1)T 4+ A;) instead of the set A;.

*The work is supported by the Russian Science Foundation under grant 22-11-00140 and per-
formed in the Ailamazyan Program Systems Institute of Russian Academy of Sciences.
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H. Abels and E.B. Vinberg [1] suggested a probability interpretation of the set 5.
We give an alternative proof of the following theorem based on the geometric control
theory [2].

Theorem 1 [1]. Let &,...,& be independent random wvariables such that
P(& =...=¢&) =0. The points of the set B have the coordinates p;; = %(yij +1)=
P(& < &)

In [1] the attainable set A was regarded as a 2-step nilpotent Lie semigroup of
rank r and the set B was described for r = 3 with the help of an algebraic method.
The result implies some non-obvious bounds for the probabilities P(§; < &;). But it
seems that the method is inapplicable in the more complex cases r > 3.

We propose a constructive and algorithmic approach for » = 3. The conjecture is
that this method will also be useful for r» > 3.

The idea is to consider the time-optimal problem on the group G and then to
describe extremal trajectories that come to the boundary of the attainable set. These
are optimal trajectories for a reduced problem. We find extremal trajectories with the
help of the Pontryagin maximum principle [2, 3]. Then, the second order optimality
conditions due to A.A. Agrachev and R.V. Gamkrelidze [4] distinguish optimal trajec-
tories. More precisely, we get the number of control switchings for different kinds of
optimal trajectories (bang—bang, singular and mixed). This implies a parametrization
of the boundary d.A. The answer is given in terms of the set .

Theorem 2. 1. The set B for r = 3 is a curved polyhedron carved from the cube
[0,1]® with (p12,pas3, p31)-coordinates by the surfaces

P12 + p23p31 = 1, (1 —=p12) + (1 —pa3)(l —p31) =1

and surfaces obtained from these surfaces by any permutations of these variables.

2. The vertices, edges and faces of B correspond to the endpoints of the extremal
trajectories of the time-optimal problem with at most two, three and four switchings,
respectively.

For a free 2-step Carnot group of rank 4, we get the following upper bound for
the number of switchings for extremal controls such that the ends the corresponding
trajectories come to the boundary of the attainable set.

Theorem 3. The boundary of the set B for r = 4 can be obtained by extremal
trajectories of the time-optimal problem with at most eight switchings of the control.
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[TOBEJIEHUE PEIIEHUII MATEMATUYECKOI MOJEJIN
JBUYKEHNST TPAHCIIOPTHOT'O ITOTOKA

M. A. Ilorpebusik

Hpocaaseruti 2ocydapemeennoiti yrnusepcumem um. I1.I. Jlemudosa,
Hpocaasav, Poccus

pogrebnyakmaksim@mail.ru

B pabore ucciieyercsi MareMaTHIeCcKas MOJIEJb JIBUKEHUs TPAHCIIOPTHOT'O ITOTOKA,
KoTopas omucbkiBaer jpmkenne N € N aBromobuseit u nmeer Bug cucrembr maudde-
PEHINAIBHBIX YPABHEHUI € 3aIa3/IbIBAIOIIIM aPIyMEHTOM:

in(t) = Ry, [an< Umax — En1(t = 7) ;o (- 7) ;fcn(t))} +

1+ ekn (xn(t)—Tn—1(t—7)+5n

R SN

1t —T) = zp(t) —lne

Zn(t) = A, Tn(t) = vp upu t € [—7,0],

rae Az, (t,7) = Xp—1(t—7) — 2, (t) — paccTosiHEE MEK Ly COCETHUME ABTOMOOHIISIMIE;
T — BpeMsl PeaKInu BOJUTENS; dy > 0 1 ¢ > 0 — K09DDUIUEHTDI, OMUCHIBAIOIINE
TEeXHUIECKNE XapaKTEPUCTUKNA aBTOMODOWIISI, OTBEYAIOIIE 38 NHTEHCUBHOCTD €r0 pas-
TOHA U TOPMOXKEHUST COOTBETCTBEHHO; Umax > 0 — MaKCHMAJIHHAS YKEJIaeMast CKOPOCTh;
ln,e > 0 — GesomacHoe paccrogrue Buja l, . = I, — €, r1e € — nobaBKa, CIyzKallad
JIJIE IIpe,ZLOTBpaHIeHI/IH TOp]\lO}KeHI/IH aBTOMO6I/II{H C HeOFpaHquHHOﬁ CKOpOCTbIO HpI/I
Az, (t,T), 70CTATOUHO 6IU3KOM K lp; kyn > 0 1 8, > 0 — mapaMeTpbl, OIUCHIBAOIIIE
MOBeIeHusT BOAUTENs: k, IMOKa3bIBAET, HACKOJIHKO IJIABHO BOJUTENH IPECIIEIyIONIe-
0 aBTOMOOHJISI TIOICTPAMBAET CBOIO CKOPOCTD TIOJ BIIEPEIN WYL, a S, OTparkaeT
paccrostane, HadnHasi ¢ KOTOPOTO BIUAHUE BIIEPEIN MIYIIEr0 aBTOMOOMIIS IEPEcTaeT
[IPEBAJINPOBATD; \;, — HAYAJIBHOE II0JIOXKEHUE aBTOMOOUJIS; Uy, — HAYAJIBHAST CKOPOCTH
aBToMoOmIs, a R, — penefinas OyHKIIUST BUIA

.2 t
1, ecimm Awx,(t,7) > Zalt)
2pg

+ ln?
R, =
a5 ()
0, ecmm Az,(t,7) < 2= +1,,
2ug
e (4 — Ko3ddunmenT Tpenus, a ¢ — ycKopernue cBoboiHoro nasienns. Oyuknua R,
OIHCHIBAET IEPEKI0YEHIE “DA3rOH—TOPMOKEHHE .
st Mojiesn ObLT IIPOBEJIEH AHAJIN3 YCTONIUBOCTH PABHOMEDHOI'O PEKUMa JIBHKE-
HUsl, IPH KOTOPOM BCE ABTOMOOWJIM JIBUT'AIOTCS C OJIMHAKOBON CKOPOCTBIO Umax HA
paccrogHuAX Ac, = ¢, — Cp—1 JAPYT OT APYyTa, IJe ¢, — yObIBAIOIIAA II0CJIEI0Ba-
TeJbHOCTD. Jj1s1 y110601i yObIBaIOIEll 110CIe10BaATEILHOCTH €, CYIIECTBYET DelleHue
CHCTEMBI BHJIA
Zn(t) = en + Vmaxt.

YeToiiunBoCTh TAKOI'O penieHusd 3aBUCUT OT 3HAKOB Bblpa)KeHI/Iﬁ

dn = —TVUmax + Cn — Cn—1 — ln,5~
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CupaseyiBa, eIy orast

Teopema. FEcau das 6cex n evnoanaemcea nepagencmeo d, > 0, mo pasHomep-
Ol pestcum yemotuue. Feauw xoma 6v npu 00HoM KAKOM-TNO 1 8VINOAHAEMCA HEPa-
sencmeo d; < 0, mo pagHoMepHbith PEAHCUM HEYCTNOTHUS.

W3 reopemsbl cilefryer, 4TO €c/ii BCe aBTOMOOM/IN IIOTOKA JIBUTAIOTCS HA JOBOJIBHO
0O0JIBIIIOM PACCTOAHUAU JPYT OT APYra, TO TAKOU PEXKUM JIBUKEHHS yCTOWYUB. YCTOM-
YUBOCTb TEPSAETCA IIPU YBEJIUYCHUN CKOPOCTHU Umax, BPEMEHU PEaKIUU BOJAUTENA T,
6€3011aCHOT0 PACCTOSHUS MEK/LY aBTOMOOMIISIMY [,, MJIN IIPH COKPAIIEHUH PACCTOSIHUSI
MEXKJTy JIByMsI COCEIHUMH aBTOMOOUIAMA Acy,.

AHOPMAJIbHBIE TPAEKTOPUU B CYBPUMAHOBO (2,3, 5, 8)-3AJIAYE
FO. JI. Caukos, E. ®. CaukoBa

Hremumym npoepammmoix cucmem um. A.K. Atramassna PAH,
Ilepecaasav-3anecexuti, Poccus

yusachkov@gmail.com, efsachkova@mail.ru

AnopMasibHBIE TPAEKTOPUU TIPEJICTABJSIIOT OCOOBIH MHTEpEC JJisi CyOPUMAHOBON
reoMeTpHUH, TaK KakK BOJIM3M HUX CYOpDHMMAaHOBa METPHKa HMeeT HamnboJiee CJIOXKHbBIE
ocobennocTu [1-3]. BaxKHble OTKPBITBIE BOIIPOCH! B CyOPUMAHOBON reéOMEeTPHN — [JIaJI-
KOCTb aHOPpMaJIbHBIX Kpa.TqafIIIII/IX 1 OllMCaHnuE€ MHO2KECTBa, 3all0JITHEHHOTO aHOPpMaJIb-
HBIMU TPAEKTOPUSIMU, BBIXOIAIIIMEI 13 (PUKCUPOBAHHON Touku. Tak, runoresa Capma
B CyOPMMAHOBOI T€OMETPUN YTBEPKIAET, 9TO ITO MHOKECTBO MMEET MepPYy HYJIb.

B namHOM nOKIIa/1€ pacCMaTpPUBAIOTCS 3TO U JIPYyTHe POJCTBEHHBIE CBOIICTBA yKa-
3aHHOI'O MHOXKECTBA JJIsI JIEBOMHBAPUAHTHOW CyOPHUMAHOBOII 33/1a4H C BEKTOPOM POCTa
(2,3,5,8). Uccemyerca Takxke riaobaibHasd U JOKAJIbHAS ONTUMAIBHOCTD AHOPMAJIb-
HBIX TPAEKTOPUH, MOJyIeHa UX dABHAS ITapaMeTPU3AIIHSI.

IIycre G — cBsi3Hast OJIHOCBsI3HAsSI CBOOO/IHAS HUJIBIIOTEHTHAas rpymmna Jlu paxra 2

rinyounsl 4. Ee anrebpa JIu umeer 6asuc Xi, ..., Xg ¢ Tabaumeit yMHOXKEHUS
[X1, Xo] = X5, (X1, X5] = Xy, (X2, X3] = X5, [X1, X4] = X,
(X2, Xy] = [X1, X5] = X7, [X2X5] = Xs.

Paccmorpum jieBomHBapraHTHYI0 CyOPHUMAHOBY CTPYKTYpy Ha (G, 3aJlaHHYIO OpTO-
HopmupoBanubiM periepoM (X1, Xo). B nokiaie OyayT OpeacTaBieHbl ClieLyIolue
PE3YJIbTATHI Jisl 9T0i cyOpuMaHOBOil cTpyKTYyphI [4-6]:

(1) aABHAS mapaMeTpU3anUs AHOPMAJLHBIX TPAEKTOpHWil pacnpemesenus D =
= span(X1, X2);

(2) crpykrypa MHOX)KecTBa B (G, 3alI0JHEHHOIO AaHOPMAJIbHBIMU TPAEKTOPUSIMU, BbI-
XOJSIIMMEI U3 eJIMHUIBI IPyIIbl G

(3) noxkasbHAS M rI0OATBHAS] ONITUMAJIBHOCTH AHOPMAJIBHBIX TPAEKTOPHIA.
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A NONLINEAR DIFFERENTIAL GAME OF [-CAPTURE
Bahrom Samatov, Ulmasjon Soyibboev

Namangan State University, Namangan, Uzbekistan

samatovb7@inbox.ru, ulmasjonsoyibboev@gmail.com

We have studied the [-capture problem in a nonlinear differential game with two
players, a pursuer and an evader, whose motions occur in a dynamic flow field with
various influence in the space R"”. Geometric constraints are imposed on the controls
of the players. In order for the problem to be solved, a convergence strategy, which is
constructed depending on the Krasovsky—Pontryagin formalization and Pshenichnyi—-
Chikrii method of resolving functions, is proposed for the pursuer, and a sufficient
condition of [-capture is attained.

Let the equations of motion of the players be expressed respectively as follows:

T =u+ f(t,r), z(0) = wo,
y=v+g(tvy), y(0) = yo,

where z,y,u,v € R", n > 2; f: Ry x R* — R" (¢: Ry x R® —» R") is an effective
flow field for the pursuer (evader); xg and gy are the initial locations of the players
respectively. Here it is assumed that |zo — yo| > I, { > 0. The functions f(¢,z) and
g(t,y) may describe the exogenous dynamic flows; however, they could express the
endogenous drift on account of the nonlinear dynamics of the players [10, 12-14].

In the first equation, u is the control parameter of the pursuer, and it is regarded
as a measurable function u(-): Ry — R™ satisfying the G1-constraint

lu(®)| < a for almost every ¢ > 0,

where o > 0.
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In the second equation, v is the control parameter of the evader, and it is considered
as a measurable function v(-): Ry — R™ satisfying the Ga-constraint

lo(t)| < B for almost every t >0,

where 8 > 0.

Note that the G1- and Gs-constraints are usually called the geometric constraints
(see [1, 11]).

We denote by Ug, (Vig,) the class of all measurable functions satisfying the G1-con-
straint (Gg-constraint).

Assumption 1 (Carathéodory’s conditions [9]). Let the functions f(¢,2) and
g(t,y) be defined on the domain I := Ry x R™ and satisty the following conditions:

(1) f(t,z) and g(t,y) are suitably continuous in = and y for every fixed ¢;

(2) f(t,z) and g(¢,y) are measurable functions in ¢ for every fixed x and y respec-
tively;

(3) for every compact set @ of " there can be found Lebesgue integrable functions
K(-): Ry > Ry and H(-): Ry — Ry such that |f(¢,2)] < K(¢) and |g(t,y)| <
H(t) for all (t,z), (t,y) € Q.

Assumption 2 (Lipschitz’s condition). For every compact sets @p and Qg of T’

there exist Lebesgue integrable functions K¢, (-): Ry — Ry and Hg, (1): Ry — R4
such that

|f(t,$1) - f(t,I2)| < KQP(t”Il - I2|7
lg(t,y1) — g(t,y2)| < Hop(t)ly1 — y2l

for all pairs (t,21), (t,22) € Qp and (t,y1), (t,92) € Q.
For admissible control functions u(-) € Ug, and v(-) € Vg,, the Carathéodory
differential equations

& =u(t)+ f(tz(),  x(0) = o,
g=vt)+9ty),  y(0)=wo

generate unique trajectories x(t) = xz(t; xo, u(-)) and y(t) = y(¢; yo,v(:)) respectively.
Here xz(t) is termed the trajectory of the pursuer, and y(t) is termed that of the
evader.

The main objective of the pursuer is to approach the evader at a distance [ > 0
(I-capture problem [4, 7, 8]), that is, to reach the inequality

|z(T) —y(r)| <1
for some 7 > 0.

Let us introduce the notation ¢ = (¢, z,y,v) = v+ g(t,y) — f(t,z) and z(¢) =
z(t) —y(t), 2(0) = 20, 20 = To — Yo-

Now we will define a convergence strategy for the pursuer according to the
Krasovsky—Pontryagin formalization [2, 3] and Pshenichnyi—Chikrii method of re-
solving functions [5, 6].

Definition 1. For « > ||, we call the function

azo + Pl

u(y, 20) =¥ = Av,20) — S
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a convergence (approach) strategy of the pursuer in the I-capture problem, where

A, 20) = p1—2[<¢720> +al+ (0, 20) + )2+ p2(a® — [2)|, p* = |z0]> — %,

(1, zp) is the scalar product of the vectors ¥ and zp in R", and the function A(, z0)
is generally termed the resolving function.

Definition 2. In the l-capture problem, we say that the strategy u(w,zg) is
winning on some time interval [0, T if, for any v(-) € Vg,,
(a) at some instant e € [0, 7], the relation |z(¢)| < [ holds;
(b) u(y(t, z(t), y(t),v(:)),20) € Ug, holds on the interval [0,¢], where the num-
ber T is termed a guaranteed time of [-capture.

Assumption 3. We can find Lebesgue integrable functions k(-): Ry — R4 and
h(-): Ry — R, with k(t) < k, k > 0 and h(t) < h, h € R, that satisfy

[f(t,2) — g(t,y)| < k(t)]x —y| + h(t)
for any z,y € R".
Assumption 4. Let the following be valid:
(a) t* :=min{t: A(t) =1, t >0, | > 0}, where

AW = aol - | t exp(— | o dn) (a— B h(s)) ds:

(b) a > B+ k(t)Qt) + h(t) for every t € [0,t*], where Q(t) = A(t) exp fg k(s)ds.

Theorem. If Assumptions 1-4 are satisfied, then the strategy u(v, zq) is winning
on the interval [0,t*] in the l-capture problem.
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THE [-CATCH AND EVASION DIFFERENTIAL GAMES
FOR INERTIAL MOTIONS

Bahrom Samatov, Mohisanam Turgunboeva
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In this work, we study the [-catch and evasion problems in a differential game
with two inertial players, a pursuer and an evader. On the controls of both players,
exponential damping geometric constraints are imposed, which ensure the values of
the acceleration vectors are monotone decreasing in time. In the [-catch problem,
we construct an approach strategy for the pursuer, which provides an approach to
the evader at a distance [, [ > 0, and a sufficient condition of [-catch is defined. In
the evasion problem, a specific admissible strategy is proposed for the evader and a
sufficient evasion condition is found.

Assume that a player X (pursuer) chases another player Y (evader) in the space R™.
Represent a state of the pursuer in R™ by x and that of the evader by y. Let us consider
the [-catch and evasion problem when the motions of the players are described by the
differential equations with initial conditions

.’:E.:’LL, I(O):I07 x(o):xlv
g =, y(o) = Yo, y(o) = Y1,

respectively. Here z,y, u,v € R", n > 2; x¢ and yo are the initial states of the players,
respectively, and it is presumed that |zo — yo| > I, I > 0; 21 and y; are the initial
velocity vectors of the players, respectively, and we suppose 1 = y1; the acceleration
vectors u and v act as control parameters of the players, and they depend on time ¢,
t>0.

The temporal variations of u and v must be Lebesgue measurable functions
u(+): [0,00) = R™ and v(-): [0,00) — R™. We denote by U the set of all measurable
functions u(-) satisfying the geometric constraint (briefly, G-constraint)

lu(t)] < ae ™ for almost every t > 0,

where a > 0, k > 0.
Similarly, we denote by V the set of all measurable functions v(-) satisfying the
G-constraint

lo(t)| < Be for almost every t > 0,

where 8 > 0, k > 0.
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Definition 1. The measurable functions u(-) € U and v(-) € V are called controls
of the pursuer and evader, respectively.

If u(-) € U and v(-) € V, then the triplets (zo, 21, u(-)) and (yo,y1,v(:)) yield the
trajectories of motion

z(t) = a0 + 1t + /0 (t — s)u(s) ds, y(t) = yo +y1t + /0 (t —s)v(s)ds

of the players X and Y, respectively.
The main target of the player X is to approach the player Y at the distance I > 0
(I-catch problem [1, 4, 7-11]), that is, to obtain the inequality

lz(n) —y(n)| <1

for some n > 0. But the basic target of the player Y is to avoid the above inequality,
i.e., to keep the relation (evasion problem)

|lz(t) —y ()] > 1

for all ¢, t > 0, and if it is impossible, then the player Y struggles to postpone an
instant of [-catch.

Let us introduce the notation z(t) = z(t) — y(t), 2(0) = zo. Then we have zg =
2o — yo and 2(0) = 0, and therefore, we come to the unique Cauchy problem

Z=u—v, z(0) = z9, 2(0)=0.

Now we will define an approach strategy for the pursuer on the basis of the works [2,
3, 5, 6].
Definition 2. For o > 3, we term the function

ae Ptz + vl

u(t,’l}) =V — )\(t,v)m

an approach strategy or II;-strategy of the pursuer in the [-catch problem, where

1
At v) = 0w (v, 20) + ade™* 4 \/(<v, z0) + ale=kt)2 + h2(a2e= 2kt — |u|?) |,

h? = |20]? — 2, and (v, z0) is the scalar product of the vectors v and zy in R”.
Note that the function A(¢,v) is generally termed the resolving function.
Proposition 1. If a > 8, then A(t,v) is bounded as

a—f

e R < A(t,v) < a+p o—ht
|20] — 1

B

Proposition 2. If a > 3, then the equation
k?(|z0] = 1)
a—pf8

has a positive root with respect to t, and we denote it by Tj.

e M= _kt+b,  b=1+
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Definition 3. In the [-catch problem, we say that the II;-strategy is winning on
some time interval [0, 7] if, for any v(:) € V,

(a) there exists a 7, 7 € [0,T}], that generates |2(7)| <,

(b) the inclusion u(t,v(+)) € U is satisfied on [0, 7].
Here the number 7T is termed a guaranteed time of [-catch.

Theorem 1. Let a > B be valid in the l-catch problem. Then the 11;-strateqy is
winning on the interval [0,T)].

Definition 4. In the evasion problem, we call the control function
v (t) = —pe Mz

a strategy of the player Y, where 2o = 2z9/|20|-

Definition 5. We say that the strategy v*(¢) is winning if, for any control
u(+) € U, the solution z(t) of

Z=u(t) — v*(t), z(0) = z9, 2(0) =0,

satisfies the inequality |z(t)| > [ for all ¢, t > 0.

Theorem 2. Let a < 8 be fulfilled. Then in the evasion game, the strategy v*(t)
is winning on the time interval [0, +00).
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We study the pursuit—evasion problems in a linear differential game with two play-
ers [1, 2], which are called the pursuer and evader, in the space R™. The controls of
the players are subject to Langenhop type constraints [9]. We construct in parallel
a pursuit strategy (II-strategy) [3, 5-10] for the pursuer and an evasion strategy for
the evader. We have obtained sufficient solvability conditions of the pursuit and
evasion problems. To solve the evasion problem, we have found lower bounds of the
convergence depending on the given parameters.

Suppose that in R™ a controlled object P, called the pursuer, follows another
object F, called the evader. Denote by x the position of the pursuer and by y that
of the evader in R™. Let the motions of the objects be represented by the following
differential equations, respectively:

T+ kx = u, z(0) = xo, (1)
J+ky=v,  y(0) =y (2)

Here x,y,u,v € R", n > 2; k is a positive number; xy and yq are the initial positions

of the objects and it is assumed that xy # yo; u and v are the velocity vectors

functioning as control parameters of the objects, respectively. They should be picked

as measurable functions u(-): [0, +00) — R™ and v(-): [0,4+00) — R"™, respectively.
We consider the following classes of admissible controls for the pursuer:

(Py) the Langenhop type constraint (briefly, La-constraint) [9]
t —
lu(t)]? < p* — 2k/ lu(s)|* ds, for almost every 0 <t <t, (3)
0

and we denote this class by ULq, where ¢ = sup{t: p* — 2k fg lu(s)|>ds > 0};
(P;) the geometric constraint (briefly, G-constraint) in the form

lu(t)| < pe™™ for almost every t > 0, (4)

and we denote this class by Ug;

(Ps3) the integral constraint (briefly, I-constraint) in the form

t 2
/ u(s)Pds < (1 —e ), ¢ >0, (5)
o 2%

and we denote this class of admissible controls by Uy; in (3)—(5), p and k are
positive numbers.
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Similarly, for the evader we introduce the following classes of admissible controls:

(E1) the Langenhop constraint (briefly, La-constraint)
t
lo(t)]* < o — 2k/ lv(s)|? ds for almost every 0 <t <ft, (6)
0

and we denote the class of all admissible controls of the form (6) by Vi,
where ¢ = sup{t: 02 — 2k fg lv(s)|*ds > 0};

(E2) the geometric constraint (briefly, G-constraint)
lu(t)] < oekt for almost every t >0, (1)

and we denote the class of admissible controls satisfying the G-constraint (7)
by Va;
(E5) the integral constraint (briefly, I-constraint)

t 2
/ lv(s)]* ds < ;—k(l — e 2Kty for almost every ¢ >0, (8)
0

and we denote the class of admissible controls satisfying the I-constraint (8)
by Vi; in (6)—(8), o and k are positive numbers too.

If U (respectively, V') is one of the introduced classes Ug, Uy or Uy, (respectively,
Ve, Vi or Vi5a), then the pairs (xo,u(-)) and (yo,v()) generate the following trajec-
tories:

(t) = et (x0+ /O tu(s)eks ds), y(t) = e <y0+ /O tv(s)eks ds)

of the pursuer and evader, respectively.
Lemma 1. Ug CUp, C Uy and Vg C Via C Vi for almost every t > 0.
Let us introduce the notation z(t) = x(t) — y(t), 2(0) = 20, 20 = To — Yo.
Definition 1. If p > o, then the function

ura(t,v) = v —Ara(t,0)0,  ALa(t,v) = (v, &) + 1/ (v, §0) + de 2,

is called the IIj,-strategy of the pursuer in the La-game, where § = p? — 02 and
€0 = 20/|20]. Note that |ur,(t,v)|? = [v|? + se~ 2kt ¢ > 0.

Definition 2. Let there exist a positive root of the equation
2(t) + W(t) — ®(t) = || (9)
with respect to ¢, where
o
d(t) =
®) 2kekt

Then we call the smallest positive root of equation (9) a guaranteed pursuit time and
denote it by Trq.

(et — 1), U(t) = (p? — o?)t2.

Theorem 1. If p > o and there exists a smallest positive root of equation (9),
then the lp,-strategy guarantees the completion of pursuit in the La-game on the
time interval [0,TLs).
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Definition 3. Let o > pin the La-game. Then by the E,-strategy of the evader
we mean the function

0 if 0<t<e,
Via(t, ue(t)) = 10
: —/|u(t —€)|2 + fe—2kC=e)gy if t>¢ (10)
& ;
where
0 if 0<t<e, 2
ue(t) = B us(t) eR™, 6 =0 —p? =2
<(?) {u(t—a) if t>e, «(®) P b0 |z0]

Theorem 2. If in the La-game p < o and 0 < e < k~1In(2k|2|/p), then
the ELq-strategy (10) is winning for E and the following estimates for the distance
between the players hold for all t > 0:

0 if 0<t<e,

|z(t)| > \/Q)2E(t—€)+\I’E(t_5)_q)E(t_8) if t>e,

where

p
Pp(t) = W(e%t - 1), Up(t) = (0® — p°)t>.
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YUC/JIEHHOE PEIIEHUE JIMHEMHBIX SAJAY OIITUMAJIBHOI'O
VIIPABJIEHNA C PA3JIMYHBIMY OYHKIINMOHAJIAMU KAYECTBA
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Pabora nocasineHa pacCMOTPEHUIO YUCTEHHBIX METOMIOB PEIICHNS JIMHEHHDBIX 33184
ONTUMAJIBHOTO YIIPABJIEHUs C PA3JIMIHBIME (DYHKIIMOHAJIAMA KadecTBa. Vcmomb3oBa-
HUe JIMTHEHHOCTH yIPABJISEMON CUCTEMBI TIO3BOJISIET MTOCTPOUTH 3(PHEKTUBHO paboTa-
onye YucJaeHHble aJI'OPUTMBI. Pa3pa6OTKe YUCJICHHbIX METO/10B JIJIA JMHENHBIX 3a/ia4
ONTHUMAJILHOI'O YIIPABJIEHUsI TIOCBSIIEH 1eJIblii psijl pabor. Cirelyer, OJHAKO, 3aMETUTh,
9T0 B OOJIBIIIMHCTBE OITyOJIMKOBAHHBIX PAOOT MCCJIEIYeTCsl TOJIBKO CXOIUMOCTDh METO-
JIOB U 33JIa€TCsi KAKON-TO KPUTEPU OCTAHOBKY BBIUUCIEHUN, KOTOPBI 00eCIieanBaeT
“OIM30CTD’ BBIYUC/IAEMBIX BEJIMYWH MCKOMBIM, HO HE TApAHTHUPYET 3aIaHHONH TOYHO-
CTH. O6quHO HCIIOJIb3yeMbI€ YUCJIEHHBbIE aJI'OPUTMBbI Tpe6yIOT YUCJIEHHOI'O pelIeHunsd
HEKOTOPBIX 33/[a4 n3 Teopuu JnddepeHIaJ bHbIX YPaBHEHUH, JUHEHHONT aareOpbl
u 1.71. OHAKO BBIYUCIUTEIbHBIE TOTPEITHOCTY PEIIEHUs ITUX BCIOMOIATEHbHBIX 38~
a9 MOTYT OKa3aThCs BEChMa 3HAYUTEIbHBIME, TIOITOMY OOJIBIION MHTEPEC MPEICTAB-
JISIIOT TAaKWe IUCJCHHBIE METObI, JIJIsi KOTOPBIX YIAETCsl MOy IUTh OIMEHKY TOYHOCTH
BBIYUCJIEHUI C yY4€TOM BbIYUC/IUTEJIbHbIX IIOFpeHIHOCTefI. ﬂaHHbeI JAOKJIa/[ KaK pa3 u
IIOCBANIECH YUCJI€EHHBIM METO/IaM, PEIIatonInM JIMHEITHbIEe 3a/1a91 OIITUMAJIbHOT'O yIIpaB-
JICHUs C PA3/IMIHbIMU dpyHKL[I/IOHa.HaNH/I Ka4dyecTBa C 3aﬂaHHOﬁ TOYHOCTBIO U C yHE€TOM
BBIYHCINTEBHBIX HOTrpertHocTei [1].
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HEBBIITYKJIBIN U BBIITYKJIBIN BAPUALIMOHHBIE [TOJIXO/IbI
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B noxmane obcyrkiaercss HOBBIII METOJ PelreHns 3aJa4i JUHAMHYECKON DPEKOH-
crpykruu ynpasienuit (3IPY) juist quHAMHYECKMX YIPAaBJsSEMbIX cucTeM. 11of
3IIPY nonmMaercs 3aja4a HOCTPOEHUsI AIIPOKCUMAINI HEM3BECTHOIO YIIPABJIEHUS
[I0 HETOYHBIM JIMCKPETHBIM 3aMepaM HabJII0JaeMOil TPAeKTOPUN JIMHAMHUYECKOH Cu-
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CTeMBI, KOTOpAasl TIOPOXKIAETCST ITUM yIIpaBJIeHneM (Tak Ha3bIBaeMoil 6a30BOi Tpaek-
TOpUH).

3PV orHOCHTCS K OOpATHBIM 3a/1a9aM TEOPHUH YIIPABICHUS. JTH 33191 aKTYaJb-
HBI JJIsi MHOTAX COBPEMEHHBIX IIPUKJIAIHBIX obsracTeit Hayku. K HacTOsSIIEMy BpeMeHn
pa3paboTaHbl pa3HOOOPA3HBIE MOJIXO/IBI K PENIEHII0 0OPATHBIX 33181, OCHOBAHHBIE HA
anrebpamIecKnx, UTEPAIOHHBIX, BADUAIIMOHHBIX U IPYTUX METOAaxX (CM., HAIpUMeD,
o63opubIe cratebu [1, 2]).

B mokstaze paccMarpuBaroTCs J€TEPMUHUPOBAHHBIE yIIPABJISEMbIe CUCTEMBI, ad-
dbuHHBIE IO yupaBieHusM. JonycTumble ypaBieHus — U3MepuMble (DYHKIUH, 3HA-
9eHUsT KOTOPBIX OIPAHMYEHBI W3BECTHBIM BBIITYKJIBIM KOMIIAKTOM.

SaMernmM, YTO 3aja4a PEKOHCTPYKIIUU HEU3BECTHOI'O YIIPABJIEHUsI HEKOPPEKTHA,
TaK KaK O/[Ha U Ta 2Ke 6a303a51 TPpaeKTOPUsA MOXKET IOPOXKIAThCA HE €JUHCTBEHHbIM
JOIIYCTUMBIM YIIPpaBJICHUEM. HOSTOI\/Iy BBOJAUTCHA MMOHATHE HOPMaJIBHOI'O yIIpaBJICHUA —
YIIPABJICHUS, TIOPOKIAIOIIET0 OA30BYI0 TPAEKTOPHUIO U UMEIOIIEr0 MUHUMAJIHHYIO HOD-
My B ipoctpanctie L2, Tlokazano 3], 9To Ipu THIMHYHBIX TPE/IIOTOKEHIAX O BXOHBIX
JIAHHBIX JIJIs JTI000H TPAeKTOPUHU, MOPOXKICHHONW JIOMYyCTUMBIM yIIPABJIEHUEM, CYIIe-
CTBYeT eJIMHCTBEHHOE HOpMaJibHOe yipasienue. [log 3IIPY moapasymesaercs 3a1a4a
PEKOHCTPYKIIMN UMEHHO HOPMaJIbBHOI'O YIIpaBJICHUSA.

IpeiozkeHublil aBropaMu JIOKIaja HOBBIA moxox [3-5] k pemenuo 3IPY onw-
paeTcst Ha BCIIOMOTATEIbHBIE BAPUAIIMOHHBIE 33149l HA MAHAMYM PEryJIsipU30BaHHO-
ro [6] uarerpasbHoro dbynximonasa Hepasku. OTianduresbHas 0COGEHHOCTD IIOX0-
Jla — HCIIOJIb30BaHN€ HEBBIIIYKJIbIX (BI)IHyKJ'IO—BOFHyTbIX) CI)yHKLLI/IOHa.HOB. HpI/I 9TOM
BO BCIIOMOTaT€JIbHBIX BapHUaIlMOHHBIX 3a/lavaX HHILYTCd JIMHIIb CTallMOHAapPHbIE TOYKN
(DYHKIIMOHAJIOB, & HE 9KCTPEMYM.

Ha ocuose sToro mojxozma paspaboran u obocHoBad [4, 5| ajropurm, mO3BOJISIIO-
Ui CTPOUTH AMMTPOKCAMAIINN HEM3BECTHOTO YIIPABJICHUS, CXOIATINECH K HOPMAJIBHO-
My IPHU yCJIOBAU BBINOJHEHUS OIIPEJICJeHHBIX YCJAOBUN COIIaCOBAaHUSA IIapaMETPOB all-
npoxkcuMarm. JbOEKTUBHOCTD aJropuTmMa o0yCcaoBIeHa cBefienneM pemnieans 3PY
K nHTerpupoBanuio JuHedHbrx O1Y.

B moknaze mpemtaraercs cpaBHeHne HOBOro moaxogna K pemtenuio 3/IPY co cxo-
JKWAM, KOTOPBIl 6a3upyeTcsi Ha BCIIOMOTATEIbHBIX BADUAIMOHHBIX 33/1a9aX Ha IKCTPe-
MyM BBIIIYKJIOTO (bYHKIIMOHAJIA.

ITocranoBka 3APY. Hab6monaercs nekoropas rpaekropus z*(-): [0,T] — R™
(6azoBast TpaeKTOPHUs) IMHAMUIECKON yIPABJISEMON CHCTEMBI BHJIA

&(t) = G(t, z(t))u(t) + f(t,z(t)),
xR ueUCR™, m > n, t e [0,T],

(1)

rue z(-) — BekTop (has3oBbIX HEepeMeHHbIX, U(-) — BeKkTop yupasienunii, T < oo, U —
BBIITYKJIBI KOMIIAKT. Ba3zoBast TpaeKTOpust HOPOKIAETCSI HEM3BECTHBIM JIOIYCTHUMBIM
YIPaBJIEHUEM.

Poub Bxomubix janubix B 3IPY urpaior HeTodYHbIE JUCKPETHBIE 3aMepbl 6a30BO
TPaeKTOpUU

T

s k=0, N, N = | I~ " (80)] <

Omu umeroT morpemHuocTs § > 0 i mocTynaor ¢ marom h® > 0 B MOMEHTHI BpeMeHn

tr =kh%, k=0,...,N.
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B3JIPY craBuTCs CJIeLyIONIM 06PA30M: JIJIs IOy 9eHHBIX TIPH OIPeIeeHHbIX § u hd
Ha6opos 3aMepos {y)} MOCTPOUTH U3MEpHUMbIE DABHOMEPHO OIDAHMHEHHbIE YIIpaB/Ie-
mus u®(+): [0,7] — R™ Taxue, 4T0 HpU CTPEMJICHHN K HYJIO napaMeTpos 8 u h® stu
YIPABJIEHUS CXOUATCs C1ab0 CO 3Be370ii K HOPMAJbHOMY ylpasjeHuio u*(+), a Tpa-
exTopun cucremsl (1), HOPOXK/IEHHBIE STUMU YIIPABJIEHUSIMHU, CXOJSITCS. PABHOMEPHO K
6azoBoii TpaekTopun *(-).

B paborax [4, 5] upemyioxen nomarospiit ajropur™ pemenus 3IPY. Ha kaxom
Imare aJropuTMa (T. €. Ha OTpe3Ke BpeMeHH [t;_1, t;]) UCIOIB3YIOTCS BCIOMOTaTebHbIe
KOHCTPYKIUU U3 3a/a"91 Ha ITOUCK CTallUOHAPHBIX TOYEK HEBBIITYKJIBIX dpyHKLLI/IOHaJ‘IOB

ti x; .0 2 012 U; 2 )
I(Ii('),m(.)):/t. [II O -y I, @I} N,

2 2

rje ¢ — HOMEp IIara ajiropurMma, ¢ — Majiblii peryigpusupyomuii (1o Tuxonosy [6])
napamerp. @ynkuus y°(t) ABIAETCS TIIA/IKON HHTEPIIOIAIMEH TUCKPETHBIX 3aMepOB.

B nmoknane paccMarpuBaercs: TakzKe “BBITYKJIBII BapHAIMOHHBIHN ITOIX0/T K Perle-
o 3/IPY, KOTOPBIit ONUpaeTcst Ha PEIIEHNE BCIIOMOIaTeIbHBIX BAPUAITMOHHBIX 33,149

Ha MUHUMYM BBIIYKJIBIX (DYHKITHOHAJIOB

Tz (t) — P (D12 a2||u(t)]|? .
) = [ [0 OF | SOF] oy,

IIpuBoMTCS KadeCTBEHHBI M KOJMYECTBEHHBIN AaHAJM3 PE3YyJbTATOB IPUMEHEHUSI
3TUX MOJXOI0B.
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ASYMPTOTIC REGIMES IN NEAR-HAMILTONIAN SYSTEMS
WITH DAMPED OSCILLATORY PERTURBATIONS

Oskar Sultanov

St. Petersburg State University, Saint Petersburg, Russia

oasultanov@gmail.com

Consider the system of two differential equations

(fl_f =0, H(z,y) + F(z,y,5(t),t), Z—i = -0, H(z,y) + G(z,y,5(t), 1),
where H(z,y), F(z,y,S5,t), and G(x,y, S,t) are smooth functions defined for all z =
(r,y) € R?2, S € R, t > 0 and are 27-periodic with respect to S. It is assumed that
H(z,y) = |z|*/2 + O(|z|*) as z — 0, F(z,y,S,t) — 0 and G(z,y,5,t) = 0 as t = oo
for any fixed values of (z,y,S), and S’'(t) — » € Z1 as t — oo. The influence of the
damped perturbations F'(x,y, S(¢),t) and G(x,y, S(t),t) on the long-term behaviour
of solutions of the limiting system is investigated. In particular, possible asymptotic
regimes for solutions are described and stability of the equilibrium is analysed. It is
shown that depending on the parameters and structure of perturbations there can be
a phase-locking mode with a phase difference tending to a constant at infinity, and a
phase-drifting mode with an unboundedly growing phase difference. In both regimes,
the equilibrium can remain stable or become asymptotically stable or unstable in the
perturbed system. In the case of loss of stability, the trajectories of the perturbed
system that start near the equilibrium can have an unboundedly growing amplitude at
infinity. The proposed technique is based on a combination of the averaging method
and the construction of suitable Lyapunov functions.
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TEOPEMA BOTOJIFOBOBA /1JI5 VIIPABJISEMON CUCTEMBI
C MAKCUMAJIbHO MOHOTOHHBIMU OIIEPATOPAMU

A. A. TosacroHoros

Huemumym dunamurxyu cucmem u meopuu ynpasaenus um. B.M. Mampocosa
CO PAH, Upxymcxk, Poccus
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ITycre H — cemapabesibHOE TUIBGEPTOBO IIPOCTPAHCTBO ¢ HOPMOL ||-|| u ¢ Hyse-
BbIM 3jieMeHTOM O, Y — cemapabenbnoe pedieKCHBHOE OAHAXOBO ITPOCTPAHCTBO C
wopmoit |||y, T =1[0,a] C RT =[0,00), a > 0.
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s gucnosoit dbysknun g: T X Y x H x Y — R paccmarpuBaercs 3a1a4a

J(2 (), y(),ul)) :/g(t,y(t)vx(t)v'M(t))dt%inf (P)

T

Ha penieHunusdgx yIIpaBJ’IHeNIOfI CUCTEMbI

—i(t) € A(®)z(t) + By(t),  2(0) = o € D(A(0)), 1)
y(t) = f(t,y(t), z(t)) +u®),  y(0) =yo, (2)
u(t) € UL, y(t), (1)) (3)

Hapsiny ¢ samaqeit (P) paccmMaTpuBaercst pelakCaloHHast 3a,1a1a

(@ (), y(),ul) = /:Fgé(tay(f)»x(f)»U(t))df — inf (RP)
Ha pemenusx cucrembl (1), (2) ¢ orpannuenusMu
u(t) € U(t,y(t), x(t)), (4)

rje €O obo3HAYAeT 3aMKHYTYIO BBIIYK/IyI0 000JI104Ky, a g7y (t,y,x,u) — Oumomspa
byukyn v — gy (¢, y, z,u) (em. [1]).

ITox pemenunem cucremsr (1)—(3) monmmaercs Tpoiika dyskimmit (z(-), y(-), u(:)),
x() € Wl,l(Tv H)v y() € Wl,l(Tv Y)v x(O) = To, y(O) = Yo, u() € Ll(Tv U)? YARO-
Brersopsitorast (1)—(3). Pemenne ynpasasiemoit cucremsr (1), (2), (4) onpezensiercs
aHaJIOT'MYHO.

MHuozkecTBa pemennit yupassiemoii cucremst (1)—(3) u (1), (2), (4) mMbr o6o3HATaEM
uepe3 Ry (zo, o) 1 Resv (X0, Yo) COOTBETCTBEHHO.

Ipennosioxkenust. A(-) ob1asaer cieayiomuMu CBORCTBAMU:

1) A(t): D(A(t)) € H = H,t € T, — ceMelicTBO MaKCUMAaJbHO MOHOTOHHBIX
orepaTopos ¢ obisactsiMu onpenenenust D(A(t)) u rpaduxamn gr A(t), t € T;

2) [|A°(t)z|| < m(t)(1+1(||z])), = € D(A(t)), tne A°(t)x — seMeHT MUHUMATLHOI
nopmbl MuoxkectBa A(t)z, m(-) € L*(T,RT), I: RT — RT — ney6bisatonias
bynKIusL;

3) jst smoGoro p > 0 cymecrsyer a,(-) € WH(T, R) rakoe, uro

exc, gr(A(s), gr A(t)) < lay(t) —ap(s)], s <t,
rae exc, gr(A(s), gr A(t)) ecrb p-nosyoTkiIOHEHne MHOXKecTBa gr A(s) or MHO-
xkecrBa gr A(t) (em. [2]).
Omneparop B: Y — H — HenpepbIBHBIH JIMHEHHBII O1IepaTop.

Oyukrus f: T XY x H — Y u muorozunaunoe orobpaxkenune U: T XY x H —Y
C 3aMKHYTHIMH 3HAYEHUSIMU O0JIAIAIOT CJIEIYIOIIMMEI CBOMCTBAME:

1) dyskuus t — f(t,y,x) u orobpakenne t — U (t,y, x) U3MEPUMBI;
2) szt mekoroporo k(-) € LY(T,RT), k(t) > 0, t € T, umeem

haus(U(tvylax1)7U<tay27$2)) + Hf(tvylvxl) - f(t»y2»$2)”Y <
< k@®)lyr — vally + 21 — 22]));
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3) £t yo. O + U (8 90, ©)lly < e(t), e(t) >0, () € LY (T, RY),
rae haus(-,-) — paccrosiaue o Xaycmopdy,

Ut y0,O)lly = {supllylly: v € Ut.%0,0)}.

Oyuknust g: T XY x H XY — R ob/1a/1aeT caeyonmMu CBOMCTBAMU:
1) dyskuus t — g(t, y, x, u) n3mepuma;

2) ayig moboro M > 0 cylecTByIOT HHTEIPAJILHO OrPAHUYEHHAS Ha OrPAHMYEHHBIX
muoxkecTBax dynkius Kapareomopu wyr: T X RT x RT — RY wy(¢,0,0) = 0,
u qucyio Ky > 0 Takue, ITO

lg(t, y1, 21, u1) — g(t, Y2, 22, u2)| < Karl|ur —uslly +war(t, [|yr —y2lly, |21 —22]|)
upn [|yilly < M, [zl < M, i=1,2;
3) |g(t,y,x)| < O‘M(t)v ”y”Y <M, HCL’H <SM,ue€ EU@ayvx)v aM() € Ll(T7R+)'
Teopema 1. Mnooicecmea Ry (xo,yo) v Resv (o, Yo) Henycmo.

Teopema 2. Jlaa awbozo pewenua (T(-),ys«(-),us(-)) € Resv(xo,yo) cywe-
cmeyem nocaedosamesvrocmy pewenud (xk(-), yp(-), ur()) € Ru(xo,y0), k > 1,
maxas, wmo

wp() = a.() 6 C(TH),  ye() = yu() 6 C(I0Y), (5)

up(-) = ux(-) 6 caaboti monosozuu npocmpancmea L*(T,Y), (6)

Jim sup / (957 (5, y4(5), 2 (5), us () — g(s,yx(s), z(s), ur(s))) ds| = 0. (7)
—oteT|Jo

Teopema 3. Ilycmov X u Y xoneurnomepnn. Toeda sadawa (RP) umeem pewe-
HUe U

min  J(2,y,u) = inf  J(z,y,u).

Res U(zg.y) Ru (z0,Y0)

as mo06ozo pewerus (.(+), y«(+), ux(+)) sadavu (RP) cywecmeyem munumusupyro-
waa nocaedosamenvrocms (zxk(-), yk(-), uk(-)) € Ru(zo,yo), k > 1, sadawu (P), das
Komopot umerom mecmo coommowenusa (5)—(7). Obpamuo, ecau (xk(-), yr(+), uk(+)),
kE > 1, — munumusupyrowasn nocaedosamenvrocms sadawy (P), mo cywecmeyiom
nodnocaedosamesvrocms (Tk, (+), yk, (), uk, (+)), n > 1, u pewerue (z.(-), y«(+), us(+))
3adavwu (RP), dasa xomopwx cnpasedausvr coommuowerus (5)—(7) ¢ 3amenod undex-
cos k na k.

PaGora npogoskaer ucciejoBanus, HadaTsle B [2].
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JIMHEAPU3AIIUA C ITOMOIIBIO ®YHKIIMOHAJIBHOTO ITAPAMETPA

. B. Tperen

Mamemamuueckuis uncmumym um. B.A. Cmexnosa PAH, Mockea, Poccus

treschev@mi-ras.ru

PaccmorpuM raMusibTOHOBY CHCTEMY OKOJIO TIOJIOXKEHUsI PABHOBECHS MJIH CHMILIIEK-
THYECKOe OTOOparkeHue OKOJIO HEIOJABMKHOI TOYKH B (pa30BOM IIPOCTPAHCTBE Pas-
mepHocTu 2n. [Ipeanosnoxum, 9ro cucreMa 3aBUCUT OT (DYHKIMOHAJIBLHOTO I1apaMeT-
pa, sIBJIstonerocs GyHKIueit n nepeMeHHbIX. 3y1uaercs BO3MOYKHOCTD UCIOJIB30BATH
GYHKIIMOHAJIBHBII ITapaMeTp JJIsl IIOJIyYeHHsI CUCTEMBI, COIPsKEHHON JIMHEHHON Ha
OTKPBITOM MHOXKECTBe.

BAPUAILIMOHHBIE 3AJAYU HEJIMHENHON TEOPUMN YIIPYI'OCTHU
N OIIEPATOPBI KOMIIO3MINM B I[TPOCTPAHCTBAX COBOJIEBA*

C. K. BogomnbsinoB

Hrnemumym mamemamuru um. C.JI. Coboaesa CO PAH, Hosocubupck, Poccus

vodopis@math.nsc.ru

W3BecTHO, 4TO JIjIsT THIIEPYIIPYTIUX MATEPUAJIOB 33/1a491 HEJUHEHHO! Teopun yupy-
rOCTH MOYKHO CBECTH K 3a/ia9aM MUHMMH3AINNA HEKOTOPLIX (DYHKIMOHAJIOB. B pabo-
re [1] BBOASTCS MaTeMaTHIECKHe MOJIEIN CTAIMOHAPHBIX 3aJ1a HEJIMHEHHOH Teopnn
YIPYTOCTH, CyTh KOTOPBIX COCTOUT B TOM, YTO [P HEKOTOPBIX “PU3NIECKH OIIPABIIAH-
HBIX YCJIOBUSIX, TAKUX KaK IIOJIMBBIILYKJIOCTb U YCJIOBUS POCTa MHTEIPAHTA, BO3MOXKHO
rapaHTHPOBATH CYIECTBOBAHHUE DEIIeHUs 33/a4i MUHUMHU3AINNA (DYHKIIMOHAIA IIOJI-
HOI1 9HEPIUU Ha KJIACCe JIOIYCTUMBIX Jedopmannit. OT/iebHbII HHTEPEC IPeICTaBIs-
10T YCJIOBUSI, KOTJIa HCKOMas JiepOPMAInsl sIBJISIETCS TOMEOMOPMU3MOM.

B paGore [2] MbI cyiecTBeHHO OCIabJIIe€M YCJIOBUSA CYMMUPYEMOCTH JIOIYCTHUMBIX
nedopmaluilt 1 ycjaoBHs POCTa MOABIHTErPAJbHON (DyHKINN. DTO IPUBOIUT K pac-
HIMPEHNIO KJlacca JOIMYyCTUMBIX oTobparkenunii. KommneHcarueit 3a ociabienue mepe-
YUCJIEHHBIX BBIIIE YCJIOBUN CIIy>KUT TpeOOBaHNE HAa WHTErPAJIbHYIO XapaKTEPUCTHUKY
nckakeHus. BaykKHO, YTO IIpu TaKOM IIOJXOJIE BCE €Ille yJIaeTCsl JJOKa3aTh TOMEOMOPd-
HOCTH IKCTPEMaJIbHON JteopMaIii.

IIycts 2 C R™ — orpannvennast 06J1acThb ¢ JUIIIANEBOH rpanureit, M" — maOXKe-
ctBO (N X n)-marpur. Paccmorpum byHKINOHAT SHEPTUH

I1(v) = ; Wz, DY(x)) dz,

*PaboTa 1moArorosieHa B paMKax BBIIIOJHEHUs IOCY/IaPCTBEHHOrO 3aJannst MuHucrepcTsa o6pa3o-
Banus u Hayku P® jyist acturyra Mmaremaruku Cubupckoro otaesenusi Poccuiickoii akageMun

Hayk (npoekt FWNF-2022-0006).
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rae W: Q x M — R — dyHKIus 3al1aceHHOI IHEpruu, KOTopasi 00JiaiaeT CJIeLyo-
IIIUMHU CBOHCTBaMM:

(a) noauswvinykaocmoy: cymecTByer BbinyKiaas dyHknusa G(x, ) : M xM" xR, —
— R Takas, uto g7sa Bcex F' € M, det F' > 0, BbIIIOJIHEHO PABEHCTBO

Gz, F,Adj F,det F) = W(x, F)

nouru Bewogy B 2, npuaem G(z, -) vHenpepbiaa Ha M xM"™ xR u G(-, F, H, §)
n3mepruma Ha ()]

(6) KoapyumMuUBHOCTIL: CYIIECTBYIOT TIOCTOsiHHAsST @ > 0 u dbyHkuus g € Lq(Q)
TaKue, ITO

Wz, F) = af F[|" + g(x)

Aas mouTn Beex x € ) u Becex ' € M", det F > 0.

IIycte M > 0, s > 1 — mocrostaabie. OnpeieuM KJIacc JOMyCTUMBIX Jedopmarimii

H(n—1,s,M) = {1/1 e WH(Q), ¥: Q — Q' — romeomopdusM ¢ KOHEIHBIM

uckaxkeaneMm, I(1) < oo, J(z,9) >0 ms. B €,

Kot.w) = DU ¢ 1), i 0) | L@)] SM},
rie
K](ZE,’l/)) = %

Teopema [2|. IIyemwv evinoanenvs ycaosus (a) u (6) wa dynxyuro Wz, F) u
mmoorcecmeo H(n — 1,8, M) nenyemo, M > 0, s > 1. Tozda cywecmsyem xomas v
00Ho 20meomopdroe omobpasicenue o € H(n — 1,8, M) maxoe, wmo

I(¢) =inf{I(¢): ¥ € H(n—1,s,M)}.

B koHTekcTe mpeyIo’KEHHOTO O/IX0/[a JAOMYyCTUMBIE JehopMaliui HHTEPIPETUDY-
IOTCS KAK TOMeOMOP@U3MBI, HHIYIIUPYIOIIIEe OrPAHUYEHHbIE OIIEPATOPHI IIPOCTPAHCTB
Cobouesa: yeaosue Ko (-, 1) € Ly,—1(£2) 9KBUBaJEHTHO TOMY, UTO OIEPATODP KOMIIO3H-
man Y*: Ly () — Ly—1(Q), ¥*(u) = uo, u € L,('), orpanmuen. CroiicTBa Takmx
u Gosiee obIUX 0TOOPAXKEHUI IpUBEIEHBI B [3], rie MOXKHO HaiiTh UCTOPHIO BOIIPOCA
7 110/1pobHYI0 Oubmorpaduio.
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HIGHER ORDER TRAPS IN QUANTUM CONTROL LANDSCAPES*
Boris Volkov
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Quantum control is important for the development of modern quantum technolo-
gies [1]. The typical quantum control problem can be formulated as the problem of
maximizing the objective quantum functional. This functional depends on the state
of the quantum system. We consider the case of coherent control of a closed quantum
system when the dynamics of the system is described by the Schrodinger equation.
A trap is a point of local but not global extremum of the objective functional [2, 3].
Traps of nth order are singular controls determined by the Taylor expansion of the
objective functional up to the nth order. The analysis of traps is important for
practical design of control fields, because their existence in a quantum landscape can
reduce the performance of local search optimal control protocols [4, 5]. In this talk, we
discuss the absence of traps for two-level systems for short times [6] and the presence
of nth order traps for some multilevel systems [7].

References

1. Glaser S.J. et al. Training Schrodinger’s cat: quantum optimal control // Eur.
Phys. J. D. 2015. V. 69. P. 279.

2. Rabitz H. A., Hsieh M.M., Rosenthal C.M. Quantum optimally controlled transition
landscapes // Science. 2004. V. 303. No. 5666. P. 1998-2001.

3. De Fouquieres P., Schirmer S.G. A closer look at quantum control landscapes and their
implication for control optimization // Infin. Dimens. Anal. Quantum Probab. Relat.
Top. 2013. V. 16. No. 3. Pap. 1350021.

4. Pechen A.N., Tannor D.J. Are there traps in quantum control landscapes? // Phys.
Rev. Lett. 2011. V. 106. Pap. 120402.

5. Pechen A.N., Tannor D.J, Quantum control landscape for a Lambda-atom in the vicin-
ity of second-order traps // Isr. J. Chem. 2012. V. 52. P. 467.

6. Volkov B.O., Morzhin O.V., Pechen A.N. Quantum control landscape for ultrafast
generation of single-qubit phase shift quantum gates // J. Phys. A: Math. Theor. 2021.
V. 54. No. 21. P. 215303.

7. Volkov B.O., Pechen A.N. et al. (in preparation).

*The report presents the results of the work partially supported by the grant of the Ministry of
Science and Higher Education of the Russian Federation no. 075-15-2020-788 and by the Russian
Science Foundation under grant 22-11-00330.

138
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SaadaM ONTUMAJIBHON SKCIUIYATAIIAN TOIYJIANNAN, 3aJaHHBIX PA3IUIHBIMUI JTHHA-
MHUYECKAMH CUCTEMAMHU, [TOCBSIIEHO MHOYKECTBO PA0OT YUEHBIX, HAYMHAS C IIPOIILIOrO
BeEKa. B HacTodIee BpeMs BeJyTCA aKTUBHBIE UCCJICTIOBaAHU 110 U3YIECHUIO OIITUMAJIb-
HOT'O IIPOMBICJ/Ia 1 €I'0 BJINAHUA Ha XapaKTep JUHaMUKN U COCTaB CTPYKTYPUPOBaHHBIX
MOIYJISITIA, PACCMATPHUBAIOTCS 38JIa9U IEPUOIUIECKOr0 UMILYJIILCHOTO cOOpa BO300-
HOBJISIEMOTO PECYPCa, 3aJa49i ONTUMAIBHON KCILIyaTaIluu nomysanun ¢ nuddy3ueit,
HCCIIeyeTCsT MaKCUMaJibHast 3(hdEeKTUBHOCTD cOopa W HAUOOJIbIAS BBITO/IA OT IKC-
wiyaramun (em. [1-3]).

Paccemorpum mogtens nomystsinum, pa3BuTHE KOTOPOI IIPU OTCYTCTBUU IKCILIyaTa-
uu 3aJ1aH0 cucTeMoi muddepeHnaIbHbIX ypaBHEHUI

= f(x), rie v€RY ={zrecR": 21>0,...,z, >0}

IpeanonaraeM, uro B MmomenTsl Bpemenu 7(k) = kd, d > 0, u3 nomy/snuu u3BJjieKa-
€TCsi HEKOTOpas 10/ OMOJIOTTIeCKOr0 Pecypea

uk) = (ur(k), ..., un(k) € [0,1]",  k=1,2,...,

9TO MPUBOJUT K MPCHOBEHHOMY yYMEHBIIIEHUIO €ro KojumdecTBa. Ko n > 2, To pecypc
x € R?} aBngeTcs HEOTHOPOAHEIM, T.€. MO0 COCTOUT U3 OTAENBHBIX BHIOB T, . . ., Ty,
Jmbo pasfesieH Ha N BO3PACTHBIX rpymnn. OTMermM, 9TO B CKOOKAaxX MbI 0003HAYAEM
BpeMeHHBIe, a HUKHUMM HHJEKCAMU — IIPOCTPAHCTBEHHbIE IIapaMeTpbl; HalpuMep,
qepes u;(k) o6o3HAUAETCS 7OJIT pecypea $-TO BUJIA, W3BJIEYEHHOTO U3 MOIYJIAINN B
MOMeHT kd.

Takum 06pa3oM, pacCMAaTPUBACTCS SKCILIyaTHPYyeMast OIS, 3a/JaHHAST yIIPAB-
JII€eMOI CUCTEeMON

1
x;(kd) = (1 — u;(k))z;(kd — 0), o
rie x;(kd—0) u z;(kd) — kommaecTBO pecypca i-ro Buja J10 1 nocJie c6opa B MOMEHT kd
COOTBETCTBEHHO, i = 1,...,n, k= 1,2,.... Ipeanonaraem, 94To Bce peneHns: CHCTEMbI
T = f(;E) ABJIAIOTCA HEOTPpUIaTEeJIbHBIMU IIPU J'IIO6])IX HeOTpUunaTe/JIbHbIX HavdaJIbHbIX
YCJIOBUSIX; JUJISL 3TOrO HEOOXOJUMO M JIOCTATOYHO, UTOOBI byHKIUU f1(x),. .., fr(x)
Y/IOBJIETBODSIIIH YCJIOBUIO KBA3UIOIOKNTEIBHOCTH (CM. [4, c. 34]).

*Pabora BblnoJHEHa pu (uHAHCOBOH Hozep:kKke Poccuiickoro dbonna dbyHaaMeHTaIbHBIX HC-
crenosanuit (mpoext Ne20-01-00293).
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IIycrs X;(k) = z;(kd — 0), C; > 0 — croumoctb pecypca i-ro Buga. Cpedued
8peMerHOl 66120001 OT U3BJIEYEHUs] PECYPCa HA30BEM (DYHKITUIO

H,(@,z(0)) = lim %ZZCiXi(j)ui(j)-

) ¢ 3aMeHOl HUZKHETO TIPeJIesia Ha BepX-

Ananornuno onpenennm dyuximo H* (4, 2(0)
0)) = H*(u,z(0)), To onpesennm mnpee

HUI, ¥ €CJIN BBIIIOJHEHO paBeHCTBO H, (1,

k

_ | . , .
H(w(0) = lim 233 CXGul) )
j=11:i=1
O6oznaunm yepes ¢(t, x) pemenue cucrembl & = f(x), yI0OBIETBOPLIONIEe HAYAIb-
HOoMy yesosuio (0, z) = x. Beegem B paccMorpenue DyHKIHIO

D(z) = Z Ci(pi(d,z) — ;)

B TIPEJIIOJIOKEHNH, 9TO st Jiioboro © € R} pemenus op(t, ) cymecrsyior npu ¢ €
€ [0,4d).

Teopema 1. Ilycmo ¢ynruyus D(x) docmuzaem Maxcumasvbrozo 3HAUEHUS 6
mouxe v* € R u xf < ¢i(d,x*) # 0 das ecex i = 1,...,n. Tozda das nobozo x(0) €
€ R} makozo, wmo ¢i(d,xz(0)) > xf, i = 1,...,n, cywecmsyem pexcum IKCn.AYa-
mayuu ¥, npu xomopom Pynkuus H(u,2(0)) docrmuzaem nauboavwezo 3Haverus
H(u*,z(0)) = D(z*).

ITycrs @(k) = (u(1),...,u(k)), rme u(y) € [0,1]", j = 1,..., k. Jas moboro k =
=1,2,... paccMoTpuM (DYHKIIIO

n

h(a(k),z(0)) =Y > CiXi(j)ui(s),

j=1i=1
PaBHYIO CTOMMOCTHU PECYPCa, MOJYyIEHHOTO 32 k U3bATUMN.

Teopema 2. IIyemo gynwyua D(x) docmuzaem mMakcumasobho2o 3HAMEHUS 6 TO-
wke v* € R} u xj < @i(d,x*) das mobozo i =1,...,n. Tozda dra nobozo x(0) € R
makozo, wmo ;(d,z(0)) > ¥, i = 1,...,n, cywecmeyem pedcum IKCNAYAMAUUY
w*(k), npu xomopom dynxyus h(a(k),z(0)) docmuzaem naubosvwezo 3HaeHUA

h(uw* (k), z(0)) = (k — 1)D(z*) + Z Ciz;(0).

JloKa3aTeIbCTBO JAHHBIX YTBEPXKJCHUN U MOCTPOCHHE PEKUMOB IKCILTyaTalldH,
[IPU KOTOPBIX IOCTUTAIOTCS Hanboabime 3Havenus Gyukmmit H (4, 2(0)), h(a(k), 2(0)),
npusejiens B [5]. PesysbraTsl nccsieioBaHus POUJLIIOCTPUPOBAHBI HA IIPUMEPAX MO-
Jiesieit B3aUMOAEHCTBHUS ABYX BUJIOB, TaKUX KaK KOHKYpPEHIUsS U cuMOuo3. s 3Tux
MoJiesieil TIOJIy4eHbI ONEeHKH, a B HEKOTOPBIX CJydasdX TOYHble 3HAYeHns (DYHKIUN

H(a, z(0)).
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LOCALLY INERTIAL CONTROLS IN DIFFERENTIAL EVASION GAMES
WITH INTEGRAL RESTRICTIONS

L. P. Yugay
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The linear differential evasion game posed by L.S. Pontrjagin and E.F. Mishchenko
is considered. New classes of control functions of players are introduced, which are
called locally inertial controls. In these classes of control functions, which additionally
satisfy integral restrictions, the global evasion problem is solved. The results are
demonstrated on the well-known examples in the differential evasion game.

Introduction. Statement of the evasion problem. Let the motion of an
object z be described by a linear system of differential equations

t=Cz—u+v+a, (1)

where z € R", u € U C R" and v € V C R" are control parameters, C is an n X n
constant matrix, U and V are linear subspaces, a € R" is a fixed vector, and Z is the
derivative with respect to time. Let M be a terminal set, which is chosen as a linear
subspace of R™.

The object z is controlled by two players. Both players (pursuer and evader)
operate system (1) by selecting some functions u = u(t) € U and v = v(t) € V, t > 0,
from the specified allowed class of functions (see below). Let us introduce the classes
of locally inertial controls for players.

Definition 1. Let Ly (tg,A) be the class of measurable control functions v =
v(t) € V, t > 1o, of the evader, such that on any interval [to,to + A] the following
holds:

(a) v(ti) =v; € V;
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(b) |v(t) —v(t;)| < Alt — t;|*, t € [ti,tit1], where i =0,1,2,...,p,pEN, t;, €T =
{to <t1 <ty <...<tp,=to+A}, T is any partition of the interval [to, to+ 4],
v >0, a>0and A > 0 are constants.

Similarly, the class of controls Ly (tg, A) for the pursuer is introduced.

Definition 2. We will call Ly (tg, A) and Ly (g, A) the sets of locally inertial
controls.

The following global evasion problem posed in [1, 2] is considered: for every initial
position zg ¢ M it is necessary to determine an admissible control v*(t) € Ly (0,A),
t > 0, such that for any u(t) € Ly (to, A) the corresponding trajectory z(t), z(0) = zo,
of system (1) avoids the terminal set M for all ¢ > 0. The goal of the pursuer is
generally opposite.

During the evasion process, the evader at any given moment ¢ > 0 may use the
values z(t) and u(t), but he does not know the control of the pursuer at future moments
of time.

Main result. Let the differential game (1) start from z(0) = 2o ¢ M at time
to = 0. Further let L be the orthogonal complement of M in R™, W be any two-
dimensional subspace in L, and 7 be the orthogonal operator from R™ onto W. We
will assume that an orthogonal system (w;,ws) is introduced in R?, and let [w];,
j = 1,2, be the coordinates of a vector w € R? with respect to (wy,ws). Further
let D: R® — R? denote some linear mapping and [D]; be the jth row of D, i.e.
[D]JZ = [Dz]jv J=12.

Assumption 1. For the differential game (1), the control functions v(:) €
Ly (0,A) and u(-) € Ly (to, A) satisty the integral restrictions

/0 [u(t)|P dt < pP, /0 [o()|P dt < oP, (2)

where p > 0,0 >0, and p > 1.

Assumption 2. There exist W C L, a linear mapping F': W — R2, and natural
numbers k1 < ko such that

(a) [Frc'Pl; = [Frc'Q]; =0forall i =0,1,2,...,k; —2 and j = 1,2;

(b) dim DV = 2, where D = ([Frc® 1]}, [Frc?2~1)T is a 2 x n matrix that
maps R” to R2, and T is the transposition operation.

Assumption 3. There exist W C L, a linear mapping F': W — R2, and natural

numbers k1 and ks, k1 # ks, such that

(a) [Frc'Pl; = [Frc'Q]; =0 for all i =0,1,2,...,k; —2 and j = 1,2;

(b) the set R = DV is a one-dimensional subspace in W which is not parallel to
the coordinate axes [w]; = 0 and [w]z = 0.

Assumption 4. ¢ > 0.

Theorem. If in the differential game (1) Assumptions 1, 2, 4 or 1, 3, 4 are
satisfied, then the evasion is possible from any starting point zo € R™ \ M for all
t > 0 in the classes of locally inertial controls Ly (0,A) and Ly (0,A) with integral
restrictions (2).

142



The proof of the evasion theorem consists of methods of local and global avoiding
of the trajectories of system (1), based on the maneuvering lemmas of L.S. Pontrjagin
(see [2-4, 8]).

Remark 1. The locally inertial control sets Ly (to, A) and Ly (tg, A) were intro-
duced for the first time in [8], and they differ from the inertial controls in [3, 4] and
piecewise constant controls in [5-7].

Remark 2. It is easy to calculate that the well-known control example of
L.S. Pontrjagin [1-3] satisfies Assumptions 1-4; hence the global problem of avoiding
trajectories for this example may be solved in the classes of locally inertial controls.

Remark 3. The evasion conditions (Assumptions 1-4) do not express any ad-
vantage of the evader’s control parameters over those of the pursuer. This fact allows
one to solve the well-known p-problem of L.S. Pontrjagin [2, 3, 8] for u = 1, when
both players use their controls from equal strength sets of locally inertial controls
with integral restrictions.
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A nonlocal boundary value problem for a first order system of ordinary integro-
differential equations with impulsive effects and nonlinear mixed maxima is investi-
gated. The boundary value problem is given by an integral condition. The method of
successive approximations in combination with the method of contracting mappings
is used. The existence and uniqueness of a solution of the boundary value problem
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are proved. The continuous dependence of the solutions on the right-hand side of the
boundary condition is showed.

One of the interesting fields of the theory of functional differential equations is the
differential equations with maxima. The qualitative theory of differential equations
with maxima has peculiarities in theoretical investigations [1]. The following type of
differential equations

2 (t) = f(t,x(t),max{x(T) | 7€ [hi(t) ;| :hg(t)]}), t €[0,T], (1)

where [h1(t) : | : ha(t)] = [min{hq(¢), ho(t)}, max{hi(t), ha(t)}], is called a differential
equation with mixed maxima. We suppose that there exist some points ¢; € (0,7T),
i=1,2,...,p, at which hy(t) = ha(t). Then on the intervals Q) = [0,¢1] U [t2,t3] U
[ta,t5] U. .. U[tp—1,tp] the differential equation with mixed maxima (1) has the form

2 (t) = f(t,x(t),max{x(r) | 7 € [hi(t), ha(t)]}). (2)

On the complementary intervals QF = [t1, 2] U [ts, ta] U [t5, t) U. .. U[tp, T the differ-
ential equation with mixed maxima (1) has the form

2 (t) = f(t,x(t),max{x(r) | 7 € [ha(t), 1 (8)]}). (3)

The set of solutions of the differential equation with mixed maxima (1) on the in-
terval [0,7] coincides with the union of the sets of solutions of the two differen-
tial equations (2) and (3) on the intervals QF and QF, respectively. At the points
t1,t2,t3,...,tp—1,tp, the solutions of the differential equation (1) with mixed maxima
have discontinuities depending on the posed problem for (2) and (3).

Example. On the interval [0,00) we consider the following differential equation
with mixed maxima:
ot e(I+(=DM)¢ +1

(et +1)2 (+(—DM)e max{z(r)|7 € [t:[:(1+(-1)) 4]}, ¢ €[0,00), (4)

' (t) =

where [t] is the integer part of .
On the intervals 3 = [0,1] U [2,3] U [4,5] U ... the differential equation (4) with
mixed maxima has the form
2¢t
/
t) = ————

On the complementary intervals Qo = [1,2] U [3,4] U [5,6] U ... the differential equa-
tion (4) with mixed maxima has the form

max{z(7) | 7 € [0,]}. (5)

€2t + 1
et(et +1)2

2 (t) = max{z(7) | T € [t, 2t]}. (6)
The general form of increasing and decreasing solutions of the differential equation (5)

with maxima on the intervals £ = [0,1] U [2,3] U [4,5]U... is

Sa(t) =Cpe 2D e >0,
x(t) = t

N z(t) = 0 =2

jm, te, Cj<0.
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The general form of increasing and decreasing solutions of the differential equation (6)
with maxima on the intervals Qg = [1,2] U [3,4]U[5,6] U... is

et

Sx(t)=D

i, teQy, D;>0,
z(t) = el +1 ?

t

Noz(t) =Dj(1+e e 2 T e, D;<0.

Therefore, the general form of increasing and decreasing solutions of the differential
equation (4) with mixed maxima on the interval [0, c0) is

Sat)=Cie 2D teqy, € >0,
t

e
2(t) = :
/‘x(t):Dlm, tGQQ, D1>0,

Noz(t) =Di(1+e e 2 DT e, D<o

It is required to set conditions at each of the points tx = t1,t2,t3,...,tn,.... If
we do not specify continuous gluing conditions at these points, the solution of the
differential equation (4) with mixed maxima suffers a discontinuity of the first kind
at these points.

In this paper we consider the questions of existence and uniqueness of a solution
to the nonlocal boundary value problem for an impulsive system of differential equa-
tions with nonlinear mixed maxima. This paper is the further development of the
works [2, 3].

On the segment [0, 7] for t # t;, i = 1,2,...,p, we consider the following first order
system of nonlinear differential equations:

o'(t) = f(t,2(t), max{z(r) | 7 € [\t 2(t)) |+ Ao (t, 2(1))]}) (7)
with nonlocal boundary condition
T
Az(0) + / K(t,5)2(s) ds = B(?) (8)
0
and nonlinear impulsive effect
o(tf) —a(ty) = Lix(t)),  i=12...p, (9)
where 0 =t) < t1 < ... <tp, < tpt1 =T, A € R"™" is a given matrix, K(¢,s) is a
given (n x n)-dimensional matrix function, and det Q(¢) # 0, Q(¢) = A—l—fOT K(t,s)ds,

f:00,T] x R® x R — R™, I;: R® — R"™ are given functions; 0 < A (¢), A\2(¢) < T,
z(t]) = limy, o+ z(t; + h), x(t;) = limy, o~ (t; — h) are the right and left limits of

3

the function z(t) at the point ¢ = ¢;, respectively.
By PC(]0,T],R™) we denote the linear vector space

PC([0,T),R™) = {z: [0,T] > R"; 2(t) € C((ti, ti1], R"), i =1,...,p},

where z(t}) and x(t;) (i = 0,1,...,p) exist and are bounded; x(t; ) = z(¢,). The
linear vector space PC([0, 7], R™) is a Banach space with the norm

||IHPC = maX{HIHC((ti,tiJrﬂ)? 1= 1727 cee 7p}
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Problem. Find a function z(t) € PC([0,T],R™) such that for all ¢ € [0,7],
t#£t;,i=1,2,...,p, it satisfies the differential equation (7), the nonlocal integral
condition (8) and for ¢t =¢;, 1 =1,2,...,p, 0 <t; <2 <...<t, <T, it satisfies the
nonlinear limit condition (9).
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Bosee tpex crosernit mHazaj Hazas HbroTon gas pemenue 3amadn o dpopme Te-
Jia, UMEIOIIEro MUHUMAJIbHOE COIIPOTHUBJIEHUE IPU JBUXKEHUU B PAa3PEKEHHOI CpeJe.
B cBoeit kuure “Maremarndeckue Hadasa HarypasbHoil dunocodun” [1] Heroron
OTPAHUYMIICA KJIACCOM BBIMYKJIBIX Tes BpaimeHusi. B konme XX B. 0Ka3aJ0Ch, ITO
Haﬁ,ﬂeHHoe UM pelreHrue OITUMaJIbHO JIMIIBb B KJIaCcCe TeJI BpallleHnd. HOIH)ITKI/I Hai-
TH ONTHMaJIbHYIO DOpMY, He 00JIaIAIOIIYI0 BPAIATEIbHON CUMMeTpHeil, 10 CUX IOp
IPOJIOJIZKAIOTCS.

B coBmecrHoit pafore [2] paccMOTpeH KJIace TeJl ¢ OKPY2KHOCTHIO B OCHOBAHUU, UME-
IOIUX BEPTUKAJIBHYIO IJIOCKOCTh CHMMETPUN U TVIAJKYI0 OOKOBYIO rpanuily. Haiigena
TOYHAs aHAJUTHYIeCcKasi (popMa OINTUMAJIBLHOIO Tejla B 9TOM KJjacce. B Kiacce Bcex
BBIITYKJIBIX TeJI pelleHrue OCTaeTCd HEU3BECTHBIM. OJIH&KO COIIpOTHUBJIEHUE Haﬁ,ﬂeHHOﬁ
(OPMBI OTJIMIAETCSI OT YUCIEHHO HAlIEHHOTO OIITUMAaJILHOI'O COIIPOTUB/IEHUS] B KJIACCE
BCEX BBIMYKJIBIX TeJ MeHee deM Ha 1%.

Crucok Jureparyphbl

1. Newton I. Philosophize naturalis principia mathematica. Londini: Jussu Societatis
Regiae ac Typis Josephi Streater. Prostat apud plures bibliopolas, 1687.

2. Lokutsievskiy L.V., Zelikin M.I. The analytical solution to Newton’s aerodynamic
problem in the class of bodies with vertical plane of symmetry and developable side
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MI'Y um. M.B. Jlomonocosa, garxysvmem BMK, Mocksa, Poccus
Ienmpanvrviii axonomuko-mamemamuveckuts unemumym PAH, Mockea, Poccus
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B cepemume mponuoro Beka aMepUKaHCKHUIT MAaTEMAaTUK M CTATUCTUK, IIPOGECCop
Muyuuranckoro yausepcurera Jleonapn Cosmmk (1917-1971) u mBelinapckuit 9Ko-
HOoMuCT, ipodeccop yruBepentera B 1lropuxe FOpr Huxanc (1919-2007) HesaBucumo
JPpyT OT Jpyra HPejIoXKUJIN IPUHIIUII MUHUMAKCHOI'O COXKaJIeHUd (HMC) JIJ1d 1IpU-
HATHs PelIeHrs] B OJHOKPUTEPUAJIbHON 3a1a4e npu Heoupeenennoctu (O3H)

I'=(X.Y, f(z,y)),

rme X C R™ — MHOXKeCTBO ajbTepHATUB T, ¥ — MHOYXKECTBO HEOIPEeIEJIeHHOCTEH
y €Y C R™, f(r,y) — ckansipHas nenesas Gynkius. dtor IIMC cBoguTest K 110-
crpoennio maps (27, %) € X x R Takoit, 1to

R = max R¢(x",y) = min max R¢(x,y),
j = max Ry(2",y) = min max Ry (z, y)

rae Ry(z,y) — dynkuusa pucka (mo Huxancy-Cosumxy)
Ry (z,y) = max f(z,y) — f(z,y)-

Pymbinckuit maremaruk u crarucruk A6paxam Basbg (1902-1950), npodeccop
Komymbuiickoro yHuBepcuTeTa, SMUTPHPOBABIIM B AMepuKy, HpeIoKuI it [
npuHIUIn rapartTuposadHoro pesysibrara (IIIP), cromsgmuiicss K mMOCTPOEHUIO TIAPHI
(28, f8) € X x R rakoii, 4ro

f&= gg;gggf(w»y) = gggf(wg,y)

Ilens moxmama — obobemuuenne IIMC u IIT'P, cBomsmeecss K OIHOBpEMEHHOMY
yMeHbIIeHmO GYHKIUM pucka Ry(z,y) U yBeIUUIEHHIO TapaHTHPOBAMNHOIO HCXOIA
f8[z] = mingey f(28,y). s sroro npemaraercs nepefiTu K JBYXKPUTEPUAILHOIL
3aJ1a1e

FQ = <X7 }/7 {f(xv y)? 7Rf(:177 y)}>
U 3aTeM IIOCTPOUTH BBejeHHoe B [1, 2| rapanTuposannoe no Ilapero pemenue

(2", flz7], Ry[27]) € X x R?.

Teopema. FEcau 6 I' mnoorcecmea X u'Y — xomnaxmu, a f(x,y) nenpepwvieha
na X XY, mo eapanmuposanroe no Ilapemo pewenue cyuecmsyem.
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Ilpenmoxenne. I[lycmov ¢ I' mruoorcecmea X u Y umerom sud X =Y = R”,
dynryua f(x,y) s3adaemes pasencmeom

f(x,y) =2’ Az + 22/ By + y'Cy + 2d'x + 2c'y + d,

nocmosnrvie (n X n)-mampuuyve A u —C' noaoscumenvro onpedesenw, det B # 0,
N-6eKMOPyL 4 U C NOCTNOAHHLL (WMPUT 03HAUAET, ONEPAUUIO MPAHCTOHUPOSAHUS) .
Toz0a

2’ = —[A—-B'C7'B]7'(a — BC™'¢),

flz¥]=(d/ = C7'B)(A - BC™'B")"}a— BC ¢,
R[z"] = 0.

Cumcok Jureparypsbl
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